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Preface

This monograph has had a remarkably long gestation period. My involvement
in this area spans three decades, commencing with my doctoral dissertation
(Topkis [1968]), which studied the problem of maximizing a supermodular
function on a lattice with its implications for monotone comparative statics and
with applications to various decision problems. The study of complementarity,
of course, goes back much further. Yet a research monograph on the present
subject—covering supermodular functions on a lattice, their connection with
complementarity, their role for monotone comparative statics, and their use
in diverse economic models—is certainly timely. Supermodularity has received
considerable attention in the economics literature in recent years, with impor-
tant extensions of the theory and significant new applications. However, much
of the previously published theory and its applications were developed pri-
marily in the applied mathematics and operations research literature, and the
basic concepts and results are relatively new to the economics lexicon. This
monograph is intended to present a self-contained and up-to-date view of this
field, including many new results, to scholars interested in economic theory
and its applications as well as to those in related disciplines. The objectives
are to provide an integrated and accessible view of the relevant theory pertain-
ing to supermodularity, complementarity, and monotone comparative statics,
and to demonstrate the utility of the methodology through diverse applica-
tions of that theory to economic problems. I am grateful to Kyle Bagwell,
Hervé Moulin, Tom Sargent, and Bill Sharkey for helpful comments on ear-
lier versions of this monograph.
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Introduction

One may sometimes conclude too readily that an old, familiar, and simple
concept, exemplified in myriad common situations, has little new to offer. In
particular, how much novelty could be expected from the descriptive notion of
complementarity, whereby two products are considered complements if having
more of one product increases the marginal value derived from having more
of the other product? Indeed, a half century ago, Samuelson [1947] declared:

In my opinion the problem of complementarity has received more attention than
is merited by its intrinsic importance.

Yet, a quarter century later, Samuelson [1974] came to assert:

The time is ripe for a fresh, modern look at the concept of complementarity.
. . . [T]he last word has not yet been said on this ancient preoccupation of literary
and mathematical economists. The simplest things are often the most complicated
to understand fully.

The latter quotation also expresses the motivation for this monograph, which
links complementarity to powerful tools involving supermodular functions on
lattices and focuses on analyses and issues related to monotone comparative
statics.

Comparative statics examines how optimal decisions or equilibria in a pa-
rameterized collection of problems vary with respect to the parameter. In a
decision problem, the parameter may affect the objective function and the
feasible region. In a noncooperative game, the parameter may affect the pay-
off functions of the various players, the collection of feasible strategies for
the players, and the set of players participating in the game. In a coopera-
tive game, the parameter may affect the characteristic function and the set of
players in the game. Monotone comparative statics is particularly concerned
with scenarios where optimal decisions or equilibria vary monotonically with
the parameter. Several alternate notions of complementarity may be stated
in terms of monotone comparative statics. One notion would consider a sys-
tem of products to be complements if, treating the levels of any subset of the
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products as a parameter, optimal levels for the other products increase with
the parametric levels of the former subset of products. Another notion would
consider a system of products to be complements if the acquisition prices for
the products are treated as a parameter and the optimal levels of all products
increase as the prices of the products decrease. These two alternate notions
of complementarity turn out to be very closely related to that notion given in
the second sentence of the preceding paragraph. The key to these relation-
ships is found in properties of supermodular functions, which are intimately
related to complementarity.

The economics literature is replete with examples of monotone comparative
statics. Most of these examples are manifestations of complementarity, with a
common explicit or implicit theoretical basis in properties of a supermodular
function on a lattice. Supermodular functions on a lattice yield a character-
ization for complementarity and extend the notion of complementarity to a
general and abstract setting, which is a natural mathematical context for study-
ing complementarity and monotone comparative statics. Within this context,
handy analytical tools are available and may be further developed. Supermod-
ularity is a basis of a unifying theory for analyzing structural properties of a
collection of parameterized optimization problems. Fundamental results give
sufficient and necessary conditions under which optimal solutions for a col-
lection of parameterized optimization problems vary monotonically with the
parameter. Concepts and results related to supermodular functions on a lattice
constitute a formal step in a long line of economics literature on complemen-
tarity. While informal statements of properties related to complementarity are
intuitively appealing, this monograph cites several anomalies where examples
with some flavor of complementarity fail to possess properties that intuition
might expect.

This monograph develops a comprehensive theory relating to supermodular
functions on a lattice, with a focus on the connection between supermodular
functions and complementarity as well as on the role of supermodularity and
complementarity for monotone comparative statics. Furthermore, this mono-
graph exhibits the use of that theory in the analysis of many diverse models.
The emphasis is on methodology. The theoretical material is a systematic and
integrated view that summarizes and refines previously published research,
fills in gaps, makes new connections, and introduces new results. The present
framework makes available tools with which one can construct concise proofs
having to do with supermodularity, complementarity, and monotone compar-
ative statics, rather than deriving ad hoc proofs for different models. It facil-
itates identifying the most general scenarios and assumptions for models to
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exhibit monotone comparative statics and other properties related to comple-
mentarity, as well as delimiting classes of models and structural hypotheses for
which such properties might hold. And it serves to elucidate a common theo-
retical basis whereby apparently disparate models share essential features and
to enable the recognition of essential distinctions between models. The choice
of theoretical material for inclusion here is based on potential relevance and
utility and on providing a relatively complete perspective of salient issues. The
inclusion of examples and applications, some previously published and some
new, is far more selective than the theoretical material. Besides their intrinsic
importance, the particular selection of examples and applications is based on
how well they illustrate uses of the present methodology, where this method-
ology constitutes the primary technical issue and is not clouded by substantial
extraneous technical issues. The exposition of the theory and the applications
is, for the most part, self-contained.

The heart of this monograph is Chapter 2, which presents concepts and
theory relating to lattices, supermodularity, complementarity, and monotone
comparative statics. It develops tools to facilitate the analysis of supermodu-
larity, complementarity, and monotone comparative statics, and it clarifies the
role of lattices, supermodularity, and complementarity for monotone compar-
ative statics. Topics in Chapter 2 include partially ordered sets and lattices;
completeness and related topological properties; an ordering relation used to
compare sets of feasible solutions or sets of optimal solutions; fixed points; su-
permodular functions and increasing differences; maximization of supermod-
ular functions; sufficient and necessary conditions for monotone comparative
statics; and equivalences and implications among various notions related to
complementarity. The theory does without traditional assumptions of differ-
entiability, concavity, and divisibility that are required by classical methods for
comparative statics. Some brief illustrative examples are included.

Chapter 3, Chapter 4, and Chapter 5 apply theory from Chapter 2 to de-
cision problems, noncooperative games, and cooperative games, respectively.
These three applications chapters are largely independent of one another.
Chapter 3 studies matching workers to firms; a detailed model of a firm en-
gaged in manufacturing and marketing operations; production planning; trans-
portation and transshipment problems; other network models (the shortest
path problem in an acyclic network, the minimum cut problem, the maximum
closure problem) with applications to dynamic economic lot size production
models, the selection of activities, and equivalences among certain combinato-
rial structures; the optimality of myopic decisions; Markov decision processes;
stochastic inventory problems; and stochastic transformations related to the
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latter two classes of decision problems. Chapter 4 examines the existence of
an equilibrium point in a noncooperative game; parametric properties of equi-
librium points; algorithms for approximating an equilibrium point; and exam-
ples. Chapter 5 looks at the core of a cooperative game with side payments;
the greedy algorithm; cooperative games depending on a parameter; a class
of activity optimization games; and examples.



2

Lattices, Supermodular Functions,
and Related Topics

2.1 Introduction

This chapter includes general concepts and results relevant for the present
perspective on supermodularity and complementarity. The theory in this chap-
ter is used in the applications that follow in the three subsequent chapters.
For a collection of optimization problems where the objective function and
the constraint set depend on a parameter, comparative statics is concerned
with the dependence of optimal solutions on the parameter and monotone
comparative statics is concerned with optimal solutions varying monotonically
with the parameter. (These definitions extend from optimization problems to
game problems, as in Chapter 4 and Chapter 5.) Monotone comparative stat-
ics is the primary issue considered herein with respect to supermodularity and
complementarity.

For the problem of maximizing (or minimizing) a real-valued f �x� over x in
a set X, the function f �x� is the objective function, x is the decision variable,
the set X of feasible values for the decision variable x is the constraint set, and
argmaxx∈Xf (x) and argmax{f (x) : x ∈ X} both denote the set of all optimal
solutions (that is, �x′ x x′ ∈ X; f �x� ≤ f �x′� for each x ∈ X�). Likewise,
define argminx∈Xf (x) and argmin{f (x) : x ∈ X} as argmaxx∈X�−f �x��. The
focus in monotone comparative statics involves the collection of parameterized
optimization problems

maximize f �x; t� subject to x ∈ St (2.1.1)

for each parameter t contained in a parameter set T , where x is the deci-
sion variable contained in a set X, the constraint set St is a subset of X
and depends on t, and the objective function f �x; t� depends upon t. The
parameter t from T is then reflected in the notation for the set of opti-
mal solutions as argmaxx∈St f �x; t� and argmax�f �x; t� x x ∈ St�. Monotone
comparative statics considers conditions under which the set of optimal solu-
tions argmaxx∈St f �x; t� is, in a sense, increasing in the parameter t and one
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can select an optimal solution xt in argmaxx∈St f �x; t� for each t in T such
that xt is an increasing function of t (that is, t ′ ≤ t ′′ in T implies xt ′ ≤ xt ′′).

Example 2.1.1, Example 2.1.2, and Example 2.1.3 below present illustrative
applications developed further in subsequent sections of this chapter. Each
example involves optimally determining the consumption levels of a set of
products. In Example 2.1.1, the consumption levels of a subset of the products
are the decision variables with the consumption levels of the other products
being the parameter. In Example 2.1.2, consumption levels of all products are
the decision variables and their prices are the parameter. In Example 2.1.3,
consumption levels of all available products are the decision variables with the
parameter being the set of products available in the market.

For an n-vector x = �x1; : : : ; xn� and a subset I of �1; : : : ; n�, let xI =
�xi x i ∈ I�. For sets X ′ and X ′′, X′ \ X′′ denotes the set of elements in X ′

that are not in X ′′. For a finite set X, |X| denotes the number of elements
in X. The inner product of two n-vectors of real numbers, x = �x1; : : : ; xn�
and t = �t1; : : : ; tn�, is t · x =∑n

i=1 tixi. (The definition here ignores the usual
convention that the first vector be a row vector and the second vector be
a column vector. Throughout, usual conventions that distinguish between a
row vector and a column vector are ignored.) Besides the real number 0, let
the symbol 0 also denote a vector with each component being 0 where the
dimension of this 0 vector is apparent from context.

Example 2.1.1. A system has n products, i = 1; : : : ; n. The consumption level
of product i is xi, and x = �x1; : : : ; xn�. The vector x must be contained in a
subset X of Rn. For x in X, the consumer receives a real-valued utility f �x�.
Let N = �1; : : : ; n�. Suppose that the set of products N is partitioned into two
sets I and N \ I, where I is a subset of N and 1 ≤ �I� ≤ n− 1. The consumer
takes the values xN\I = �xi x i ∈ N \ I� for the consumption levels of the
products N \ I as given and wants to maximize utility over the consumption
levels xI = �xi x i ∈ I� of the products I. The decision problem, given xN\I ,
is to maximize the utility f �xI; xN\I� over xI such that x = �xI; xN\I� is in X.
An issue for monotone comparative statics is to provide conditions implying
that, for each subset I of N with 1 ≤ �I� ≤ n− 1, optimal consumption levels
for products I increase when the consumption levels of the other products
N \ I increase; that is, optimal xI increases with xN\I for any nonempty strict
subset I of the products.

Example 2.1.2. Consider a system with n products, denoted i = 1; : : : ; n,
where a consumer chooses the consumption level xi of each product i. Let
x = �x1; : : : ; xn� be the n-vector of consumption levels for all n products.
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The vector x must be contained in a subset X of Rn. The utility of a con-
sumption vector x is given by a real-valued utility function f �x�. To acquire
(or produce) each product i, there is a unit price pi. The price vector is p =
�p1; : : : ; pn�. The decision problem is to maximize the net value f �x� −p · x,
the utility minus the acquisition cost, over x in X. An issue for monotone
comparative statics is to provide conditions implying that optimal consump-
tion levels of all products increase when the prices of any subset of products
decrease; that is, optimal x increases with −p.

Example 2.1.3. Some subset of a collection of n products, denoted i = 1,
: : : ; n, is available to a consumer in the market. The level of product i con-
sumed is xi, and x = �x1; : : : ; xn�. The consumption vector x must be con-
tained in a subset X of Rn. It is feasible to consume nothing, so the 0 vector
is in X. For x in X, the consumer receives a real-valued utility f �x�. The col-
lection of all n products that may potentially be available in the market is
N = �1; : : : ; n�. Only a subset I of the set of all products N is actually avail-
able in the market. The decision problem, given I, is to maximize the utility
f �xI; xN\I� over xI such that x = �xI; xN\I� is in X and xN\I = 0. An issue
for monotone comparative statics is to provide conditions implying that op-
timal consumption levels x of all n products increase when the subset I of
available products is greater; that is, as additional products become available
in the market, it is optimal to consume more of all products.

The sections of this chapter are organized as follows. These sections are
logically ordered with some but not all material from each section being used
in subsequent sections (except for Section 2.5, which is subsequently used only
in Chapter 4).

Section 2.2 introduces some standard concepts involving order and lattices,
as well as basic useful properties of lattices, characterizations of sublattices
of Rn (and generalizations thereof), and characterizations and examples of
those systems of inequality constraints that determine sublattices of Rn and of
more general lattices. Ordering is fundamental throughout this monograph.
Ordering is used for comparing elements of a parameter set, for comparing
selections of feasible or optimal solutions, and for certain properties of the
objective function f �x; t� in (2.1.1). Lattices and sublattices also play a funda-
mental role. The constraint sets of optimal decision problems are subsequently
assumed to be sublattices, and the sets of optimal solutions argmaxx∈St f �x; t�
in (2.1.1) turn out to be sublattices.

Section 2.3 considers complete lattices and subcomplete sublattices, for
which each nonempty subset has a least upper bound and a greatest lower



10 C HAPTER 2

bound. These lattices and sublattices are characterized by compactness condi-
tions in Rn and in other topological spaces. The characterizations are useful in
establishing conditions for sets of feasible solutions to optimal decision prob-
lems and for sets of optimal solutions argmaxx∈St f �x; t� in (2.1.1) to have a
greatest element and a least element. The existence of these greatest (least)
elements is useful in selecting particular elements from those sets.

Section 2.4 provides properties and characterizations of a natural ordering
relation, the induced set ordering, on the collection of nonempty sublattices
of a given lattice. This ordering relation and its properties are used in the
monotone comparative statics conditions of Section 2.8 for ordering the sets of
feasible solutions in parameterized decision problems and the sets of optimal
solutions argmaxx∈St f �x; t� in (2.1.1), as well as for selecting specific ordered
elements from these sets.

Section 2.5 gives conditions for a function or a correspondence on a lat-
tice to have a fixed point, and for a parameterized collection of functions or
correspondences on a lattice to have a fixed point for each parameter value
such that the fixed point is an increasing function of the parameter. These
results are applied in Chapter 4 to establish the existence and monotonicity
of equilibrium points in certain noncooperative games.

Section 2.6 introduces supermodular functions on a lattice and explores
some of their basic properties. There is an equivalence between supermod-
ularity and a standard notion of complementarity, increasing differences.
Supermodularity and increasing differences are the essential properties for
the objective function in (2.1.1) that are part of the conditions subsequently
developed for monotone comparative statics. Various common functional
transformations maintain or generate supermodularity. Ordinal generaliza-
tions extend the cardinal properties of supermodularity and increasing differ-
ences. The specialized notion of log-supermodularity, related to the mono-
tonicity of price elasticity, is also considered.

Section 2.7 examines the problem of maximizing a supermodular function
on a lattice. The set of maximizers of a supermodular function is a sublat-
tice, and a consequence is that a greatest maximizer and a least maximizer
exist under standard regularity conditions. Conversely, the set of maximizers
of a function being a sublattice yields, in a sense, a characterization of super-
modular functions. Another key property, applied repeatedly in subsequent
chapters, is that supermodularity is preserved under the maximization oper-
ation. This property gives conditions for the optimal value of the objective
function in (2.1.1) to be a supermodular function of the parameter t.

Section 2.8 develops fundamental conditions for monotone comparative
statics; that is, for the optimal solution sets argmaxx∈St f �x; t� in (2.1.1) to
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be increasing in the parameter t (with respect to the induced set ordering
relation from Section 2.4) and for the existence of optimal solutions xt (in
particular, the greatest element or the least element) from argmaxx∈St f �x; t�
for each t such that xt is increasing in the parameter t. Sufficient conditions
are based on supermodularity and increasing differences and related prop-
erties. Conversely, statements of necessity are likewise based on these and
closely related properties.

Section 2.9 informally summarizes implications and equivalences between
various notions of complementarity encountered in previous sections of this
chapter.

While convex sets and concave functions are formally quite different from
lattices and supermodular functions, respectively, there nevertheless exist a
number of properties holding with similar statements for both the former and
the latter. This chapter notes many instances where lattices and supermodular
functions have properties analogous to properties of convex sets and concave
functions.

2.2 Partially Ordered Sets and Lattices

This section introduces and develops concepts and properties involving order
and lattices. Subsection 2.2.1 provides definitions, notation, and basic proper-
ties. Subsection 2.2.2 gives characterizations of sublattice structure.

2.2.1 Definitions, Notation, and Some Basic Properties

A binary relation � on a set X specifies for all x′ and x′′ in X either that
x′ � x′′ is true or that x′ � x′′ is false. If x′ � x′′ and x′ 6= x′′, then x′ ≺
x′′ is written. A binary relation � on a set X is reflexive if x � x for each
x in X, antisymmetric if x′ � x′′ and x′′ � x′ imply x′ = x′′ for all x′ and
x′′ in X, and transitive if x′ � x′′ and x′′ � x′′′ imply x′ � x′′′ for all x′, x′′,
and x′′′ in X. A partially ordered set is a set X on which there is a binary
relation � that is reflexive, antisymmetric, and transitive. If X is a partially
ordered set with binary relation �, then the dual is the partially ordered set
consisting of the same set X with the binary relation �′ where x′ �′ x′′ for x′

and x′′ in X if and only if x′′ � x′. If x′ and x′′ are elements of a partially
ordered set X, x′ ≺ x′′, and there does not exist x′′′ in X with x′ ≺ x′′′ ≺ x′′,
then x′′ covers x′ in X. Two elements x′ and x′′ of a partially ordered set
are ordered if either x′ � x′′ or x′′ � x′; otherwise, x′ and x′′ are unordered.
A partially ordered set is a chain if it does not contain an unordered pair
of elements.

Example 2.2.1 gives some common examples of partially ordered sets.



12 C HAPTER 2

Example 2.2.1. The following are partially ordered sets.
(a) The real line R1 with the usual ordering relation ≤ on the real numbers
is a partially ordered set.
(b) The set Rn = �x = �x1; : : : ; xn� x xi ∈ R1 for i = 1; : : : ; n� with the or-
dering relation ≤ where x′ ≤ x′′ in Rn if x′i ≤ x′′i in R1 for i = 1; : : : ; n is a
partially ordered set.
(c) If Xα is a set for each α in a set A, then the direct product of these
sets Xα is the product set ×α∈AXα = �x = �xα x α ∈ A� x xα ∈ Xα for each
α ∈ A�. (The vector �xα x α ∈ A� consists of a component xα for each α in
A.) If Xα is a partially ordered set with binary relation �α for each α in A,
then the direct product of these partially ordered sets is the partially ordered
set consisting of the set ×α∈AXα with the product relation � where x′ � x′′ in
×α∈AXα if x′α �α x′′α for each α in A. Part (b) above is a special case of this
direct product example, where A = �1; : : : ; n�, Xα = R1 with R1 having the
usual ordering relation ≤ for each α in A, and Rn = ×α∈AXα.
(d) The power set, Ð(X), of a set X is the set of all subsets of X. The power
set 0�X� with the set inclusion ordering relation ⊆ is a partially ordered set.
If X ′ and X ′′ are distinct subsets of X with X ′ ⊆ X ′′, then X′ ⊂ X′′. This
example is equivalent to a case of the direct product in part (c) above, in the
following sense. Associate each X ′ in 0�X� with an indicator vector 1(X′)
= �1�X ′�x x x ∈ X�, where 1�X ′�x = 1 if x is in X ′ and 1�X ′�x = 0 if x is not
in X ′. Then X ′ ⊆ X ′′ in 0�X� if and only if 1�X ′� � 1�X ′′� in ×x∈X�0; 1�,
where �0; 1� has the usual ordering relation ≤.
(e) The lexicographic ordering relation ≤lex on Rn is such that x′ ≤lex x′′ in
Rn if either x′ = x′′ or there is some i′ with 1 ≤ i′ ≤ n, x′i = x′′i for each i with
1 ≤ i < i′, and x′i′ < x′′i′ . The set Rn with the lexicographic ordering relation
≤lex is a partially ordered set; indeed, it is a chain.

Unless explicitly stated otherwise in a particular context, the following con-
ventions are used throughout this monograph. Whenever discussing a general
partially ordered set, the associated ordering relation is denoted �. Some-
times, as in the definition of “increasing” below, the same symbol � may be
used to denote different ordering relations on different partially ordered sets,
where the particular context precludes any ambiguities. Any subset of Rn is
taken to have ≤ as the associated ordering relation. A subset of the direct
product of partially ordered sets is taken to have the product relation as the
associated ordering relation.

Suppose that X is a partially ordered set and X ′ is a subset of X. If x′ is in
X and x � x′ (x′ � x) for each x in X ′, then x′ is an upper (lower) bound for
X ′. If x′ in X ′ is an upper (lower) bound for X ′, then x′ is the greatest (least)
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element of X ′. If x′ is in X ′ and there does not exist any x′′ in X ′ with x′ ≺ x′′
(x′′ ≺ x′), then x′ is a maximal (minimal) element of X ′. A greatest (least)
element is a maximal (minimal) element. A partially ordered set can have at
most one greatest (least) element, but it may have any number of maximal
(minimal) elements. Distinct maximal (minimal) elements are unordered. If
the set of upper (lower) bounds of X ′ has a least (greatest) element, then this
least upper bound (greatest lower bound) of X ′ is the supremum (infimum) of
X ′ and is denoted supX(X′) (infX(X′)) if the set X is not clear from context
or sup(X′) (inf(X′)) if the set X is clear from context. One must be clear
about the underlying set X in expressing sup�X ′� (inf�X ′�), as the following
example shows.

Example 2.2.2. Suppose that X = R1, Y = �0; 1�∪�2�, and X ′ = �0; 1�. Then
supX�X ′� = 1 6= 2 = supY �X ′�:

If two elements, x′ and x′′, of a partially ordered set X have a least upper
bound (greatest lower bound) in X, it is their join (meet) and is denoted
x′ ∨ x′′ (x′ ∧ x′′). A partially ordered set that contains the join and the meet
of each pair of its elements is a lattice. Example 2.2.3 gives some basic, useful
examples of lattices.

Example 2.2.3. The following are lattices.
(a) The real line R1 is a lattice with x′ ∨ x′′ = max�x′; x′′� and x′ ∧ x′′ =
min�x′; x′′� for x′ and x′′ in R1.
(b) Any chain is a lattice.
(c) For any positive integer n, Rn is a lattice with x′ ∨ x′′ = �x′1 ∨ x′′1; : : : ;
x′n ∨ x′′n� and x′ ∧ x′′ = �x′1 ∧ x′′1; : : : ; x′n ∧ x′′n� for x′ and x′′ in Rn.
(d) The direct product of lattices is a lattice. If Xα is a lattice for each α in
A, x′ = �x′α x α ∈ A� and x′′ = �x′′α x α ∈ A� are in ×α∈AXα, and x′α ∨ x′′α
and x′α ∧ x′′α are the join and meet of x′α and x′′α in Xα for each α in A, then
x′ ∨ x′′ = �x′α ∨ x′′α x α ∈ A� and x′ ∧ x′′ = �x′α ∧ x′′α x α ∈ A� in ×α∈AXα.
(e) For any set X, the power set 0�X� with the set inclusion ordering relation
⊆ is a lattice with X ′ ∨X ′′ = X ′ ∪X ′′ and X ′ ∧X ′′ = X ′ ∩X ′′ for X ′ and X ′′

in 0�X�. That is, the join of two subsets of X is their union and the meet of
two subsets of X is their intersection.

If X ′ is a subset of a lattice X and X ′ contains the join and meet (with
respect to X) of each pair of elements of X ′, then X ′ is a sublattice of X.
For a lattice X, let ,(X) denote the set of all nonempty sublattices of X. If
X ′ is a sublattice of a lattice X, then X ′ is itself a lattice and in X ′ the join
and meet of any two elements are the same as the join and meet of those
same two elements in X. If X is a lattice, X ′ is a sublattice of X, and X ′′ is
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a sublattice of X ′, then X ′′ is a sublattice of X. If X and X ′ are lattices with
the same ordering relation and X ′ is a subset of X, X ′ is not necessarily a
sublattice of X as the following example shows.

Example 2.2.4. Let X = R2 and X ′ = ��0; 0�; �2; 1�; �1; 2�; �3; 3��. Then
X ′ is a lattice, but X ′ is not a sublattice of X. In X, �2; 1� ∨ �1; 2� =
supX��2; 1�; �1; 2�� = �2; 2� (which is not in X ′) and �2; 1� ∧ �1; 2� =
infX��2; 1�; �1; 2�� = �1; 1� (which is not in X ′). But in X ′, �2; 1� ∨ �1; 2� =
supX ′ ��2; 1�; �1; 2�� = �3; 3� and �2; 1�∧�1; 2� = infX ′ ��2; 1�; �1; 2�� = �0; 0�.

Example 2.2.5 presents some common sublattices.

Example 2.2.5. The following are sublattices.
(a) If X = R1, then any subset of X is a sublattice of X.
(b) If X is a chain, then any subset of X is a sublattice of X.
(c) If a subset X of Rn has the property that x′ = �x′1; : : : ; x′n� in X and
x′′ = �x′′1; : : : ; x′′n� in X imply that �max�x′1; x′′1�; : : : ;max�x′n; x′′n�� and
�min�x′1; x′′1�; : : : ;min�x′n; x′′n�� are in X, then X is a sublattice of Rn.
(d) If Xα is a lattice and X ′α is a sublattice of Xα for each α in a set A, then
×α∈AX ′α is a sublattice of ×α∈AXα.
(e) If X is a lattice, then [x′;∞) = �x x x ∈ X;x′ � x� is a sublattice of X
for each x′ in X, (−∞; x′] = �x x x ∈ X;x � x′� is a sublattice of X for each
x′ in X, and [x′; x′′] = �x x x ∈ X;x′ � x; x � x′′� is a sublattice of X for all
x′ and x′′ in X. These are the closed intervals in X.

Since every subset of R1 is a sublattice of R1 as in part (a) of Example 2.2.5,
sublattices of Rn are not generally endowed with strong topological properties
as is the case for convex sets (Rockafellar [1970]). However, the closure of
a sublattice of Rn is also a sublattice, and, likewise, the closure of a convex
subset of Rn is also convex (Rockafellar [1970]). Other topological properties
are discussed in Section 2.3.

Example 2.2.6 shows that those vectors satisfying a budget constraint do not
form a sublattice of Rn for n ≥ 2, but a simple transformation of the variables
yields a sublattice. (See Lemma 2.2.7.) Let ui denote the ith unit vector in Rn;
that is, for 1 ≤ i ≤ n, ui = �ui1; : : : ; uin� where uii = 1 and uii′ = 0 for each
i′ 6= i with 1 ≤ i′ ≤ n.

Example 2.2.6. Suppose that B > 0 and n is an integer with n ≥ 2, and let
X = �x x x ∈ Rn; 0 ≤ x;∑n

i=1 xi ≤ B�. Pick any distinct integers i′ and i′′

between 1 and n. Then Bui
′

and Bui
′′

are in X, but Bui
′ ∨ Bui′′ = Bui′ + Bui′′

is not in X and so X is not a sublattice of Rn. Now consider the transforma-
tion zi′ =

∑i′
i=1 xi for i′ = 1; : : : ; n, and let Z = �z x z ∈ Rn; 0 ≤ z1 ≤ · · · ≤
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zn ≤ B�. There is a one-to-one relationship between elements of X and Z,
and the set Z is a sublattice of Rn. (See part (b) of Example 2.2.7.)

A function f �x� from a partially ordered set X to a partially ordered set Y is
increasing (decreasing) if x′ � x′′ in X implies f �x′� � f �x′′� (f �x′′� � f �x′�)
in Y . A function is monotone if it is either increasing or decreasing. A func-
tion f �x� from a partially ordered set X to a partially ordered set Y is
strictly increasing (strictly decreasing) if x′ ≺ x′′ in X implies f �x′� ≺ f �x′′�
(f �x′′� ≺ f �x′�) in Y . It is common in the lattice theory literature (Birkhoff
[1967]; Topkis [1978]), to use the terms isotone and antitone rather than “in-
creasing” and “decreasing”, respectively, but the latter are used herein in order
to maintain a more familiar terminology. The term “increasing” is sometimes
used to connote what is here defined as “strictly increasing”, but here con-
stant functions fit the definition of “increasing”. The term “nondecreasing” is
not used instead of “increasing” and “isotone” because it connotes too weak
a meaning (that is, “does not increase”) when the range of the function is not
a chain and would seem to include inappropriately, for example, the function
f �x� from �0; 1� to R2 where f �0� = �1; 2� and f �1� = �2; 1�.

If f �x� is a function from a set X into a partially ordered set Y , then
the level sets of f �x� on X are the sets �x x x ∈ X; y � f �x�� for y in Y .
A function f �x� from a set X into a partially ordered set Y is a generalized
indicator function for a subset X ′ of X if

f �x� =
{
y ′′ for x ∈ X ′
y ′ for x ∈ X and x 6∈ X ′

where y ′ ≺ y ′′ in Y ; that is, if the only level sets of f �x� on X are X and X ′

and perhaps the empty set. An indicator function is a generalized indicator
function with Y = R1, y ′ = 0, and y ′′ = 1. An indicator function is equivalent
to an indicator vector, as defined in part (d) of Example 2.2.1.

If X is a partially ordered set, X ′ is a subset of X, and X∩�x;∞� is a subset
of X ′ for each x in X ′, then X ′ is an increasing set. Equivalently, a subset
X ′ of a partially ordered set X is an increasing set if the indicator function of
X ′ ∩�x;∞� is an increasing function on X for each x in X ′. Increasing sets are
useful in characterizing properties of parameterized collections of distribution
functions, as discussed in Subsection 3.9.1.

Under certain regularity conditions, a nonempty lattice has a greatest ele-
ment and a least element. This property is useful in providing a way to sys-
tematically select an element from a lattice or from each of a collection of
lattices. (See Theorem 2.4.3, Corollary 2.7.1, and part (a) of Theorem 2.8.3.)
In the context of the present monograph, the set of solutions for an opti-
mization problem is commonly a (sub)lattice (Theorem 2.7.1), and then one
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may systematically select the greatest (or least) optimal solution. This facili-
tates comparing particular optimal solutions in stating results about monotone
comparative statics. Lemma 2.2.1 shows that a nonempty finite lattice has a
greatest element and a least element. An alternate proof of this result comes
from combining the properties that any nonempty finite partially ordered set
has a maximal element and a minimal element and that a maximal (minimal)
element of a lattice is the greatest (least) element. Furthermore, a nonempty
compact sublattice of Rn has a greatest element and a least element (Corol-
lary 2.3.2). An alternate proof of that conclusion comes from combining the
properties that any nonempty compact subset of Rn has a maximal element
and a minimal element (which can be constructed by maximizing or minimiz-
ing any strictly increasing continuous function over the nonempty compact set)
and that a maximal (minimal) element of a lattice is the greatest (least) ele-
ment. However, a nonempty sublattice of Rn does not always have a greatest
(least) element, as with the sublattices �0; 1� and R1 of R1.

Lemma 2.2.1. If X ′ is a sublattice of a lattice X and X ′′ is a nonempty finite
subset of X ′, then supX�X ′′� and infX�X ′′� exist and are contained in X ′. Hence,
if X is a nonempty finite lattice, then X has a greatest element and a least element.

Proof. Let X ′′ = �x1; : : : ; xk�, where k is some positive integer. Let y1 = x1,
so y1 is in X ′. Now suppose that for some integer k′ with 1 ≤ k′ < k,
yk
′ = supX��x1; : : : ; xk

′ �� and yk
′

is in X ′. Let yk
′+1 = yk′ ∨ xk′+1. Because

X ′ is a sublattice of X, yk
′+1 is in X ′. Because yk

′ = supX��x1; : : : ; xk
′ ��,

yk
′+1 is an upper bound for �x1; : : : ; xk

′+1�. Let y in X be any up-
per bound for �x1; : : : ; xk

′+1�. Because yk
′ = supX��x1; : : : ; xk

′ ��, it fol-
lows that yk

′ � y and xk
′+1 � y and so yk

′+1 = yk
′ ∨ xk′+1 � y. Con-

sequently, yk
′+1 = supX��x1; : : : ; xk

′+1��. Therefore, by induction, yk =
supX��x1; : : : ; xk�� = supX�X ′′� exists and yk is in X ′. The proof that
infX�X ′′� exists and is contained in X ′ now follows by considering the dual
of X.

The second part of the result follows by letting X ′′ = X ′ = X.

If X and T are sets and S is a subset of X × T , then the section of S
at t in T is St = �x x x ∈ X; �x; t� ∈ S� and the projection of S on T is
5TS = �t x t ∈ T; St is nonempty�. Lemma 2.2.2 and Lemma 2.2.3 show that
intersections, sections, and projections of sublattices are also sublattices. Cor-
responding properties hold for convex sets; that is, intersections, sections, and
projections of convex sets are also convex. Furthermore, corresponding to part
(d) of Example 2.2.3 and part (d) of Example 2.2.5, the direct product of con-
vex sets is convex.
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Lemma 2.2.2. If X is a lattice and Xα is a sublattice of X for each α in a set
A, then ∩α∈AXα is a sublattice of X.

Proof. Pick any x′ and x′′ in ∩α∈AXα. For each α in A, x′ and x′′ are in Xα

and Xα is a sublattice of X and so x′ ∨ x′′ and x′ ∧ x′′ are in Xα. Therefore,
x′ ∨ x′′ and x′ ∧ x′′ are in ∩α∈AXα and so ∩α∈AXα is a sublattice of X.

Lemma 2.2.3. Suppose that X and T are lattices and S is a sublattice of X ×T .
(a) The section St of S at each t in T is a sublattice of X.
(b) The projection 5TS of S on T is a sublattice of T .

Proof. Pick any t in T and x′ and x′′ in St . Because �x′; t� and �x′′; t� are in
S and S is a sublattice of X × T , �x′ ∨ x′′; t� = �x′; t� ∨ �x′′; t� is in S and
�x′ ∧ x′′; t� = �x′; t� ∧ �x′′; t� is in S. Therefore, x′ ∨ x′′ and x′ ∧ x′′ are in St ,
and so St is a sublattice of X.

Now pick any t ′ and t ′′ in 5TS. Then St ′ and St ′′ are nonempty, so there
exist some x′ in St ′ and x′′ in St ′′ . Because �x′; t ′� and �x′′; t ′′� are in S and
S is a sublattice of X × T , �x′ ∨ x′′; t ′ ∨ t ′′� = �x′; t ′� ∨ �x′′; t ′′� is in S and
�x′ ∧ x′′; t ′ ∧ t ′′� = �x′; t ′� ∧ �x′′; t ′′� is in S. Therefore, t ′ ∨ t ′′ and t ′ ∧ t ′′ are in
5TS, and so 5TS is a sublattice of T .

2.2.2 Sublattice Structure

This subsection proceeds to characterize the structure of sublattices of the di-
rect product of a finite collection of lattices and to use that characterization
to characterize those real-valued functions on Rn whose level sets are sublat-
tices of Rn. These results, through Lemma 2.2.7, are largely based on Topkis
[1976]. See also Baker and Pixley [1975] and Bergman [1977]. Essential prop-
erties characterizing sublattices of the direct product of any finite collection
of lattices can be expressed in terms of sublattices of the direct product of
two lattices. (The fundamental role of properties on projections of the direct
product of only two lattices is also evident in Section 2.6, which characterizes
supermodular functions on the direct product of any finite collection of lat-
tices in terms of supermodular functions on the direct product of two lattices.)
See Subsection 3.7.4 for characterizations of sublattices of the power set (with
the set inclusion ordering relation) of a finite set.

Lemma 2.2.4 characterizes sublattices of the direct product of any finite
collection of lattices in terms of sublattices of the direct product of two lattices.
Lemma 2.2.5 represents any sublattice of the direct product of two lattices in
terms of several easily characterized sublattices. Theorem 2.2.1 uses the results
of Lemma 2.2.4 and Lemma 2.2.5 to provide a more refined characterization
of the structure of sublattices of the direct product of any finite collection of
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lattices. The characterizations of sublattice structure are then used in Theorem
2.2.2 to analogously characterize functions whose level sets are sublattices and
to exhibit in Example 2.2.7 examples of such functions on Rn.

Suppose that X1; : : : ;Xn are sets and that elements of ×ni=1Xi are denoted
x = �x1; : : : ; xn�, where xi is in Xi for i = 1; : : : ; n. If L is a subset of Xi′ ×Xi′′

for two distinct indices i′ and i′′ and S = �x x x ∈ ×ni=1Xi; �xi′; xi′′ � ∈ L�,
then S is a bivariate subset of ×ni=1Xi and L is the i′i′′-generator of S. If
X1; : : : ;Xn are nonempty lattices, S is a bivariate subset of ×ni=1Xi, and L

is the i′i′′-generator of S, then S is a sublattice of ×ni=1Xi if and only if L is
a sublattice of Xi′ × Xi′′ . Lemma 2.2.4 represents any sublattice of ×ni=1Xi,
where X1; : : : ;Xn are lattices, in terms of n�n− 1�/2 bivariate sublattices.

Lemma 2.2.4. If n ≥ 2 and X1; : : : ;Xn are lattices, then a set is a sublattice of
×ni=1Xi if and only if it is the intersection of n�n − 1�/2 bivariate sublattices
of ×ni=1Xi.

Proof. The sufficiency part is immediate because the intersection of sublattices
is a sublattice by Lemma 2.2.2.

Now suppose that S is a nonempty sublattice of ×ni=1Xi. For distinct i′ and
i′′ in �1; : : : ; n�, let Li′;i′′ be the projection of S on Xi′ × Xi′′ and let Si′;i′′
be the bivariate subset of ×ni=1Xi for which Li′;i′′ is the i′i′′-generator. Each
projection Li′;i′′ is a sublattice of Xi′ × Xi′′ by part (b) of Lemma 2.2.3, and
so each bivariate set Si′;i′′ is a sublattice of ×ni=1Xi as in part (d) of Example
2.2.5.

If x is in S, then �xi′; xi′′ � is in Li′;i′′ and so x is in Si′;i′′ for all distinct i′ and
i′′. Therefore, S is a subset of ∩�i′;i′′ x1≤i′≤n;1≤i′′≤n;i′ 6=i′′�Si′;i′′ .

Pick any x in ∩�i′;i′′ x1≤i′≤n;1≤i′′≤n;i′ 6=i′′�Si′;i′′ . For any distinct i′ and i′′, x is
in Si′;i′′ and so �xi′; xi′′) is in the projection Li′;i′′ of S on Xi′ × Xi′′ and
there exists some yi

′;i′′ in S with �yi′;i′′i′ ; y
i′;i′′
i′′ � = �xi′; xi′′ �. For each i′, let

zi
′ = inf�yi′;i′′ x i′′ 6= i′�. By Lemma 2.2.1, zi is in S for each i. Also by

Lemma 2.2.1, sup�zi x i = 1; : : : ; n� is in S. Because yi
′;i′′
i′ = xi′ for all dis-

tinct i′ and i′′, zii = xi for each i. Because zi
′
i′′ � yi

′;i′′
i′′ = xi′′ for all distinct i′

and i′′, zi � x for each i. Therefore, x = sup�zi x i = 1; : : : ; n� and x is in S.
Hence, ∩�i′;i′′ x1≤i′≤n;1≤i′′≤n;i′ 6=i′′�Si′;i′′ is a subset of S.

The necessity part of this result follows because S =
∩�i′;i′′ x1≤i′≤n;1≤i′′≤n;i′ 6=i′′�Si′;i′′ and Si′;i′′ = Si′′;i′ for all distinct i′ and i′′.

If X1 and X2 are partially ordered sets and S is a subset of X1 ×X2, then
the two bimonotone hulls generated by S on X1 ×X2 are

H1�S� = ∪�x1;x2�∈S��x1;∞�× �−∞; x2��
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and

H2�S� = ∪�x1;x2�∈S��−∞; x1� × �x2;∞��:
Part (c) of Lemma 2.2.5 characterizes sublattices of the direct product of
two lattices in terms of the two bimonotone hulls and the two projections.
Part (a) of Lemma 2.2.5 shows that the bimonotone hulls of a sublattice of
the direct product of two lattices are also sublattices. The bimonotone hulls
of a subset S of X1 × X2 are not generally sublattices if X1 and X2 are
lattices but not chains and S is not a sublattice of X1 × X2. This can be
seen from the example with X1 = X2 = R2 and S = ��0; 1; 0; 1�; �1; 0; 1; 0��,
because then �0; 1; 0; 1� and �1; 0; 1; 0� are in both bimonotone hulls while
�1; 1; 1; 1� = �0; 1; 0; 1� ∨ �1; 0; 1; 0� and �0; 0; 0; 0� = �0; 1; 0; 1� ∧ �1; 0; 1; 0�
are not in either bimonotone hull. Part (b) of Lemma 2.2.5 gives a surprisingly
simple “convex”-like representation for sections of a sublattice of the direct
product of two lattices. For the statement and proof of Lemma 2.2.5, note
that Sx2

denotes the section of S at x2 in X2 and that 5X1
S and 5X2

S denote,
respectively, the projections of S on X1 and on X2.

Lemma 2.2.5. Suppose that X1 and X2 are lattices and S is a sublattice of
X1 ×X2.
(a) The bimonotone hulls of S are sublattices of X1 ×X2.
(b) If x2 is in X2 and x′1 and x′′1 are in the section Sx2

, then �x′1; x′′1� ∩5X1
S is

contained in Sx2
. Hence, if x2 is in X2 and infX1

�Sx2
� and supX1

�Sx2
� are in Sx2

,
then Sx2

= �infX1
�Sx2
�; supX1

�Sx2
�� ∩5X1

S.
(c) The sublattice S is the intersection of its two bimonotone hulls and the direct
product of its two projections.

Proof. Pick �x′1; x′2� and �x′′1; x′′2� in the bimonotone hull H1�S�. Then there
exist �z′1; z′2� and �z′′1 ; z′′2 � in S with z′1 � x′1, x′2 � z′2, z′′1 � x′′1 , and x′′2 � z′′2 .
Because S is a sublattice of X1 × X2, �z′1; z′2� ∨ �z′′1 ; z′′2 � = �z′1 ∨ z′′1 ; z′2 ∨ z′′2 �
and �z′1; z′2� ∧ �z′′1 ; z′′2 � = �z′1 ∧ z′′1 ; z′2 ∧ z′′2 � are in S. Therefore,

�x′1; x′2� ∨ �x′′1; x′′2� = �x′1 ∨ x′′1; x′2 ∨ x′′2� ∈ �z′1 ∨ z′′1 ;∞�× �−∞; z′2 ∨ z′′2 �
⊆ H1�S�

and

�x′1; x′2� ∧ �x′′1; x′′2� = �x′1 ∧ x′′1; x′2 ∧ x′′2� ∈ �z′1 ∧ z′′1 ;∞�× �−∞; z′2 ∧ z′′2 �
⊆ H1�S�:

Thus, H1�S� is a sublattice of X1 × X2. The proof that H2�S� is a sublattice
of X1 ×X2 follows similarly, completing the proof of part (a).
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Pick any x2 in X2, x′1 in Sx2
, and x′′1 in Sx2

. Then pick z1 in �x′1; x′′1� ∩5X1
S.

Because z1 is in 5X1
S, there exists z2 in X2 with �z1; z2� in S. Because x′1 � z1

and S is a sublattice of X1 × X2, �z1; x2 ∨ z2� = �x′1; x2� ∨ �z1; z2� is
in S. Because z1 � x′′1 and S is a sublattice of X1 ×X2, �z1; x2� = �x′′1; x2� ∧
�z1; x2 ∨ z2� is in S. Therefore, z1 is in Sx2

, completing the proof of part (b).
Pick any �z1; z2� in H1�S� ∩ H2�S� ∩ �5X1

S × 5X2
S�. Since �z1; z2� is in

H1�S� and in H2�S�, there exist �x′1; x′2� and �x′′1; x′′2� in S such that x′1 � z1,
z2 � x′2, z1 � x′′1 , and x′′2 � z2. Because S is a sublattice of X1×X2, �x′′1; x′2� =
�x′1; x′2�∨�x′′1; x′′2� is in S and �x′1; x′′2� = �x′1; x′2�∧�x′′1; x′′2� is in S. Thus x′1 is in
Sx′2 and x′′1 is in Sx′2 , so �x′1; x′′1�∩5X1

S is a subset of Sx′2 by part (b). Therefore,
z1 is in Sx′2 and �z1; x

′
2� is in S. Also, x′2 is in the section of S at x′′1 in X1, and x′′2

is in the section of S at x′′1 in X1, so �x′′2; x′2�∩5X2
S is contained in the section

of S at x′′1 in X1 by part (b) (with the roles of the sets X1 and X2 reversed).
Therefore, z2 is contained in the section of S at x′′1 in X1 and �x′′1; z2� is in S.
Because S is a sublattice of X1 ×X2, �z1; z2� = �z1; x

′
2� ∧ �x′′1; z2� is in S and

so H1�S� ∩H2�S� ∩ �5X1
S ×5X2

S� is a subset of S. The observation that S is
a subset of H1�S� ∩H2�S� ∩ �5X1

S × 5X2
S� completes the proof of part (c).

Suppose that X1 and X2 are partially ordered sets and S is a subset of
X1 × X2. The subset S is bimonotone if either �x1;∞� × �−∞; x2� is con-
tained in S for each �x1; x2� in S or �−∞; x1� × �x2;∞� is contained in S for
each �x1; x2� in S; that is, if S equals one of its bimonotone hulls. The two
bimonotone hulls of S are bimonotone. If X1 and X2 are lattices and S is a
sublattice of X1 ×X2, then the two bimonotone hulls of S are sublattices by
part (a) of Lemma 2.2.5. Any bimonotone set containing S must also contain
at least one of the two bimonotone hulls of S. If X1 and X2 are chains, then
any bimonotone subset of X1 ×X2 (and hence each bimonotone hull of any
subset of X1 ×X2) is a sublattice of X1 ×X2. However, a bimonotone subset
of the direct product of two lattices need not be a sublattice, as in the ex-
ample of the paragraph preceding Lemma 2.2.5 showing that the bimonotone
hulls of a subset of the direct product of two lattices need not be a sublattice.
If X1; : : : ;Xn are partially ordered sets, S is a bivariate subset of ×ni=1Xi, a
subset L of Xi′ ×Xi′′ for two distinct indices i′ and i′′ is the i′i′′-generator of
S, and L is bimonotone, then S is bimonotone. Theorem 2.2.1 uses Lemma
2.2.4 and part (a) and part (c) of Lemma 2.2.5 to characterize the sublattices
of the direct product of n lattices in terms of n�n− 1� bimonotone sublattices
and the projections on each of the n lattices.

Theorem 2.2.1. If X1; : : : ;Xn are lattices, then a set S is a sublattice of ×ni=1Xi

if and only if it is the intersection of n�n− 1� bimonotone sublattices of ×ni=1Xi
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together with the direct product of the projections of S on each Xi where the
projection of S on each Xi is a sublattice of Xi.

Proof. The sufficiency part is immediate because the intersection of sublattices
is a sublattice by Lemma 2.2.2 and the direct product of sublattices is itself a
sublattice as in part (d) of Example 2.2.5.

Suppose that S is a sublattice of ×ni=1Xi and n ≥ 2. By Lemma 2.2.4, S is the
intersection of n�n− 1�/2 bivariate sublattices of ×ni=1Xi. The projection of S
on each Xi must equal the intersection of the projections of the n�n − 1�/2
bivariate sublattices on Xi and each such projection is a sublattice of Xi by part
(b) of Lemma 2.2.3. By part (a) and part (c) of Lemma 2.2.5, each bivariate
sublattice is the intersection of two bimonotone sublattices of ×ni=1Xi and
the direct product of the projections of the bivariate sublattice on each Xi.
Therefore, S is the intersection of n�n− 1� bimonotone sublattices of ×ni=1Xi

together with the direct product of the projections of S on each Xi.

Sets of feasible decisions are often constructed as the level set of some
function (or, equivalently, as the intersection of level sets of some collection
of functions), and the present monograph considers structured optimal deci-
sion problems for which constraint sets are sublattices. Therefore, it is useful
to characterize those functions whose level sets are sublattices in order to fa-
cilitate generating and recognizing suitably structured scenarios. If f �x� is a
function from a lattice X into a partially ordered set and if each level set of
f �x� on X is a sublattice of X, then f �x� is a sublattice-generating function.

The preceding results on sublattice structure lead to analogous results, given
below, characterizing the structure of sublattice-generating functions. (The
two characterizations are equivalent. Indeed, one could instead first directly
characterize sublattice-generating functions and then use those results to de-
velop characterizations of sublattice structure.) Generalized indicator func-
tions are used to relate characterizations of sublattices and characterizations
of sublattice-generating functions. A generalized indicator function for a sub-
set X ′ of a lattice X is a sublattice-generating function if and only if X ′ is a
sublattice of X. By this relationship, properties of sublattices can be directly
translated into properties of sublattice-generating generalized indicator func-
tions and properties of sublattice-generating functions can be translated into
properties of sublattices. Furthermore, part (b) of Lemma 2.2.6 shows that
a sublattice-generating function that is bounded above is the pointwise infi-
mum of a collection of sublattice-generating generalized indicator functions, so
properties of sublattice-generating generalized indicator functions imply prop-
erties of sublattice-generating functions that are bounded above. Following
Lemma 2.2.6, the properties developed above on the structure of sublattices
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are used in Theorem 2.2.2 to give corresponding properties and characteriza-
tions of sublattice-generating functions that are bounded above. Lemma 2.2.7
describes separable sublattice-generating functions. Example 2.2.7 exhibits sys-
tems of inequality constraints on Rn that determine sublattices of Rn.

Lemma 2.2.6. Suppose that f �x� is a function from a lattice X into a chain Y .
(a) If f �x� is the pointwise infimum of a collection of sublattice-generating func-
tions, then f �x� is a sublattice-generating function.
(b) Suppose also that Y has at least two distinct elements. The function f �x�
is a sublattice-generating function and is bounded above if and only if it is the
pointwise infimum of a collection of sublattice-generating generalized indicator
functions.

Proof. Suppose that f �x� = inf�fα�x� x α ∈ A� for each x in X, where fα�x�
is a sublattice-generating function on X for each α in A. Pick any y in Y .
Then

�x x x ∈ X; y � f �x�� = �x x x ∈ X; y � inf�fα�x� x α ∈ A��
= �x x x ∈ X; y � fα�x� for each α ∈ A�
= ∩α∈A�x x x ∈ X; y � fα�x��;

which is a sublattice of X because each fα�x� is a sublattice-generating func-
tion on X and the intersection of sublattices is a sublattice by Lemma 2.2.2.
Therefore, f �x� is a sublattice-generating function on X, completing the proof
of part (a).

Sufficiency in part (b) follows from part (a) and because any generalized
indicator function is bounded above.

Now suppose that f �x� is a sublattice-generating function and is bounded
above. Necessity in part (b) is immediate if f �x� is a constant function (using
the hypothesis that Y has at least two elements), so suppose that f �x� is not
a constant function. If supY�f �x� x x ∈ X� exists, then set y ′ = supY�f �x� x
x ∈ X�. Otherwise, let y ′ be any upper bound in Y for �f �x� x x ∈ X�. For
each y in Y , define

Xy = �x x x ∈ X; y ≺ f �x��
and

gy�x� =
{
y ′ if x ∈ Xy

y if x ∈ X and x 6∈ Xy:

Let Y ′ = �y x y ∈ Y and Xy is nonempty�. Because f �x� is a sublattice-
generating function on X and Y is a chain, each Xy is a sublattice of X
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and so gy�x� is a sublattice-generating generalized indicator function on X

for each y in Y ′. Pick any x′ in X with Xf �x′� nonempty. Such x′ exists be-
cause f �x� is not a constant function and Y is a chain. If y is in Y ′ and
y ≺ f �x′�, then x′ is in Xy and f �x′� � y ′ = gy�x′�. If y is in Y ′ and f �x′� � y,
then x′ is not in Xy and f �x′� � y = gy�x′�. Thus, f �x′� � gy�x′� for each y
in Y ′. Furthermore, f �x′� is in Y ′ and x′ is not in Xf �x′�, and so gf �x′��x′� =
f �x′�. Therefore, f �x′� = inf�gy�x′� x y ∈ Y ′� and f �x� is the pointwise in-
fimum of a collection of sublattice-generating generalized indicator functions
on X.

Suppose that X1; : : : ;Xn are sets, elements of ×ni=1Xi are denoted x =
�x1; : : : ; xn� where xi is in Xi for i = 1; : : : ; n, and f �x� is a function on
×ni=1Xi. If there is some i′ such that f �x� does not depend on xi for any i 6= i′,
then f �x� is univariate. If there are some distinct i′ and i′′ such that f �x�
does not depend on xi for any i with i 6= i′ and i 6= i′′, then f �x� is bivariate.
A generalized indicator function of a bivariate set is bivariate. If each Xi is a
partially ordered set, the range of f �x� on ×ni=1Xi is a partially ordered set,
there are distinct i′ and i′′ such that f �x� does not depend on xi for any i with
i 6= i′ and i 6= i′′, f �x� is increasing in xi′ , and f �x� is decreasing in xi′′ , then
f �x� is bimonotone. A generalized indicator function of a bimonotone set is bi-
monotone. Each level set of a bimonotone function is bimonotone. Definitions
of univariate, bivariate, and bimonotone apply for functions on Rn, where the
domain is considered as the direct product ×ni=1Xi with Xi = R1 for each i;
likewise, for functions on a product set that is contained in Rn. Theorem 2.2.2
uses Lemma 2.2.6 and the preceding characterizations of sublattice structure
to characterize sublattice-generating functions. In particular, any sublattice-
generating function that is bounded above on the direct product of n chains
is characterized in terms of n�n− 1� bimonotone (sublattice-generating) func-
tions and n univariate (sublattice-generating) functions.

Theorem 2.2.2. Suppose that n ≥ 2, X1; : : : ;Xn are lattices, and f �x� is a func-
tion from ×ni=1Xi into a chain in which each nonempty subset that is bounded
below has a greatest lower bound, where x = �x1; : : : ; xn� and xi is in Xi for
i = 1; : : : ; n.
(a) The function f �x� is a sublattice-generating function and is bounded above if
and only if it is the pointwise infimum of n�n−1�/2 bivariate sublattice-generating
functions that are bounded above.
(b) The function f �x� is a sublattice-generating function and is bounded above
if and only if it is the pointwise infimum of n�n − 1� bimonotone sublattice-
generating functions that are bounded above and n univariate sublattice-generat-
ing functions that are bounded above.
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Now suppose that, in addition, each Xi is a chain.
(c) If f �x� is univariate, then f �x� is a sublattice-generating function.
(d) If f �x� is bimonotone, then f �x� is a sublattice-generating function.
(e) If f �x� is the pointwise infimum of n�n − 1� bimonotone functions and n
univariate functions, then f �x� is a sublattice-generating function.
(f) If f �x� is a sublattice-generating function and is bounded above, then it is
the pointwise infimum of n�n− 1� bimonotone functions that are bounded above
and n univariate functions that are bounded above.

Proof. Sufficiency in part (a) and part (b) follows from part (a) of Lemma
2.2.6.

Suppose that f �x� is a sublattice-generating function, is bounded above, and
is not a constant function. By part (b) of Lemma 2.2.6, f �x� is the pointwise in-
fimum of a collection of sublattice-generating generalized indicator functions.
By Lemma 2.2.4, any sublattice-generating generalized indicator function is
the pointwise infimum of at most n�n − 1�/2 bivariate sublattice-generating
generalized indicator functions. Therefore, f �x� is the pointwise infimum of
a collection of bivariate sublattice-generating generalized indicator functions
and hence, using part (a) of Lemma 2.2.6, f �x� is the pointwise infimum of
n�n − 1�/2 bivariate sublattice-generating functions that are bounded above.
This establishes necessity in part (a).

Again, suppose that f �x� is a sublattice-generating function, is bounded
above, and is not a constant function. By Theorem 2.2.1, a sublattice-
generating generalized indicator function is the pointwise infimum of at
most n�n − 1� bimonotone sublattice-generating generalized indicator func-
tions and at most n univariate sublattice-generating generalized indicator
functions. Therefore, using part (b) of Lemma 2.2.6, f �x� is the pointwise
infimum of a collection of bimonotone sublattice-generating generalized in-
dicator functions and univariate sublattice-generating generalized indicator
functions. Hence, using part (a) of Lemma 2.2.6, f �x� is the pointwise infi-
mum of n�n− 1� bimonotone sublattice-generating functions and n univariate
sublattice-generating functions. This establishes necessity in part (b).

Suppose that each Xi is a chain and f �x� is univariate on ×ni=1Xi. Each level
set of f �x� is the direct product of chains and so is a sublattice of ×ni=1Xi.
Therefore, f �x� is a sublattice-generating function, establishing part (c).

Suppose that each Xi is a chain and f �x� is bimonotone on ×ni=1Xi. Each
level set of f �x� is a bimonotone subset of ×ni=1Xi. Because each bimonotone
subset of the direct product of chains is a sublattice, each level set of f �x�
is a sublattice of ×ni=1Xi. Therefore, f �x� is a sublattice-generating function,
establishing part (d).
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Part (e) follows from part (c) and part (d) and from part (a) of Lemma
2.2.6.

Part (f) is a consequence of part (b), part (c), and part (d).

A real-valued function f �x� on a product set ×ni=1Xi is separable if f �x� =∑n
i=1 fi�xi� for all x = �x1; : : : ; xn� with xi in Xi for i = 1; : : : ; n. Lemma 2.2.7

shows that any separable sublattice-generating function on the direct product
of chains must be either univariate or bimonotone.

Lemma 2.2.7. A real-valued separable sublattice-generating function on the direct
product of a finite collection of chains is either univariate or bimonotone.

Proof. Let Xi be a chain for i = 1; : : : ; n and let f �x� =∑n
i=1 fi�xi� be a real-

valued separable function on ×ni=1Xi. Suppose that f �x� is neither univariate
nor bimonotone. Then there exist distinct i′ and i′′, x′i′ in Xi′ , x

′′
i′ in Xi′ , x

′
i′′ in

Xi′′ , and x′′i′′ in Xi′′ such that x′i′ ≺ x′′i′ , x′′i′′ ≺ x′i′′ , and either fi′ �x′i′ � < fi′ �x′′i′ �
and fi′′ �x′′i′′ � < fi′′ �x′i′′ � or fi′ �x′′i′ � < fi′ �x′i′ � and fi′′ �x′i′′ � < fi′′ �x′′i′′ �. Consider
the former case. (The proof for the latter case is similar.) For each i with
i 6= i′ and i 6= i′′, pick any x′i in Xi. Let x′′i = x′i for each i with i 6= i′ and
i 6= i′′, x′ = �x′1; : : : ; x′n�, and x′′ = �x′′1; : : : ; x′′n�. Then f �x′� < f �x′ ∨ x′′�,
f �x′′� < f �x′ ∨ x′′�, f �x′ ∧ x′′� < f �x′�, and f �x′ ∧ x′′� < f �x′′�. Let y =
min�f �x′�; f �x′′��. Then the level set �x x x ∈ ×ni=1Xi; y ≤ f �x�� is not a
sublattice of ×ni=1Xi because it contains x′ and x′′ but not x′ ∧ x′′. Therefore,
f �x� is not a sublattice-generating function.

Based on the characterization of Theorem 2.2.2 together with Lemma 2.2.2,
Example 2.2.7 exhibits systems of inequality constraints on Rn that determine
sublattices of Rn.

Example 2.2.7. The set of feasible solutions for each of the following systems
of inequality constraints on Rn is a sublattice of Rn.
(a) The set

�x x x ∈ Rn; 0 ≤ gi�xi� for i = 1; : : : ; n; and 0 ≤ fi′;i′′ �xi′; xi′′ � for
all distinct integers i′ and i′′ with 1 ≤ i′ ≤ n and 1 ≤ i′′ ≤ n�

is a sublattice of Rn if gi�xi� is a real-valued function on R1 for i = 1; : : : ; n
and if fi′;i′′ �xi′; xi′′ � is a real-valued bimonotone function on R2 for all dis-
tinct i′ and i′′ in �1; : : : ; n�. Conversely, any real-valued sublattice-generating
function that is bounded above on Rn has a representation as the pointwise in-
fimum of n2 such functions. That is, in Rn the real-valued sublattice-generating
functions that are bounded above are precisely those functions that can be rep-
resented as a system of n2 inequality constraints, where n of the inequality con-
straints (gi�xi� for i = 1; : : : ; n) are bounded above and are functions of only
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one real component and n�n − 1� of the inequality constraints (fi′;i′′ �xi′; xi′′ �
for all distinct i′ and i′′) are bounded above and are functions of only two real
components and are increasing in one of these components and decreasing in
the other component.
(b) Suppose that aj is an n-vector for j = 1; : : : ;m. Let b = �b1; : : : ; bm� be
an arbitrary m-vector. Consider the set of solutions to the system of linear
inequalities

Sb = �x x x ∈ Rn; bj ≤ aj · x for j = 1; : : :m�:
Then Sb is a sublattice of Rn for each b in Rm if and only if each n-vector aj

with more than one nonzero component has exactly two nonzero components
and these are of opposite signs. This system includes as special cases the dual
of the transportation problem and the dual of the generalized transportation
problem (Ahuja, Magnanti, and Orlin [1993]). See Section 3.4.
(c) A firm must select some subset of n activities, denoted i = 1; : : : ; n, in
which to engage. The firm’s selection of activities is indicated by an n-vector
x = �x1; : : : ; xn�, where xi = 1 if the firm decides to engage in activity i and
xi = 0 otherwise. Some of the activities depend on the availability of certain
other activities, so for each activity i there is a subset Ai of the other activities
that must be selected if activity i is to be selected. This constraint can be
represented as 0 ≤ xi′′ − xi′ for each activity i′ and each activity i′′ in Ai′ ; that
is, xi′ can equal 1 only if xi′′ = 1 for each activity i′′ in Ai′ . Then the collection
of all feasible sets of activities in which the firm may choose to engage is
represented by

�x x x ∈ Rn; xi equals 0 or 1 for each i, and 0 ≤ xi′′ − xi′
for all i′ and i′′ with i′′ ∈ Ai′ �,

which is a sublattice of Rn. See Subsection 3.7.3.
(d) An acyclic network consists of a collection of nodes i = 1; : : : ; n and a
set of directed edges joining ordered pairs of distinct nodes such that an edge
�i′; i′′� exists from node i′ to node i′′ if and only if i′ < i′′. Then the set of
edges

��i′; i′′� x 1 ≤ i′ < i′′ ≤ n; i′ and i′′ integer�
is a sublattice of R2. See Subsection 3.5.1.

For a sublattice of the direct product of a finite collection of chains, The-
orem 2.2.3 gives structural properties of minimal sets of indices whose com-
ponents may strictly increase within the sublattice above their values for any
particular element of the sublattice. This result is useful in developing proper-
ties of functions whose domain is a sublattice of the direct product of finitely
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many chains. (See Theorem 2.6.3, Theorem 2.7.4, and Theorem 2.8.12.) Sup-
pose that X1; : : : ;Xn are chains and S is a sublattice of ×ni=1Xi. A subset I of
�1; : : : ; n� is an increasable set of indices for x′ in S if there exists x′′ in S with
x′ � x′′ and with x′i ≺ x′′i if and only if i is in I. In this case, x′′ corresponds
to the increasable set of indices I for x′ in S. The collection of all increasable
sets of indices for x′ in S is closed under union and intersection; that is, it is a
sublattice of �1; : : : ; n� with ordering relation ⊆. An increasable set of indices
I is an increasable cover for x′ in S if I is a cover for the empty set in the
collection of all increasable sets of indices for x′; that is, if I is a nonempty
increasable set for x′ and there does not exist an increasable set of indices I ′

for x′ with ∅ ⊂ I ′ ⊂ I. (An n-vector that corresponds to an increasable cover
for x′ in S need not cover x′ in S. There may be many n-vectors that corre-
spond to any particular increasable set of indices or increasable cover for x′

in S.) If S = ×ni=1Xi, then any increasable cover for x′ in S consists of exactly
one index element and any n-vector that corresponds to an increasable cover
differs from x′ in exactly one component. In particular, if S = Rn and x′ is
in S, then any subset of �1; : : : ; n� is an increasable set for x′ in S, the sets
�1�; : : : ; �n� are the increasable covers for x′ in S, and x′′ corresponds to an
increasable cover if and only if x′′ = x′ + εui for some ε > 0 and any index
i. If S is bivariate, then at most one increasable cover for x′ in S consists of
exactly two index elements and each other increasable cover for x′ consists of
exactly one index element. For example, if S = �x x x ∈ Rn; x1 = x2� where
n ≥ 2 and x′ is in S, then the increasable sets for x′ in S are those subsets
of �1; : : : ; n� that either are disjoint from �1; 2� or contain �1; 2�, the sets
�1; 2�; �3�; : : : ; �n� are the increasable covers for x′ in S, and x′′ corresponds
to an increasable cover if and only if either x′′ = x′ + εui for some ε > 0 and
some index i ≥ 3 or x′′ = x′ + εu1 + εu2 for some ε > 0. The increasable sets
and the increasable covers may differ for different elements of a sublattice as
can be seen with S = �x x x ∈ R2; x1 ≤ 0; x2 ≤ 0� ∪ �x x x ∈ R2; x1 = x2 > 0�,
where �1; 2� is the only nonempty increasable set (and hence the only in-
creasable cover) for x′ in S with x′1 = x′2 ≥ 0, �1� is the only increasable cover
for x′ in S with x′1 < 0 and x′2 = 0, �2� is the only increasable cover for x′ in
S with x′1 = 0 and x′2 < 0, and �1� and �2� are the increasable covers for x′

in S with x′1 < 0 and x′2 < 0.

Theorem 2.2.3. Suppose that X1; : : : ;Xn are chains and S is a sublattice of
×ni=1Xi.
(a) The distinct increasable covers for x′ in S are disjoint.
(b) If x′ and x′′ in S correspond to distinct increasable covers for x′ ∧ x′′ in S,
then S ∩ �×ni=1�x′i; x′′i �� = �x′; x′′; x′ ∨ x′′; x′ ∧ x′′�.
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(c) If x′ and x′′ in S are unordered and S ∩ �×ni=1�x′i; x′′i �� 6= �x′; x′′;
x′ ∨ x′′; x′ ∧ x′′�, then there exist z′ and z′′ in S ∩ �×ni=1�x′i; x′′i �� such that
S∩�×ni=1�z′i; z′′i �� = �z′; z′′; z′ ∨z′′; z′ ∧z′′�, z′ and z′′ correspond to distinct in-
creasable covers for x′ ∧x′′ in S ∩ �×ni=1�x′i; x′′i ��, z′ � x′, z′′ � x′′, x′ ≺ x′ ∨ z′′,
and x′′ ≺ x′′ ∨ z′.
Proof. Let I ′ and I ′′ be distinct increasable covers for x′ in S. If z′ corresponds
to I ′ and z′′ corresponds to I ′′, then z′ ∧ z′′ is in S with x′ � z′ ∧ z′′ and with
x′i ≺ z′i ∧ z′′i if and only if i is in I ′ ∩ I ′′. Thus, I ′ ∩ I ′′ is an increasable set
of indices for x′ in S. Suppose that I ′ and I ′′ are not disjoint, so I ′ ∩ I ′′
is nonempty. Because I ′ and I ′′ are distinct either ∅ ⊂ I ′ ∩ I ′′ ⊂ I ′ or ∅ ⊂
I ′ ∩ I ′′ ⊂ I ′′, which contradicts I ′ and I ′′ being increasable covers for x′ in S.
Therefore, I ′ and I ′′ are disjoint, establishing part (a).

Suppose that x′ and x′′ in S correspond to the distinct increasable covers I ′

and I ′′ for x′ ∧ x′′ in S. Because S is a sublattice of ×ni=1Xi, �x′; x′′; x′ ∨ x′′;
x′ ∧ x′′� is a subset of S∩�×ni=1�x′i; x′′i ��. Pick any x in S∩�×ni=1�x′i; x′′i ��. Let
I = �i x i = 1; : : : ; n; x′i ∧ x′′i ≺ xi�. Then I is a subset of I ′ ∪ I ′′. By part (a),
I ′ ∩ I ′′ = ∅. Because S is a sublattice of ×ni=1Xi, x∧x′ and x∧x′′ are in S and
correspond, respectively, to the increasable sets I ∩ I ′ and I ∩ I ′′ for x′ ∧ x′′ in
S. Either ∅ ⊂ I ∩ I ′ ⊂ I ′ or ∅ ⊂ I ∩ I ′′ ⊂ I ′′ would contradict I ′ and I ′′ being
increasable covers. Thus either I∩I ′ = ∅ or I ′ is a subset of I holds and either
I ∩ I ′′ = ∅ or I ′′ is a subset of I holds. If I ∩ I ′ = ∅ and I ∩ I ′′ = ∅, then I
being a subset of I ′ ∪ I ′′ implies that I = ∅ and so x = x′ ∧x′′. If I ′ is a subset
of I and I ′′ is a subset of I, then I ′ ∪ I ′′ is a subset of I so I being a subset
of I ′ ∪ I ′′ implies that I = I ′ ∪ I ′′ and x = x′ ∨ x′′. If I ′ is a subset of I and
I ∩ I ′′ = ∅, then I being a subset of I ′ ∪ I ′′ implies that I = I ′ and so x = x′.
Likewise, if I ′′ is a subset of I and I ∩ I ′ = ∅, then I being a subset of I ′ ∪ I ′′
implies that I = I ′′ and so x = x′′. Thus, x is in �x′; x′′; x′ ∨ x′′; x′ ∧ x′′�, so
S ∩ �×ni=1�x′i; x′′i �� is a subset of �x′; x′′; x′ ∨ x′′; x′ ∧ x′′� and part (b) holds.

Suppose that x′ and x′′ in S are unordered and S ∩ �×ni=1�x′i; x′′i �� 6=
�x′; x′′; x′ ∨ x′′; x′ ∧ x′′�. Let I ′ and I ′′ be increasable covers for x′ ∧ x′′
in S ∩ �×ni=1�x′i; x′′i �� with I ′ being a subset of �i x x′i ∧ x′′i ≺ x′i� and I ′′

being a subset of �i x x′i ∧ x′′i ≺ x′′i �. Thus I ′ ∩ I ′′ = ∅ so I ′ and I ′′ are dis-
joint increasable covers for x′ ∧ x′′ in S ∩ �×ni=1�x′i; x′′i ��. Let z′ and z′′ in
S ∩ �×ni=1�x′i; x′′i �� correspond, respectively, to the distinct increasable cov-
ers I ′ and I ′′ for x′ ∧ x′′ in S ∩ �×ni=1�x′i; x′′i ��. Because I ′ is a subset of
�i x x′i ∧ x′′i ≺ x′i� and I ′′ is a subset of �i x x′i ∧ x′′i ≺ x′′i �, z′ � x′ and z′′ � x′′.
If z′′ � x′ then z′′ � x′ ∧x′′ which is a contradiction, so x′ ≺ x′ ∨ z′′. If z′ � x′′
then z′ � x′ ∧ x′′ which is a contradiction, so x′′ ≺ x′′ ∨ z′. The remainder of
the proof of part (c) now follows from part (b).
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2.3 Completeness and Topological Properties

This section gives compactness conditions that characterize those lattices and
those sublattices of a given lattice for which each nonempty subset has a supre-
mum and an infimum; that is, complete lattices and subcomplete sublattices.
A consequence is the identification of conditions implying that a lattice or a
sublattice has a greatest element and a least element.

A lattice in which each nonempty subset has a supremum and an infimum is
complete. By Lemma 2.2.1, any finite lattice is complete. A nonempty complete
lattice has a greatest element and a least element. If X ′ is a sublattice of a
lattice X and if, for each nonempty subset X ′′ of X ′, supX�X ′′� and infX�X ′′�
exist and are contained in X ′, then X ′ is a subcomplete sublattice of X. By
Lemma 2.2.1, any finite sublattice of a lattice is subcomplete. Hence, any
sublattice of a finite lattice is subcomplete. Each closed interval in a complete
lattice X is a subcomplete sublattice of X, and the supremum and infimum
with respect to the closed interval of any subset of the closed interval are the
same as the supremum and infimum with respect to X of that same subset.
(See part (e) of Example 2.2.5.) If X is a lattice and X ′ is a subcomplete
sublattice of X, then supX�X ′′� = supX ′ �X ′′� and infX�X ′′� = infX ′ �X ′′� for
each nonempty subset X ′′ of X ′, X ′ itself is a complete lattice, and X ′ has
a greatest element and a least element if X ′ is nonempty. If X and X ′ are
complete lattices with the same ordering relation and with X ′ being a subset
of X, then X ′ need not be a subcomplete sublattice of X as the example with
X = �0; 2�, X ′ = �0; 1� ∪ �2�, and X ′′ = �0; 1� shows (since supX�X ′′� = 1 is
not in X ′).

The interval topology on a partially ordered set X is that topology for which
each closed set is either X or the empty set or can be represented as the in-
tersection of sets that are finite unions of closed intervals in X. (See part
(e) of Example 2.2.5.) Frink [1942] introduces the interval topology and shows
that a complete lattice is compact in its interval topology. Conversely, Birkhoff
[1967] shows that a lattice that is compact in its interval topology is complete.
Unfortunately, completeness and the interval topology are not the most rel-
evant and convenient notions when one is interested in properties of a set
relative to its being a subset of some larger set. In particular, the join, meet,
supremum, and infimum have convenient forms in a sublattice of Rn that do
not generally hold in a lattice contained in Rn. See Example 2.2.2 and Exam-
ple 2.2.4. The set X = �0; 1� ∪ �2� in R1 is complete and is compact in its
interval topology, but these properties are not the most relevant ones when
X is viewed as a subset of R1. The collection of closed sets in the interval
topology on a subset X of Rn is a subset of the collection of sets that are
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closed on X relative to the usual topology on Rn (that is, the intersection of
X with each closed set in Rn). Furthermore, the former collection of closed
sets may be a strict subset of the latter for certain subsets X of Rn. For ex-
ample, if X = �0; 1� ∪ �2�, then the set �0; 1� is closed in X relative to the
usual topology on R1 but is not closed in the interval topology on X. (Except
for the discussion in the present paragraph and in the final paragraph of this
section, this monograph assumes throughout the usual topology on Rn.) The-
orem 2.3.1 provides a more useful and natural result for sublattices of Rn by
showing that subcompleteness is equivalent to compactness in the usual topol-
ogy. Versions of Theorem 2.3.1 in more general topological spaces are noted
in the final paragraph of this section. For a set X in Rn, the closure of X is
the intersection of all closed sets containing X and is denoted cl(X).

Theorem 2.3.1. A sublattice of Rn is subcomplete if and only if it is compact.

Proof. Suppose that X is a compact sublattice of Rn. Pick any nonempty subset
X ′ of X. Because X is compact, cl�X ′� is a nonempty compact subset of X.
For i = 1; : : : ; n, argmaxx∈cl�X ′� xi is nonempty. Pick any xi in argmaxx∈cl�X ′� xi.
Let x′ = supRn�x1; : : : ; xn� = �x1

1; : : : ; x
n
n�. By Lemma 2.2.1, x′ is in X. Be-

cause xi ≤ xii = x′i for i = 1; : : : ; n and each x in cl�X ′�, x′ is an upper bound
for cl�X ′� and hence for X ′. Let x′′ be any upper bound for X ′. Because
x′′ is an upper bound for X ′, x′′ must be an upper bound for cl�X ′� and so
xi ≤ x′′ for i = 1; : : : ; n and x′ ≤ x′′. Therefore, x′ = supRn�X ′�. The proof
that infRn�X ′� exists and is in X now follows by considering the dual of Rn.
Thus, X is subcomplete.

Now suppose that X is a nonempty subcomplete sublattice of Rn. Because
X is subcomplete, X has a greatest element and a least element and so X is
bounded. Pick any x′ in cl�X�, so there is a sequence �xk x k = 1; 2; : : : � con-
tained in X with limk→∞ xk = x′. Because X is subcomplete, zk = supRn�xk

′ x
k′ = k; k+1; : : : � exists and is in X for k = 1; 2; : : : . Because X is subcom-
plete, x′′ = infRn�zk x k = 1; 2; : : : � exists and is in X. Because z1 ≥ z2 ≥ : : :
and limk→∞ xk = x′, x′ = limk→∞ xk = limk→∞ zk = x′′ is in X. Thus, X is
closed. Because X is closed and bounded, X is compact.

By Theorem 2.3.1, if X is a compact (or, equivalently, subcomplete) sublat-
tice of Rn and X ′ is a nonempty subset of X, then supRn�X ′� = supX�X ′� and
infRn�X ′� = infX�X ′� and so one can unambiguously omit the underlying set
(X or Rn) and write sup�X ′� and inf�X ′�.

One consequence of Theorem 2.3.1, stated in Corollary 2.3.2, is that any
nonempty compact sublattice of Rn has a greatest element and a least element.
Corollary 2.3.1 gives a more refined result for a nonempty closed sublattice of
Rn that is either bounded above or bounded below.
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Corollary 2.3.1. A nonempty closed sublattice of Rn that is bounded above
�below� has a greatest �least� element.

Proof. Let X be a nonempty closed sublattice of Rn that is bounded above.
Pick any x′ in X. Let x′′ be an upper bound for X in Rn. By Lemma 2.2.2
and part (e) of Example 2.2.5, X ∩ �x′; x′′� is a nonempty compact sublattice
of Rn. By Theorem 2.3.1, X ∩ �x′; x′′� is subcomplete and thus has a greatest
element x′′′. If x is in X, then x∨ x′ is in X ∩ �x′; x′′� and so x ≤ x∨ x′ ≤ x′′′.
Therefore, x′′′ is the greatest element of X.

Corollary 2.3.2. A nonempty compact sublattice of Rn has a greatest element
and a least element.

Results given in this section are used directly or indirectly in subsequent
results in this chapter (e.g., Theorem 2.4.3, part (b) of Corollary 2.7.1, and
part (a) of Theorem 2.8.3) and in applications in subsequent chapters, as well
as being relevant for applications of the fixed point results of Section 2.5.

Versions of Theorem 2.3.1 hold in more general topological spaces. If X
is a topological space and X ′ is a subset of X, then the relative topology on
X ′ has as its closed sets the intersection of X ′ with each closed set in the
topological space X. If X is a lattice with the interval topology and X ′ is a
sublattice of X, then X ′ is subcomplete if and only if X ′ is compact in the
relative topology (Topkis [1977]). If Xα is a topological space for each α in
a set A, then the product topology on the product set ×α∈AXα is defined to
be that topology for which each closed set can be represented as the intersec-
tion of sets that are finite unions of sets that are the direct product (over all
α in A) of sets that are closed in each topological space Xα. If Xα is a lattice
with a greatest element and a least element and with the interval topology for
each α in A, then the interval topology on ×α∈AXα has the same closed sets
as the product topology on ×α∈AXα (Frink [1942]). This statement need not
be true if each Xα does not have a greatest element and a least element (al-
though even then any set closed in the interval topology on ×α∈AXα is closed
in the product topology on ×α∈AXα), as can be seen from the example with
R2 = R1 ×R1 where each R1 has the usual ordering relation ≤ and the inter-
val topology (which is the usual topology on R1) since the set �x x x1 ≥ 0� is
closed in the product topology on R2 but is not closed in the interval topology
on R2. If Xα is a lattice with the interval topology for each α in A and X ′ is a
sublattice of ×α∈AXα, then X ′ is subcomplete if and only if X ′ is compact in
the relative topology of the product topology on ×α∈AXα (Topkis [1977]). The
various equivalences between completeness or subcompleteness and compact-
ness in certain topological spaces can be used to extend subsequent results in
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this chapter (e.g., the last part of Theorem 2.4.3, part (b) of Corollary 2.7.1,
and part (a) of Theorem 2.8.3) as well as some applications (e.g., the nonco-
operative game model of Chapter 4) from Rn to other topological spaces.

2.4 Induced Set Ordering

This section provides properties and characterizations of a natural ordering
relation, the induced set ordering, on the nonempty sublattices of a given
lattice.

Suppose that X is a lattice with ordering relation �. The induced set
ordering v, so-called because it is induced by the ordering relation � on X, is
defined on the collection of nonempty members of the power set 0�X� \ �∅�
such that X ′ v X ′′ in 0�X� \ �∅� if x′ in X ′ and x′′ in X ′′ imply that x′ ∧ x′′
is in X ′ and x′ ∨ x′′ is in X ′′. Subsets of X that are singletons are ordered by
v if and only if their respective elements are correspondingly ordered by �;
that is, for x′ and x′′ in X, �x′� v �x′′� if and only if x′ � x′′.

The induced set ordering is used almost exclusively in this monograph to
order sets of feasible solutions and sets of optimal solutions from parameter-
ized collections of optimization problems. As seen in this section, the induced
set ordering has a number of useful and desirable properties. As seen in Sec-
tion 2.8, the induced set ordering has a key role in parameterized optimization
problems involving supermodular functions. (See also Section 2.5.) Other set
orderings might also be considered. One is the weak induced set ordering
used in Theorem 2.4.7 to characterize the induced set ordering. Another or-
dering would order sets if ordered selections from the sets exist. This ordering
is weaker than the induced set ordering. (See Lemma 2.4.2, Theorem 2.4.3,
and Theorem 2.4.4.) And another ordering would order sets if all selections
from the sets are ordered. (See Theorem 2.8.4.) This ordering is stronger than
the induced set ordering. Shannon [1995] studies the latter two orderings and
their role in parameterized optimization problems.

Lemma 2.4.1 leads to Theorem 2.4.1, both from Topkis [1978], showing that
the collection ,�X� of all nonempty sublattices of a lattice X is the greatest
subset (according to the set inclusion ordering) of 0�X� \ �∅� on which v is
a partial ordering.

Lemma 2.4.1. If X is a lattice, then the binary relation v is antisymmetric and
transitive on 0�X� \ �∅�.
Proof. Pick any X ′ and X ′′ in 0�X� \ �∅� for which X ′ v X ′′ and X ′′ v X ′.
Now pick any x′ in X ′ and x′′ in X ′′. Because X ′ v X ′′, x′ ∧ x′′ is in X ′ and
x′ ∨ x′′ is in X ′′. But then because X ′′ v X ′, x′′ = x′′ ∨ �x′ ∧ x′′� is in X ′
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and x′ = �x′ ∨ x′′� ∧ x′ is in X ′′. Thus X ′ = X ′′ and so v is antisymmetric on
0�X� \ �∅�.

Pick any X ′, X ′′, and X ′′′ in 0�X� \ �∅� such that X ′ v X ′′ and X ′′ v X ′′′.
Now pick any x′ in X ′, x′′ in X ′′, and x′′′ in X ′′′. Since X ′ v X ′′ and X ′′ v X ′′′,
x′ ∨x′′ is in X ′′ and x′′ ∧x′′′ is in X ′′. Then X ′ v X ′′ implies that x′ ∨�x′′ ∧x′′′�
is in X ′′ and so x′ ∨ x′′′ = x′ ∨ ��x′′ ∧ x′′′� ∨ x′′′� = �x′ ∨ �x′′ ∧ x′′′�� ∨ x′′′ is
in X ′′′ because X ′′ v X ′′′. Similarly, X ′′ v X ′′′ implies that �x′ ∨ x′′� ∧ x′′′ is
in X ′′ and so x′ ∧ x′′′ = �x′ ∧ �x′ ∨ x′′�� ∧ x′′′ = x′ ∧ ��x′ ∨ x′′� ∧ x′′′� is in X ′

because X ′ v X ′′. Therefore, X ′ v X ′′′ and so v is transitive on 0�X� \ �∅�.

Neither the antisymmetric property nor the transitive property of Lemma
2.4.1 generally holds if one includes the empty set and considers the binary
relation v on 0�X� rather than just on 0�X� \ �∅�.

For a lattice X, it follows directly from the definition of a sublattice that X ′

is in ,�X� if and only if X ′ is in 0�X� \ �∅� and X ′ v X ′; that is, ,�X� is
the greatest subset (according to the set inclusion ordering on 0�0�X� \�∅��)
of 0�X� \ �∅� on which v is reflexive. This observation together with Lemma
2.4.1 yields the following result.

Theorem 2.4.1. If X is a lattice, then ,�X� is a partially ordered set with the
ordering relation v. Furthermore, any subset of 0�X� \ �∅� that is a partially
ordered set with the ordering relation v is a subset of ,�X�.

Unless explicitly stated otherwise in a particular context, this monograph
assumes throughout that whenever any subset of ,�X� is considered as a par-
tially ordered set for any lattice X then the ordering relation on ,�X� is the
induced set ordering v. A function whose range is included in the collection
of all subsets of some set is a correspondence. A correspondence St is increas-
ing (decreasing) in t on T if the domain T is a partially ordered set, the range
�St x t ∈ T� is in ,�X� where X is a lattice and ,�X� is a partially ordered
set with the ordering relation v, and St is an increasing (decreasing) corre-
spondence from T into ,�X� (so t ′ � t ′′ in T implies St ′ v St ′′ (St ′′ v St ′) in
,�X�). In stating that a correspondence St is increasing (decreasing), it is typ-
ically left implicit herein that each St is a nonempty sublattice of X and that
v is the ordering relation on the sets St in ,�X�. A collection of optimization
problems as in (2.1.1), maximize f �x; t� subject to x in St , with each prob-
lem determined by a parameter t in a partially ordered set T and with each
constraint set St contained in a lattice X has increasing (decreasing) optimal
solutions if the correspondence argmaxx∈St f �x; t� is increasing (decreasing)
as a function of t from �t x t ∈ T; argmaxx∈St f �x; t� is nonempty� into ,�X�
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with the induced set ordering v. The existence of increasing optimal solu-
tions, as in Lemma 2.8.1, Theorem 2.8.1, and Theorem 2.8.2, is a fundamental
property of complementarity and supermodularity.

The above definition of a collection of sets St being “increasing” raises an
issue that deserves some comment and clarification. The general definition of
an increasing function in Section 2.2 requires that the domain and the range of
the function be partially ordered sets. (One might instead state a corresponding
broader definition where there is some binary relation on the domain and on
the range, but where neither binary relation is necessarily a partial ordering.)
When the range of St is taken with the induced set ordering v, the antisym-
metric and transitive properties for v require the assumption that each St is
nonempty and the reflexive property for v requires the assumption that each
St is a sublattice. Stating hypotheses or results in terms of a parameterized col-
lection of sets (a correspondence) St being increasing in t with respect to v
therefore requires the condition that each St be a nonempty sublattice. Ac-
cordingly, it is implicitly assumed throughout this monograph that any two sets
ordered by the induced set ordering v are nonempty sublattices and that any
collection of sets (correspondence) St increasing with a parameter t has each St
being a nonempty sublattice. One should subsequently take note of where that
condition is essential and where it only serves to satisfy a definition. (For exam-
ple, the assumption that each St is a sublattice is not essential for the result of
Lemma 2.8.1. However, Example 2.8.6 shows that the result of Theorem 2.8.12
would not hold if this definition did not require that each St be a sublattice.)

Theorem 2.4.2, from Topkis [1978], shows that intersecting corresponding
members of different increasing collections of parameterized sets (increasing
correspondences) yields an increasing collection of parameterized sets (in-
creasing correspondence).

Theorem 2.4.2. If X is a lattice, T is a partially ordered set, the correspondence
Sα;t is an increasing function of t from T into ,�X� for each α in a set A, and
∩α∈ASα;t is nonempty for each t in T , then the correspondence ∩α∈ASα;t is an
increasing function of t from T into ,�X�.
Proof. Pick any t ′ and t ′′ in T with t ′ � t ′′. Pick any x′ in ∩α∈ASα;t ′ and x′′

in ∩α∈ASα;t ′′ . Then x′ is in Sα;t ′ and x′′ is in Sα;t ′′ for each α in A, and so
x′ ∧ x′′ is in Sα;t ′ and x′ ∨ x′′ is in Sα;t ′′ for each α in A because Sα;t ′ v Sα;t ′′
by hypothesis. Thus x′ ∧ x′′ is in ∩α∈ASα;t ′ and x′ ∨ x′′ is in ∩α∈ASα;t ′′ , so
∩α∈ASα;t ′ v ∩α∈ASα;t ′′ .

If X is a lattice, then the closed intervals �x;∞� and �−∞; x�, are increasing
in x onX. The increasing properties of Example 2.4.1 follow from this, together
with Theorem 2.4.2 and the earlier observation that v is reflexive on ,�X�.
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Example 2.4.1. Suppose that X is a lattice and X ′ is a sublattice of X.
(a) X ′ ∩ �x;∞� is increasing in x on �x x x ∈ X;X ′ ∩ �x;∞� is nonempty�.
(b) X ′ ∩�−∞; x� is increasing in x on �x x x ∈ X;X ′ ∩�−∞; x� is nonempty�.
(c) X ′ ∩ �x′; x′′� is increasing in �x′; x′′� on ��x′; x′′� x x′ ∈ X;x′′ ∈ X, and
X ′ ∩ �x′; x′′� is nonempty�.

Example 2.4.2 notes that the direct product of parameterized sets that are
increasing correspondences is also an increasing correspondence.

Example 2.4.2. If Sα is a lattice for each α in a set A, T is a partially or-
dered set, and the correspondence Sαt is increasing in t from T into ,�Sα� for
each α in A, then the correspondence ×α∈ASαt is increasing in t from T into
,�×α∈ASα�.

If X and T are sets, St is a subset of X for each t in T , and xt is in St for
each t in T , then the function xt from T into X is a selection from St . If X
and T are partially ordered sets, St is a subset of X for each t in T , and xt is
a selection from St that is an increasing (decreasing) function of t from T into
X, then xt is an increasing (decreasing) selection. A useful property of the
induced set ordering relation v is that an increasing correspondence St often
has an increasing selection with a convenient specification as the greatest (or
least) element of each St , as shown in Lemma 2.4.2 (from Topkis [1978]) and
in Theorem 2.4.3. Theorem 2.4.4 gives another way to specify an increasing
selection from an increasing correspondence based on any selection from the
sets in the range, where the sets in the range need not have a greatest element
or least element but where either the range or the domain is finite. For a col-
lection of optimization problems as in (2.1.1), maximize f �x; t� subject to x in
St , with each problem determined by a parameter t, an increasing (decreasing)
selection from argmaxx∈St f �x; t� is an increasing (decreasing) optimal selec-
tion. The existence of an increasing optimal selection, as in Theorem 2.8.3, is
a fundamental property of complementarity and supermodularity.

Lemma 2.4.2. If X is a lattice, X ′ and X ′′ are nonempty subsets of X, X ′ v X ′′,
and supX�X ′� and supX�X ′′� �infX�X ′� and infX�X ′′�� exist, then supX�X ′� �
supX�X ′′� �infX�X ′� � infX�X ′′��.
Proof. Pick any x′ in X ′ and x′′ in X ′′. Because X ′ v X ′′, x′ ∧ x′′ is in X ′

and x′ ∨ x′′ is in X ′′. If supX�X ′� and supX�X ′′� exist, then x′ � x′ ∨ x′′ �
supX�X ′′� and so supX�X ′� � supX�X ′′�. If infX�X ′� and infX�X ′′� exist, then
infX�X ′� � x′ ∧ x′′ � x′′ and so infX�X ′� � infX�X ′′�.
Theorem 2.4.3. Suppose that X is a lattice, T is a partially ordered set, St is a
subset of X for each t in T , and St is increasing in t on T . If St has a greatest
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�least� element for each t in T , then the greatest (least) element is an increasing
selection from St . Hence, if either St is finite for each t in T or X is a subset
of Rn and St is a compact subset of Rn for each t in T , then St has a greatest
element and a least element for each t in T and the greatest �least� element is an
increasing selection from St .

Proof. The first statement of this result follows from Lemma 2.4.2. The re-
mainder then follows from Lemma 2.2.1 and Corollary 2.3.2, which imply that
each St has a greatest element and a least element.

Theorem 2.4.4. Suppose that X is a lattice, T is a partially ordered set, either X
or T is finite, St is a subset of X for each t in T , and St is increasing in t on T . If
x′t is any selection from St , then sup�x′τ x τ ∈ T; τ � t� �inf�x′τ x τ ∈ T; t � τ��
exists and is an increasing selection from St .

Proof. Because either X or T is finite, �x′τ x τ ∈ T; τ � t� is finite for each t
in T . By Lemma 2.2.1, sup�x′τ x τ ∈ T; τ � t� exists for each t in T . Because
sup�x′τ x τ ∈ T; τ � t� is increasing in t, it suffices to show that sup�x′τ x τ ∈ T;
τ � t� is a selection; that is, that sup�x′τ x τ ∈ T; τ � t� is in St for each t
in T . Pick any t ′ in T . For some positive integer k′ that depends on t ′, the
elements of �x′τ x τ ∈ T; τ � t ′� can be enumerated x�1�; : : : ; x�k′� because
either X or T is finite. Without loss of generality, suppose that x�1� = x′t ′
so x�1� is in St ′ . To complete the proof, it remains to show by induction that
sup�x�i� x i = 1; : : : ; k� is in St ′ for k = 1; : : : ; k′. Because x�1� = x′t ′ is in
St ′ , sup�x�i� x i = 1; : : : ; k� is in St ′ for k = 1. Now pick any integer k with
1 ≤ k < k′, and suppose that sup�x�i� x i = 1; : : : ; k� is in St ′ . Pick any τ′ in T
with τ′ � t ′ and x′τ′ = x�k+ 1�. Because τ′ � t ′ and St is increasing in t, Sτ′ v
St ′ . Then x�k + 1� = x′τ′ in Sτ′ , sup�x�i� x i = 1; : : : ; k� in St ′ , and Sτ′ v St ′
imply that sup�x�i� x i = 1; : : : ; k+ 1� = x�k+ 1�∨ sup�x�i� x i = 1; : : : ; k� is
in St ′ . Hence, by induction, sup�x′τ x τ ∈ T; τ � t ′� = sup�x�i� x i = 1; : : : ; k′�
is in St ′ .

Theorem 2.4.5 characterizes the induced set ordering v and the correspond-
ing property that a correspondence St is increasing in t with respect to v in
terms of sections of a sublattice of a product set. For a lattice X and a chain
T , a correspondence St from T into 0�X� \ �∅� is increasing in t if and only if
there is a sublattice S of X×T for which each St with t in T is the section of S
at t. Sufficiency holds more generally when T is any lattice and not just a chain,
but Example 2.4.3 shows that necessity does not generally hold for an arbitrary
lattice T . Based on Theorem 2.4.5, examples of sublattices yield correspond-
ing examples of increasing correspondences (that is, increasing collections of
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parameterized sets) and examples of increasing correspondences yield corre-
sponding examples of sublattices. (See Example 2.2.7 and Example 2.4.1.) This
connection between sublattices and increasing correspondences elucidates the
key role of lattices in monotone comparative statics.

Theorem 2.4.5. Suppose that X and T are lattices.
(a) If S is a sublattice of X × T , then the section St of S at t in T is increasing
in t on the projection 5TS of S on T .
(b) If T is a chain, St is a subset of X for each t in T , St is increasing in t on
�t x St is nonempty�, and S = ��x; t� x t ∈ T; x ∈ St�, then S is a sublattice of
X × T .

Proof. Suppose that S is a sublattice of X × T . Pick any t ′ and t ′′ in 5TS with
t ′ � t ′′. Now pick x′ in St ′ and x′′ in St ′′ . Because S is a sublattice of X × T ,
�x′ ∨ x′′; t ′′� = �x′; t ′� ∨ �x′′; t ′′� is in S and �x′ ∧ x′′; t ′� = �x′; t ′� ∧ �x′′; t ′′� is
in S. Therefore, x′ ∨ x′′ is in St ′′ and x′ ∧ x′′ is in St ′ , and so St ′ v St ′′ . Thus, St
is increasing in t on 5TS.

Now suppose that T is a chain, St is a subset of X for each t in T , St is
increasing in t on �t x St is nonempty�, and S = ��x; t� x t ∈ T; x ∈ St�. Pick
any �x′; t ′� and �x′′; t ′′� in S. Without loss of generality since T is a chain,
suppose that t ′ � t ′′. Because x′ is in St ′ , x′′ is in St ′′ , and St ′ v St ′′ , x′ ∨ x′′ is
in St ′′ and x′ ∧ x′′ in St ′ . Therefore, �x′; t ′� ∨ �x′′; t ′′� = �x′ ∨ x′′; t ′′� is in S and
�x′; t ′� ∧ �x′′; t ′′� = �x′ ∧ x′′; t ′� is in S, and so S is a sublattice of X × T .

Example 2.4.3. Let X = �0; 1; 2�, T = �0; 1� × �0; 1�, and S = ��0; 0; 0�;
�1; 0; 1�; �1; 1; 0�; �2; 1; 1��, so S is a subset of X × T . Then X and T are
lattices, St is a subset of X for each t in T , and St is increasing in t on T ,
but S is not a sublattice of X × T because �1; 0; 1� ∨ �1; 1; 0� = �1; 1; 1� and
�1; 0; 1� ∧ �1; 1; 0� = �1; 0; 0� are not in S.

Lemma 2.4.3 also relates an increasing correspondence to a sublattice.

Lemma 2.4.3. If X is a lattice, T is a chain, St is a subset of X for each t in T ,
and St is increasing in t on T , then ∪t∈T St is a sublattice of X.

Proof. Let S = ��x; t� x t ∈ T; x ∈ St�. By part (b) of Theorem 2.4.5, S is a
sublattice of X × T . The result then follows from part (b) of Lemma 2.2.3
because ∪t∈T St is the projection of S on X.

Theorem 2.4.6 characterizes the structure of an increasing correspondence
for which each sublattice in the range has a greatest element and a least
element. The form for this characterization is that of the sufficiency example
in part (c) of Example 2.4.1. This result is a variation on a characterization
of Milgrom and Shannon [1994] for the structure of two complete sublattices
ordered by v.
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Theorem 2.4.6. If X is a lattice, T is a chain, St is a subset of X for each t in T ,
St is increasing in t on T , and St has a greatest element x′′t and a least element
x′t for each t in T , then there is a sublattice X ′ of X such that St = X ′ ∩ �x′t ; x′′t �
for each t in T . Furthermore, X ′ = ∪t∈T St .
Proof. Let X ′ = ∪t∈T St . By Lemma 2.4.3, X ′ is a sublattice of X. Pick any t
in T . Clearly St is a subset of X ′ ∩ �x′t ; x′′t �. Now pick any x in X ′ ∩ �x′t ; x′′t �.
Because x is in X ′, x is in St ′ for some t ′ in T . Because T is a chain, either
t � t ′ or t ′ � t. If t � t ′, then x � x′′t and St v St ′ imply that x = x′′t ∧ x is
in St . If t ′ � t, then x′t � x and St ′ v St imply that x = x ∨ x′t is in St . Thus,
X ′ ∩ �x′t ; x′′t � is a subset of St .

If X is a partially ordered set, then the weak induced set ordering vw on
0�X� \ �∅� is defined such that X ′ vw X ′′ in 0�X� \ �∅� if x′ in X ′ implies
that there exists x′′ in X ′′ with x′ � x′′ and if x′′ in X ′′ implies that there
exists x′ in X ′ with x′ � x′′. That is, X ′ vw X ′′ in 0�X� \ �∅� if X ′′ ∩ �x′;∞�
is nonempty for each x′ in X ′ and if X ′ ∩ �−∞; x′′� is nonempty for each
x′′ in X ′′. The weak induced set ordering is a natural notion of order among
partially ordered sets. If X is a lattice, then the induced set ordering v is
certainly stronger than the weak induced set ordering vw. However, Theorem
2.4.7 characterizes the induced set ordering in terms of the weak induced
set ordering, further motivating the use of the induced set ordering as an
expression of order among sets. The weak induced set ordering vw is reflexive
and transitive on 0�X� \ �∅�, but it is not antisymmetric as can be seen from
�0; 1; 3� vw �0; 2; 3� and �0; 2; 3� vw �0; 1; 3�.
Theorem 2.4.7. If X is a lattice, X ′ and X ′′ are nonempty sublattices of X, and
X ′ ∩ �x′; x′′� vw X ′′ ∩ �x′; x′′� for all x′ and x′′ in X with X ′ ∩ �x′; x′′� and
X ′′ ∩ �x′; x′′� nonempty, then X ′ v X ′′.
Proof. Pick any z′ in X ′ and z′′ in X ′′. Let x′ = z′ ∧ z′′ and x′′ = z′ ∨ z′′, so
X ′ ∩ �x′; x′′� and X ′′ ∩ �x′; x′′� are nonempty.

Because z′ is in X ′ ∩ �x′; x′′� and X ′ ∩ �x′; x′′� vw X ′′ ∩ �x′; x′′�, there exists
x in X ′′ ∩ �x′; x′′� with z′ � x. Because X ′′ is a sublattice of X and z′ � x �
x′′ = z′ ∨ z′′, z′ ∨ z′′ = x ∨ z′′ is in X ′′.

Because z′′ is in X ′′ ∩ �x′; x′′� and X ′ ∩ �x′; x′′� vw X ′′ ∩ �x′; x′′�, there
exists x in X ′ ∩ �x′; x′′� with x � z′′. Because X ′ is a sublattice of X and
z′ ∧ z′′ = x′ � x � z′′, z′ ∧ z′′ = z′ ∧ x is in X ′.

2.5 Fixed Points

If f �x� is a function from a set X into X and if x′ in X satisfies f �x′� = x′,
then x′ is a fixed point of f �x�. If f �x� is a correspondence from a set X into
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the power set 0�X� and if x′ in X is in f �x′�, then x′ is a fixed point of f �x�.
The second definition is equivalent to the first when each f �x� is a singleton.
Tarski [1955] shows that the collection of fixed points of an increasing function
from a nonempty complete lattice into itself is a nonempty complete lattice,
and he gives the form of the greatest fixed point and the least fixed point.
Conversely, Davis [1955] establishes that if every increasing function from a
lattice into itself has a fixed point, then the lattice is complete. Zhou [1994]
extends Tarski’s [1955] result to correspondences. See also Fujimoto [1984].
Theorem 2.5.1 gives Zhou’s [1994] fixed point result, with Tarski’s [1955] result
following in Corollary 2.5.1.

Results on fixed points are relevant for the study of noncooperative games
because the set of all equilibrium points in a noncooperative game is identical
to the set of fixed points of a related correspondence. (See Lemma 4.2.1.)
Theorem 2.5.1 is useful in establishing the existence of pure equilibrium points
in certain noncooperative games. (See Theorem 4.2.1.)

Theorem 2.5.1. Suppose that X is a nonempty complete lattice, Y �x� is an in-
creasing correspondence from X into ,�X� with ,�X� having the induced set
ordering v, and Y �x� is subcomplete for each x in X.
(a) The set of fixed points of Y �x� in X is nonempty, supX��x x x ∈ X;Y �x� ∩
�x;∞� is nonempty�� is the greatest fixed point, and infX��x x x ∈ X;Y �x� ∩
�−∞; x� is nonempty�� is the least fixed point.
(b) The set of fixed points of Y �x� in X is a nonempty complete lattice.

Proof. Let X ′ = �x x x ∈ X;Y �x� ∩ �x;∞� is nonempty�. Because X is a
nonempty complete lattice, infX�X� exists. Because Y �infX�X�� is in ,�X�,
Y �infX�X�� is a nonempty subset of X. Therefore, infX�X� is in X ′ and so
X ′ is nonempty. Let x′ = supX�X ′�, which exists because X is a complete
lattice and X ′ is a nonempty subset of X. Let y ′ be the greatest element of
Y �x′�, which exists because Y �x′� is a nonempty subcomplete sublattice. If x
is in X ′, then there exists x′′ in Y �x� with x � x′′ � supX�Y �x�� = y ′ and
so x′ = supX�X ′� � y ′. Because Y �x� is increasing, Y �x′� v Y �y ′�. Let z′ be
the greatest element in Y �y ′�, so y ′ � z′ by Lemma 2.4.2. Therefore, z′ is in
Y �y ′� ∩ �y ′;∞� and so y ′ is in X ′. Thus, y ′ � supX�X ′� = x′ � y ′, and so y ′ =
x′ = supX�X ′� is the greatest element of X ′ and is also the greatest element
of Y �x′�. Because x′ is in Y �x′�, x′ is a fixed point. Because each fixed point
is in X ′ and the fixed point x′ is the greatest element of X ′, x′ = supX��x x
x ∈ X;Y �x� ∩ �x;∞� is nonempty�� is the greatest fixed point. By now con-
sidering the dual of X, infX��x x x ∈ X;Y �x� ∩ �−∞; x� is nonempty�� is the
least fixed point. This completes the proof of part (a).
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Pick any nonempty set X ′′ of fixed points. Recall that the intersection
of a complete lattice (subcomplete sublattice) and a closed interval is com-
plete (subcomplete). Because X is a complete lattice, supX�X ′′� exists and
X ∩ �supX�X ′′�;∞� is a nonempty complete lattice. If x′ is in X ′′, then x′ is
in Y �x′� because X ′′ is a set of fixed points, and so x′ � sup�Y �x′�� �
sup�Y �supX�X ′′��� by Lemma 2.4.2 because Y �x� increasing implies
Y �x′� v Y �supX�X ′′��. Thus, supX�X ′′� � sup�Y �supX�X ′′���, and so if x′

is in X ∩ �supX�X ′′�;∞� then supX�X ′′� � sup�Y �supX�X ′′��� � sup�Y �x′��
by Lemma 2.4.2 because Y �x� increasing implies Y �supX�X ′′�� v Y �x′�.
For x in X, let Z�x� = Y �x� ∩ �supX�X ′′�;∞�. For x in X, Z�x�
is a subcomplete sublattice because Y �x� is a subcomplete sublattice.
For x in X ∩ �supX�X ′′�;∞�, sup�Y �x�� is in Z�x� and so Z�x� is
nonempty. By Theorem 2.4.2, Z�x� is an increasing correspondence
from X ∩ �supX�X ′′�;∞� into ,�X ∩ �supX�X ′′�;∞��. By part (a),
the least fixed point of Z�x� on X ∩ �supX�X ′′�;∞� exists and is y ′ =
infX∩�supX�X ′′�;∞���x x x ∈ X ∩ �supX�X ′′�;∞�; Z�x�∩ �−∞; x� is nonempty��.
Let X ′′′ be the set of all fixed points of Y �x� on X. Because y ′ is a
fixed point of Z�x� on X ∩ �supX�X ′′�;∞�, y ′ is in X ′′′. Let y ′′ be
any element of X ′′′ that is an upper bound for X ′′. Then y ′′ is in
�x x x ∈ X ∩ �supX�X ′′�;∞�; Z�x� ∩ �−∞; x� is nonempty�, so y ′ � y ′′

and y ′ = supX ′′′ �X ′′�. By now considering the dual of X, infX ′′′ �X ′′� exists.
This completes the proof of part (b) that X ′′′ is a complete lattice.

When each Y �x� is a singleton, the hypotheses on Y �x� in Theorem 2.5.1
reduce to Y �x� being an increasing function from X into X. With this obser-
vation, Theorem 2.5.1 yields Corollary 2.5.1.

Corollary 2.5.1. Suppose that f �x� is an increasing function from a nonempty
complete lattice X into X.
(a) The set of fixed points of f �x� in X is nonempty, supX��x x x ∈ X;x �
f �x��� is the greatest fixed point, and infX��x x x ∈ X; f �x� � x�� is the least
fixed point.
(b) The set of fixed points of f �x� in X is a nonempty complete lattice.

While the set of fixed points is a complete lattice under the hypotheses of
Theorem 2.5.1 and Corollary 2.5.1, Example 2.5.1 shows that these results can-
not be extended to show that the set of fixed points of an increasing function
from a nonempty complete lattice X into itself is a sublattice of X.

Example 2.5.1. Let X be the closed interval ��0; 0�; �3; 3�� in R2. Define f �x�
on X so that f �1; 2� = �1; 2�, f �2; 1� = �2; 1�, f �x� = �0; 0� if x1 + x2 < 3,
and f �x� = �3; 3� if x1 + x2 ≥ 3, x 6= �1; 2�, and x 6= �2; 1�. Then f �x� is
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an increasing function from the nonempty complete lattice X into X, but the
set of fixed points ��0; 0�; �2; 1�; �1; 2�; �3; 3�� is not a sublattice of X. (See
Example 2.2.4.)

Milgrom and Roberts [1994] give conditions for a parameterized function
from a nonempty complete lattice into itself to have greatest and least fixed
points that are increasing with the parameter. Theorem 2.5.2 extends this to
correspondences, with the result of Milgrom and Roberts [1994] following
in Corollary 2.5.2. Theorem 2.5.2 is useful in showing that the greatest and
least equilibrium points in certain parameterized noncooperative games are
increasing with the parameter. (See Theorem 4.2.2.)

Theorem 2.5.2. Suppose that X is a nonempty complete lattice, T is a partially
ordered set, Y �x; t� is a nonempty subcomplete sublattice of X for each �x; t�
in X × T , and the correspondence Y �x; t� �with its range having the induced set
ordering v on ,�X�� is an increasing function on X × T .
(a) For each t in T , there exists a greatest �least� fixed point of Y �x; t�.
(b) The greatest �least� fixed point of Y �x; t� is increasing in t on T .
(c) If, in addition, supY �x′; t ′� ≺ inf Y �x′; t ′′� for all x′ in X and t ′ ≺ t ′′ in T ,
then the greatest �least� fixed point of Y �x; t� is strictly increasing in t on T .

Proof. Part (a) is immediate from part (a) of Theorem 2.5.1.
Pick any t ′ and t ′′ in T with t ′ ≺ t ′′. Let xt ′ and xt ′′ be the greatest fixed

points for Y �x; t ′� and Y �x; t ′′�, respectively. Because xt ′ is in Y �xt ′; t ′� and
Y �xt ′; t ′� v Y �xt ′; t ′′�, Y �xt ′; t ′′� ∩ �xt ′;∞� is nonempty. By part (a) of Theo-
rem 2.5.1, xt ′ � xt ′′ .

Now suppose that, in addition, supY �x′; t ′� ≺ inf Y �x′; t ′′� for each x′

in X. Then

xt ′ � supY �xt ′; t ′� ≺ inf Y �xt ′; t ′′� � inf Y �xt ′′; t ′′� � xt ′′;
where the first and last inequalities follow because xt ′ and xt ′′ are fixed points
of Y �x; t ′� and Y �x; t ′′�, respectively, and the third inequality follows from
Lemma 2.4.2 because xt ′ � xt ′′ .

The proofs of part (b) and part (c) for the least fixed points are similar and
so are omitted.

For the case where each Y �x; t� is a singleton, the statement of Theorem
2.5.2 reduces to that of Corollary 2.5.2.

Corollary 2.5.2. Suppose that X is a nonempty complete lattice, T is a partially
ordered set, and f �x; t� is an increasing function from X × T into X.
(a) For each t in T , there exists a greatest �least� fixed point of f �x; t�.
(b) The greatest �least� fixed point of f �x; t� is increasing in t on T .
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(c) If, in addition, f �x; t� is strictly increasing in t on T for each x in X, then
the greatest �least� fixed point of f �x; t� is strictly increasing in t on T .

2.6 Supermodular Functions on a Lattice

This section introduces supermodular functions and some of their basic prop-
erties. Subsection 2.6.1 characterizes supermodularity in terms of increasing
differences and complementarity. Subsection 2.6.2 considers a variety of trans-
formations that maintain or generate supermodularity. Subsection 2.6.3 looks
at ordinal generalizations of the cardinal notions of supermodularity and in-
creasing differences. Subsection 2.6.4 discusses log-supermodularity, which is
closely related to the monotonicity of price elasticity.

2.6.1 Characterization and Complementarity

Suppose that X and T are partially ordered sets and f �x; t� is a real-valued
function on a subset S of X × T . For t in T , let St denote the section of
S at t. If f �x; t ′′� − f �x; t ′� is increasing, decreasing, strictly increasing, or
strictly decreasing in x on St ′′ ∩ St ′ for all t ′ ≺ t ′′ in T , then f �x; t� has,
respectively, increasing differences, decreasing differences, strictly increas-
ing differences, or strictly decreasing differences in �x; t� on S. The con-
ditions of these definitions do not distinguish between the first and second
variables because f �x′; t ′′� − f �x′; t ′� ≤ f �x′′; t ′′� − f �x′′; t ′� if and only if
f �x′′; t ′� − f �x′; t ′� ≤ f �x′′; t ′′� − f �x′; t ′′�, and similarly for a strict inequality.

Suppose that Xα is a partially ordered set for each α in a set A, X is a
subset of ×α∈AXα, an element x in X is expressed as x = �xα x α ∈ A� where
xα is in Xα for each α in A, and f �x� is a real-valued function on X. If, for all
distinct α′ and α′′ in A and for all x′α in Xα for all α in A \ �α′; α′′�, f �x� has
increasing differences, decreasing differences, strictly increasing differences,
or strictly decreasing differences in �xα′; xα′′ � on the section of X at �x′α x α ∈
A \ �α′; α′′��, then f �x� has, respectively, increasing differences, decreasing
differences, strictly increasing differences, or strictly decreasing differences
on X. If f �x� is differentiable on Rn, then f �x� has increasing differences on
Rn if and only if ∂f �x�/∂xi′ is increasing in xi′′ for all distinct i′ and i′′ and all
x. If f �x� is twice differentiable on Rn, then f �x� has increasing differences
on Rn if and only if ∂2f �x�/∂xi′∂xi′′ ≥ 0 for all distinct i′ and i′′ and all x.

Increasing differences is a well-known condition for a utility function to be
that of a system of complementary products (Edgeworth [1925]; Samuelson
[1947, 1974]). Suppose that f �x� is the real-valued utility function (or minus
the cost function) for a system of n products whose levels are x = �x1; : : : ; xn�.
Then, recalling that ui denotes the ith unit vector in Rn, f �x + εui� − f �x�
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is the additional utility for an additional ε > 0 units of product i. The utility
function f �x� has increasing differences if and only if the net additional util-
ity for any additional amount of each product i′ is always increasing in the
level of every other product i′′; that is, the desirability of more product i′ al-
ways increases with the amount available of every other product i′′. Hence, a
collection of products (or activities or other decision variables or parameters)
are complements and each pair is said to be complementary if the products
have a real-valued utility function (or minus a cost function) with increasing
differences. (Bulow, Geanakoplos, and Klemperer [1985] use the term strate-
gic complements to describe activities i′ and i′′ with ∂2f �x�/∂xi′∂xi′′ ≥ 0 for
all x where f �x� is a twice differentiable utility function on Rn.) If S is a set of
activities (or other decision variables or parameters) that are potentially avail-
able, g�X� is the real-valued utility function (or minus the cost function) on
the power set 0�S� for having a subset X of activities available, f �x� is de-
fined on ×s∈S�0; 1� such that f �1�X�� = g�X� for each subset X of S (where
1�X� is the indicator vector of X), and f �x� has increasing differences on
×s∈S�0; 1�, then the elements of the set S are complements and each pair is
said to be complementary. That is, a set of activities are complements if the
additional utility resulting from the availability of any additional activity is in-
creasing with the set of other activities available (where sets of activities are
ordered by set inclusion). The present definition is but one of a number of
different notions that may be used to formalize the concept of complementar-
ity (Samuelson [1947, 1974]). Equivalences and distinctions between some of
these concepts are summarized in Section 2.9.

Interpretations and definitions for substitutes are similar to those given
above for complements, but in terms of utility functions (or minus the cost
functions) that have decreasing differences rather than increasing differences.

Suppose that f �x� is a real-valued function on a lattice X. If

f �x′� + f �x′′� ≤ f �x′ ∨ x′′� + f �x′ ∧ x′′�
for all x′ and x′′ in X, then f �x� is supermodular on X. If

f �x′� + f �x′′� < f �x′ ∨ x′′� + f �x′ ∧ x′′�
for all unordered x′ and x′′ in X, then f �x� is strictly supermodular on X. If
−f �x� is (strictly) supermodular, then f �x� is (strictly) submodular. A func-
tion that is both supermodular and submodular is a valuation.

Theorem 2.6.1 and Corollary 2.6.1 show that a function has increasing dif-
ferences on the direct product of a finite collection of chains if and only if
the function is supermodular on that direct product, thereby characterizing
supermodularity on the direct product of a finite collection of chains (and, in
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particular, on Rn) in terms of the nonnegativity of all pairs of cross-differences.
The number 2 thus has a fundamental role for supermodular functions, since
supermodularity on any finite product of chains is equivalent to supermod-
ularity on the product of each pair of the chains. (The number 2 likewise
plays a fundamental role in characterizing sublattice structure, as in Lemma
2.2.4, Theorem 2.2.1, and Theorem 2.2.2.) Thus supermodularity, like concav-
ity (Rockafellar [1970]), is a second-order property in the sense that for twice-
differentiable functions on Rn each class of functions can be characterized
by certain conditions on the matrix of second partial derivatives. It is usually
more natural to approach and understand applications in terms of increasing
differences and complementarity, which are more economically meaningful
concepts. However, the attendant mathematical analyses tend to be easier to
handle in terms of supermodularity. Theoretical connections between super-
modularity and complementarity are further developed in the remainder of
this chapter, with applications of these connections presented in Chapter 3,
Chapter 4, and Chapter 5.

Theorem 2.6.1, from Topkis [1978], shows that supermodularity implies
increasing differences for a function on a sublattice of the direct product
of lattices.

Theorem 2.6.1. If Xα is a lattice for each α in a set A, X is a sublattice of
×α∈AXα , and f �x� is �strictly� supermodular on X, then f �x� has �strictly�
increasing differences on X.

Proof. Suppose that f �x� is supermodular on X. (The proof for the case with
f �x� strictly supermodular is similar.) Pick any distinct α′ and α′′ in A and
any x′α in Xα for each α in A \ �α′; α′′�. For any x in X with xα = x′α for
each α in A \ �α′; α′′�, define g�xα′; xα′′ � = f �x�. It suffices to show that
g�xα′; xα′′ � has increasing differences in �xα′; xα′′ � on the section of X at �x′α x
α ∈ A \ �α′; α′′��. Pick any x′α′ and x′′α′ in Xα′ and x′α′′ and x′′α′′ in Xα′′ such
that x′α′ � x′′α′ , x′α′′ � x′′α′′ , and ��x′α′; x′α′′ �; �x′α′; x′′α′′ �; �x′′α′; x′α′′ �; �x′′α′; x′′α′′ �� is a
subset of the section of X at �x′α x α ∈ A \ �α′; α′′��. By the supermodularity
of f �x�,

g�x′α′; x′′α′′ � − g�x′α′; x′α′′ � = g�x′α′; x′′α′′ � − g�x′α′ ∧ x′′α′; x′α′′ ∧ x′′α′′ �
≤ g�x′α′ ∨ x′′α′; x′α′′ ∨ x′′α′′ � − g�x′′α′; x′α′′ �
= g�x′′α′; x′′α′′ � − g�x′′α′; x′α′′ �:

Theorem 2.6.2 gives a converse of Theorem 2.6.1, showing that on the
direct product of finitely many lattices increasing differences together with
supermodularity in each component implies supermodularity.
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Theorem 2.6.2. If Xi is a lattice for i = 1; : : : ; n, f �x� has �strictly� increasing
differences on ×ni=1Xi, and f �x� is �strictly� supermodular in xi′ on Xi′ for all
fixed xi in Xi for all i 6= i′ and for each i′ = 1; : : : ; n, then f �x� is �strictly�
supermodular on ×ni=1Xi.

Proof. Suppose that f �x� has increasing differences on ×ni=1Xi and is super-
modular in xi on Xi for each i. (The proof for the case with f �x� having
strictly increasing differences and being strictly supermodular in each compo-
nent is similar.) Pick any x′ and x′′ in ×ni=1Xi. Then, with the first inequality
following from increasing differences and the second inequality following from
supermodularity,

f �x′� − f �x′ ∧ x′′�
=∑n

i=1�f �x′1; : : : ; x′i; x′i+1 ∧ x′′i+1; : : : ; x
′
n ∧ x′′n�

− f �x′1; : : : ; x′i−1; x
′
i ∧ x′′i ; : : : ; x′n ∧ x′′n��

≤ ∑n
i=1�f �x′1 ∨ x′′1; : : : ; x′i−1 ∨ x′′i−1; x

′
i; x
′′
i+1; : : : ; x

′′
n�

− f �x′1 ∨ x′′1; : : : ; x′i−1 ∨ x′′i−1; x
′
i ∧ x′′i ; x′′i+1; : : : ; x

′′
n��

≤ ∑n
i=1�f �x′1 ∨ x′′1; : : : ; x′i−1 ∨ x′′i−1; x

′
i ∨ x′′i ; x′′i+1; : : : ; x

′′
n�

− f �x′1 ∨ x′′1; : : : ; x′i−1 ∨ x′′i−1; x
′′
i ; x

′′
i+1; : : : ; x

′′
n��

= f �x′ ∨ x′′� − f �x′′�
and so f �x� is supermodular on ×ni=1Xi.

Corollary 2.6.1, from Topkis [1978], states that increasing differences implies
supermodularity on the direct product of a finite collection of chains. This
result is a consequence of Theorem 2.6.2 because any real-valued function on
a chain is (strictly) supermodular. (See part (a) of Example 2.6.2.) Whitney
[1935] proves a related result involving the rank function of a matroid, which
is a submodular set function.

Corollary 2.6.1. If Xi is a chain for i = 1; : : : ; n and f �x� has �strictly� increas-
ing differences on ×ni=1Xi , then f �x� is �strictly� supermodular on ×ni=1Xi .

Example 2.6.1, from Topkis [1978], shows that increasing differences does
not imply supermodularity on the direct product of a countable collection of
chains, so the result of Corollary 2.6.1 cannot be extended to hold for the
direct product of more than finitely many chains.

Example 2.6.1. Let Xi = �0; 1� for i = 1; 2; : : : , and x = �x1; x2; : : : � where
xi is in Xi for i = 1; 2; : : : . Define f �x� on ×∞i=1Xi so that f �x� = 1 if xi = 1
for an infinite set of indices i and f �x� = 0 if xi = 1 for only a finite set of
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indices i. With respect to any finite set of components of x, f �x� is constant.
Therefore, f �x� has both increasing differences and decreasing differences on
×∞i=1Xi. However, if x′ and x′′ are defined such that x′i = 1 for i odd, x′i = 0
for i even, x′′i = 1 for i even, and x′′i = 0 for i odd, then

f �x′� + f �x′′� = 2 > 1 = f �x′ ∨ x′′� + f �x′ ∧ x′′�

and so f �x� is not supermodular on ×∞i=1Xi.

Example 2.6.2 gives examples of supermodular functions. The supermodu-
larity conclusion for each part except part (b) is based on observing increasing
differences and applying Corollary 2.6.1.

Example 2.6.2. The following are examples of supermodular functions.
(a) If X is a chain, then any real-valued function on X is a valuation (that is,
both supermodular and submodular). Therefore, any real-valued function on
a subset of R1 is a valuation.
(b) If S is a set, the power set 0�S� is taken with the set inclusion ordering
relation ⊆, 8 is a sublattice of 0�S�, and f �X� is a real-valued function on
8 such that f �X ′� + f �X ′′� ≤ f �X ′ ∪X ′′� + f �X ′ ∩X ′′� for all X ′ and X ′′ in
8, then f �X� is supermodular on 8. (Recall part (e) of Example 2.2.3.) For
a set S, a supermodular function on a sublattice of 0�S� is equivalent to a
supermodular function on a sublattice of ×s∈S�0; 1� by the transformation of
part (d) of Example 2.2.1. Hence, for a finite set S, a supermodular function on
a sublattice of 0�S� is equivalent to a supermodular function on a sublattice
of R�S�.
(c) The function f �x� = x1x2 is supermodular on R2.
(d) For x and t in Rn, x · t =∑n

i=1 xiti is supermodular in �x; t� on R2n.
(e) If αi ≥ 0 for i = 1; : : : ; n, the Cobb-Douglas function f �x� = xα1

1 x
α2
2 · · ·xαnn

is supermodular in x on �x x x ∈ Rn; x ≥ 0�.
(f) The utility function for perfect complements, f �x� = min�αixi x i =
1; : : : ; n� where αi ≥ 0 (αi ≤ 0) for i = 1; : : : ; n, is supermodular on Rn.
More generally, if fi�z� is increasing (decreasing) on R1 for i = 1; : : : ; n then
f �x� = min�fi�xi� x i = 1; : : : ; n� is supermodular on Rn. Likewise, if αi is in
R1 for i = 1; : : : ; n, then f �S� = mini∈S αi is supermodular in S for subsets S
of �1; : : : ; n�.
(g) The function f �x; z� = −∑n

i=1 �xi − zi� is supermodular in �x; z� on R2n.
(h) The function f �x; z� = −�x − z�2 = −∑n

i=1�xi − zi�2 is supermodular
in �x; z� on R2n. (However, by Theorem 2.6.1, f �x; z� = −�x − z� =
−�∑n

i=1�xi − zi�2�1/2 is not supermodular in �x; z� on R2n for n ≥ 2.)
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(i) If N is a set, Q is a fixed subset of N , fQ�S� = 1 for any subset S of
N with Q being a subset of S, and fQ�S� = 0 for any subset S of N with
Q \ S nonempty, then fQ�S� is supermodular in S on the collection 0�N� of
all subsets of N .

Because any real-valued function on R1 is supermodular as in part (a) of
Example 2.6.2, supermodular functions on Rn are not generally endowed with
continuity and differentiability properties. This contrasts with the strong conti-
nuity and differentiability properties of concave functions on Rn (Rockafellar
[1970]).

The result of Corollary 2.6.1, characterizing supermodularity in terms of
increasing differences, is limited to domains that are the direct product of
finitely many chains. Theorem 2.6.3 extends this result to provide a charac-
terization of supermodular functions in terms of increasing differences on an
arbitrary sublattice of the direct product of finitely many chains. Note that
Corollary 2.6.1 states that a function is supermodular on the direct product of
finitely many chains if the function is supermodular on each 4-element sublat-
tice �x′; x′′; x′ ∨ x′′; x′ ∧ x′′� such that x′ and x′′ each differ from x′ ∧ x′′ in
exactly one component. Recall from Subsection 2.2 that the latter condition is
equivalent to x′ and x′′ each corresponding to increasable covers for x′ ∧ x′′.
This observation points to the nature of the generalization in Theorem 2.6.3,
which essentially broadens the increasing differences requirement from being
with respect to all pairs of distinct components to being with respect to all
pairs of distinct increasable covers.

Theorem 2.6.3. If Xi is a chain for i = 1; : : : ; n, X is a sublattice of ×ni=1Xi,
and f �x� is �strictly� supermodular on �x′; x′′; x′ ∨x′′; x′ ∧x′′� for all unordered
pairs x′ and x′′ in X such that

X ∩ �×ni=1�x′i; x′′i �� = �x′; x′′; x′ ∨ x′′; x′ ∧ x′′�;
then f �x� is �strictly� supermodular on X.

Proof. Suppose that f �x� is not supermodular on X. (The proof for the case
of f �x� being strictly supermodular is similar.) Then there exist unordered x′

and x′′ in X with

0 < f �x′� + f �x′′� − f �x′ ∨ x′′� − f �x′ ∧ x′′�:
Among all such x′ and x′′, select a pair x′ and x′′ that maximize the number
of indices i with x′i = x′′i . Suppose that

X ∩ �×ni=1�x′i; x′′i �� 6= �x′; x′′; x′ ∨ x′′; x′ ∧ x′′�:
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By part (c) of Theorem 2.2.3, there exist z′ and z′′ in X ∩ �×ni=1�x′i; x′′i ��
such that

X ∩ �×ni=1�z′i; z′′i �� = �z′; z′′; z′ ∨ z′′; z′ ∧ z′′�;

z′ and z′′ correspond to distinct increasable covers for x′ ∧ x′′ in X ∩
�×ni=1�x′i; x′′i ��, z′ � x′, z′′ � x′′, x′ ≺ x′ ∨ z′′, and x′′ ≺ x′′ ∨ z′. Therefore,
x′ ∧ x′′ ≺ z′ � x′, x′ ∧ x′′ ≺ z′′ � x′′, and either z′ ≺ x′ or z′′ ≺ x′′. Sup-
pose that z′ ≺ x′. (The proof for the case with z′′ ≺ x′′ is similar, and so it is
omitted.)

Observing that x′ ∧ x′′ = z′ ∧ x′′,

0 < f �x′� + f �x′′� − f �x′ ∨ x′′� − f �x′ ∧ x′′�
= �f �z′� + f �x′′� − f �z′ ∨ x′′� − f �z′ ∧ x′′��
+ �f �x′� + f �z′ ∨ x′′� − f �x′ ∨ x′′� − f �z′��:

Therefore, either

0 < f �z′� + f �x′′� − f �z′ ∨ x′′� − f �z′ ∧ x′′�

or

0 < f �x′� + f �z′ ∨ x′′� − f �x′ ∨ x′′� − f �z′�:

For each of these two cases, the pair z′ and x′′ and the pair x′ and z′ ∨x′′ have
more of their components equal than the pair x′ and x′′. But this contradicts
the choice of x′ and x′′. Therefore,

X ∩ �×ni=1�x′i; x′′i �� = �x′; x′′; x′ ∨ x′′; x′ ∧ x′′�:

Theorem 2.6.4, from Topkis [1978], characterizes those functions that are
both supermodular and submodular on the direct product of finitely many
chains as the separable functions. Correspondingly, an affine function is a
function that is the sum of a constant and a linear function, and a real-valued
function is both concave and convex on Rn if and only if it is an affine function
(Rockafellar [1970]).

Theorem 2.6.4. If Xi is a chain for i = 1; : : : ; n, then a real-valued function
f �x� is separable on ×ni=1Xi if and only if f �x� is a valuation on ×ni=1Xi.
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Proof. Suppose that f �x� is separable, so f �x� = ∑n
i=1 fi�xi� where fi�xi� is

a real-valued function on Xi for i = 1; : : : ; n. Pick any x′ and x′′ in ×ni=1Xi.
Because each Xi is a chain, �x′i ∨ x′′i ; x′i ∧ x′′i � = �x′i; x′′i � for each i with
1 ≤ i ≤ n. Therefore,

f �x′ ∨ x′′� + f �x′ ∧ x′′� =∑n
i=1�fi�x′i ∨ x′′i � + fi�x′i ∧ x′′i ��

=∑n
i=1�fi�x′i� + fi�x′′i ��

= f �x′� + f �x′′�:

Hence, f �x� is a valuation on ×ni=1Xi.
Now suppose that f �x� is a valuation on ×ni=1Xi. By Theorem 2.6.1, f �x�

has both increasing differences and decreasing differences on ×ni=1Xi. Pick
some fixed x′ in ×ni=1Xi. Now choose any x in ×ni=1Xi. Then

f �x� = f �x′� +∑n
i=1�f �x1; : : : ; xi; x

′
i+1; : : : ; x

′
n�

− f �x1; : : : ; xi−1; x
′
i; : : : ; x

′
n��

= f �x′� +∑n
i=1�f �x′1; : : : ; x′i−1; xi; x

′
i+1; : : : ; x

′
n� − f �x′��;

which is separable.

2.6.2 Transformations

Lemma 2.6.1, from Topkis [1978], follows directly from the definition of a
supermodular function. This result asserts that the set of all supermodular
functions on a lattice X is a closed convex cone in the vector space of all
real-valued functions on X. Correspondingly, the set of all concave functions
on a convex set X is a closed convex cone in the vector space of all real-
valued functions on X. A similar result holds for functions with increasing
differences. Versions of part (a) and part (b) of Lemma 2.6.1, but not part
(c), hold for strictly supermodular functions and for functions with strictly
increasing differences.

Lemma 2.6.1. Suppose that X is a lattice.
(a) If f �x� is supermodular on X and α > 0, then αf �x� is supermodular
on X.
(b) If f �x� and g�x� are supermodular on X, then f �x�+g�x� is supermodular
on X.
(c) If fk�x� is supermodular on X for k = 1; 2; : : : and limk→∞ fk�x� = f �x�
for each x in X, then f �x� is supermodular on X.
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A useful consequence of Lemma 2.6.1, as formally stated in Corollary 2.6.2,
is that the expected value of a supermodular function is supermodular. A
similar property holds for concave functions. (In the statement of Corollary
2.6.2, assume that g�x;w� is integrable with respect to F�w� for each x in X.)

Corollary 2.6.2. If F�w� is a distribution function on a set W and g�x;w� is
supermodular in x on a lattice X for each w in W , then

∫
W g�x;w�dF�w�

is supermodular in x on X.

Example 2.6.3 gives another simple but useful application of Lemma 2.6.1.

Example 2.6.3. Consider the model of Example 2.1.2, where a consumer
chooses a vector x = �x1; : : : ; xn� of consumption levels for n products from a
subset X of Rn, the utility of a vector x of consumption levels is a real-valued
function f �x�, and p = �p1; : : : ; pn� is the vector of unit prices for acquiring
the n products. Suppose that X is a sublattice of Rn and f �x� is supermod-
ular on X, so the n products are complementary by Theorem 2.6.1. The net
value for the consumer is f �x� − p · x. Define t = −p, so the net value is
f �x� + t · x. By part (d) of Example 2.6.2 and part (b) of Lemma 2.6.1, the
net value f �x� + t · x is supermodular in �x; t� on X × Rn.

Lemma 2.6.2 gives necessary and sufficient conditions, under certain reg-
ularity conditions, for the composition g�∑n

i=1 aixi� of a function g�y� with
a linear function

∑n
i=1 aixi to be supermodular in x. A necessary condition

is that if g�y� is not an affine function and at least two of the coefficients
a1; : : : ; an are nonzero then either all the nonzero coefficients of a1; : : : ; an
have the same sign or exactly two of the coefficients a1; : : : ; an are nonzero
and these two coefficients have different signs. Where all the nonzero coef-
ficients of a1; : : : ; an have the same sign and there are at least two nonzero
coefficients, g�∑n

i=1 aixi� is supermodular in x if and only if g�y� is convex
in y. Where there are exactly two nonzero coefficients among a1; : : : ; an and
these have different signs, g�∑n

i=1 aixi� is supermodular in x if and only if
g�y� is concave in y.

Lemma 2.6.2. Suppose that Y is a convex subset of the real line, X is a sublattice
of Rn, ai is a real number for i = 1; : : : ; n,

∑n
i=1 aixi is in Y for each x in X,

g�y� is a real-valued function on Y , and f �x� = g�∑n
i=1 aixi� for x in X.

(a) If ai > 0 for i = 1; : : : ; n and g�y� is convex in y on Y , then f �x� is
supermodular in x on X.
(b) If n = 2, a1 > 0, a2 < 0, and g�y� is concave in y on Y , then f �x� is
supermodular in x on X.

Now suppose, in addition, that X is an increasing set, Y = �∑n
i=1 aixi x

x ∈ X�, and g�y� is continuous on the interior of Y .
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(c) If n ≥ 2, ai > 0 for i = 1; : : : ; n, and f �x� is supermodular in x on X, then
g�y� is convex in y on Y .
(d) If n = 2, a1 > 0, a2 < 0, and f �x� is supermodular in x on X, then g�y� is
concave in y on Y .
(e) If n ≥ 3, a1 > 0, a2 > 0, a3 < 0, and f �x� is supermodular in x on X, then
g�y� is an affine function in y on Y .

Proof. Assume the hypotheses of part (a). Pick any x′ and x′′ in X. Let
δ = ∑n

i=1 ai�x′i ∨ x′′i − x′i� =
∑n
i=1 ai�x′′i − x′i ∧ x′′i �, y ′ =

∑n
i=1 ai�x′i ∧ x′′i �, and

y ′′ =∑n
i=1 aix

′
i. Here, δ ≥ 0 and y ′ ≤ y ′′. Then

f �x′ ∨ x′′� + f �x′ ∧ x′′� − f �x′� − f �x′′�
= g(∑n

i=1 ai�x′i ∨ x′′i �
)+ g(∑n

i=1 ai�x′i ∧ x′′i �
)

− g(∑n
i=1 aix

′
i

)− g(∑n
i=1 aix

′′
i

)
= �g�y ′′ + δ� − g�y ′′�� − �g�y ′ + δ� − g�y ′��
≥ 0

because the convexity of g�y� implies that g�y + δ� − g�y� is increasing in y
for each δ > 0. This establishes part (a).

Assume the hypotheses of part (b). Pick any unordered x′ and x′′ in X.
Without loss of generality, suppose that x′1 < x′′1 and x′′2 < x′2. Let δ =
a2�x′′2 − x′2�, y ′ = a1x

′
1+ a2x

′
2, and y ′′ = a1x

′′
1 + a2x

′
2. Here, δ > 0 and y ′ < y ′′.

Then

f �x′ ∨ x′′� + f �x′ ∧ x′′� − f �x′� − f �x′′�
= g�a1�x′1 ∨ x′′1� + a2�x′2 ∨ x′′2�� + g�a1�x′1 ∧ x′′1� + a2�x′2 ∧ x′′2��
− g�a1x

′
1 + a2x

′
2� − g�a1x

′′
1 + a2x

′′
2�

= g�a1x
′′
1 + a2x

′
2� + g�a1x

′
1 + a2x

′′
2� − g�a1x

′
1 + a2x

′
2� − g�a1x

′′
1 + a2x

′′
2�

= �g�y ′ + δ� − g�y ′�� − �g�y ′′ + δ� − g�y ′′��
≥ 0

because the concavity of g�y� implies that g�y + δ� − g�y� is decreasing in y
for each δ > 0. This establishes part (b).

Assume the hypotheses of part (c). Pick any y ′ and y ′′ in Y with y ′ < y ′′.
Pick x′ in X with

∑n
i=1 aix

′
i = y ′. Let ε1 = �y ′′ − y ′�/2a1 > 0 and ε2 =
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�y ′′ − y ′�/2a2 > 0. Then

�1/2�g�y ′′� + �1/2�g�y ′� − g��1/2�y ′′ + �1/2�y ′�
= �1/2��f �x′ + ε1u

1 + ε2u
2� + f �x′� − f �x′ + ε1u

1� − f �x′ + ε2u
2��

= �1/2��f ��x′ + ε1u
1� ∨ �x′ + ε2u

2�� + f ��x′ + ε1u
1� ∧ �x′ + ε2u

2��
− f �x′ + ε1u

1� − f �x′ + ε2u
2��

≥ 0

by the supermodularity of f �x�. Thus, using the continuity of g�y� on the
interior of Y , g�y� is convex on Y . This establishes part (c).

Assume the hypotheses of part (d). Pick any y ′ and y ′′ in Y with y ′ < y ′′.
Pick x′ in X with

∑n
i=1 aix

′
i = �y ′ + y ′′�/2. Let ε1 = �y ′′ − y ′�/2a1 > 0 and

ε2 = −�y ′′ − y ′�/2a2 > 0. Then

g��1/2�y ′ + �1/2�y ′′� − �1/2�g�y ′� − �1/2�g�y ′′�
= �1/2��f �x′ + ε1u

1 + ε2u
2� + f �x′� − f �x′ + ε1u

1� − f �x′ + ε2u
2��

= �1/2��f ��x′ + ε1u
1� ∨ �x′ + ε2u

2�� + f ��x′ + ε1u
1� ∧ �x′ + ε2u

2��
− f �x′ + ε1u

1� − f �x′ + ε2u
2��

≥ 0

by the supermodularity of f �x�. Thus, using the continuity of g�y� on the
interior of Y , g�y� is concave on Y . This establishes part (d).

Under the hypotheses of part (e), part (c) and part (d) imply that g�y� is
both convex and concave and so g�y� is an affine function on Y .

Example 2.6.4 shows that assuming g�y� to be continuous on the interior
of its domain is crucial for the necessity results in part (c), part (d), and part
(e) of Lemma 2.6.2. If f �x� is a real-valued function on a set X for which the
sum (+) of any two elements of X is also in X and if

f �x′� + f �x′′� ≤ f �x′ + x′′�
for all x′ and x′′ in X, then f �x� is superadditive on X. If −f �x� is superad-
ditive on X, then f �x� is subadditive on X. If f �x� is both superadditive and
subadditive on X, then f �x� is additive on X.

Example 2.6.4. By a well-known construction (Hardy, Littlewood, and Pólya
[1934]), there exists a function on the real line that is additive and is nowhere
continuous. Let g�y� be such a function. Because a convex function is continu-
ous on the relative interior of its domain (Rockafellar [1970]), g�y� is neither
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convex nor concave nor affine on the real line. Let a1; : : : ; an be any real
numbers. Pick any x′ and x′′ in Rn. The additivity of g�y� implies that

g
(∑n

i=1 ai�x′i ∨ x′′i �
)− g(∑n

i=1 aix
′
i

)
= g(∑n

i=1 ai�x′i ∨ x′′i − x′i�
)

= g(∑n
i=1 ai�x′′i − x′i ∧ x′′i �

)
= g(∑n

i=1 aix
′′
i

)− g(∑n
i=1 ai�x′i ∧ x′′i �

)
;

so g�∑n
i=1 aixi� is a valuation on Rn and hence is supermodular as well as

submodular.

Consider a firm that produces n products. The production vector for the n
products is a nonnegative n-vector x. The firm’s cost function for a production
vector x is c�x�. The firm’s cost function exhibits weak cost complementarity
if

c�x′ + x′′� − c�x′� ≥ c�x′ + x′′ + x′′′� − c�x′ + x′′′� (2.6.1)

for all nonnegative n-vectors x′, x′′, and x′′′ with x′′i > 0 implying x′′′i = 0 for
i = 1; : : : ; n. (Then x′′ ∨ x′′′ = x′′ + x′′′ and x′′ ∧ x′′′ = 0.) Weak cost com-
plementarity is equivalent to the property that c�x′ + x′′� − c�x′� ≥ c�x′ +
x′′ + εui� − c�x′ + εui� for all nonnegative n-vectors x′ and x′′, each i with
x′′i = 0, and all ε > 0, and this property is equivalent to c�x� having decreas-
ing differences in x for x ≥ 0. By Theorem 2.6.1 and Corollary 2.6.1, weak
cost complementarity is equivalent to the firm’s cost function c�x� being sub-
modular in x for x ≥ 0 as Sharkey [1982c] notes. If the cost function c�x� is
twice differentiable for x ≥ 0, then weak cost complementarity is equivalent to
∂2c�x�/∂xi′∂xi′′ ≤ 0 for all distinct products i′ and i′′. The firm’s cost function
exhibits cost complementarity if (2.6.1) holds for all nonnegative n-vectors x′,
x′′, and x′′′. Cost complementarity is equivalent to the property that c�x+ y�
is submodular in �x; y� for x ≥ 0 and y ≥ 0. Hence, cost complementarity im-
plies that c�x� is submodular in x for x ≥ 0 and, by part (c) of Lemma 2.6.2,
cost complementarity and continuity imply that c�x� is concave in each com-
ponent xi for x ≥ 0. (By Example 2.6.4, cost complementarity without also
assuming continuity does not imply that c�x� is concave in each component
xi even for the case n = 1.) Conversely, if c�x� is submodular in x and is con-
cave in each component xi, then c�x+ y� is submodular in �xi; yi� for each i
by part (a) of Lemma 2.6.2 as well as being submodular in x and in y. There-
fore, c�x + y� has decreasing differences in each pair of distinct components
from the 2n-vector �x; y� by Theorem 2.6.1, and c�x + y� is submodular in
�x; y� by Corollary 2.6.1. If the cost function c�x� is twice differentiable for
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x ≥ 0, then cost complementarity is equivalent to ∂2c�x�/∂xi′∂xi′′ ≤ 0 for all
(not necessarily distinct) products i′ and i′′. (In the terminology of the present
monograph, the property of complementarity among the n products of the
firm corresponds to weak cost complementarity for the firm’s production cost
function with cost complementarity being a stronger property.) The firm’s cost
function exhibits economies of scope if

c�x′� + c�x′′� ≥ c�x′ + x′′�
for all pairs of nonnegative n-vectors x′ and x′′ with x′ ∧ x′′ = 0. The cost
function c�x� is supportable if, for each nonnegative production vector x′ with
x′ 6= 0, there exists an n-vector p′ of prices such that

∑n
i=1 p

′
ix
′
i = c�x′� and∑n

i=1 p
′
ix
′′
i ≤ c�x′′� for each n-vector x′′ with 0 ≤ x′′ ≤ x′; that is, with price

vector p′, the profit is 0 given the production vector x′ and the profit is not
positive for any production vector bounded above by x′. Sharkey and Telser
[1978] consider necessary and sufficient conditions for a natural monopoly firm
to have a supportable production cost function. If each firm in an industry has
the production cost function c�x� and if c�x� is subadditive for x ≥ 0, then
the industry is a natural monopoly (Sharkey [1982c]). If c�x� is subadditive,
then the cost function c�x� exhibits economies of scope. If c�0� = 0, then
cost complementarity implies subadditivity (Sharkey [1982c]) and weak cost
complementarity implies economies of scope.

Lemma 2.6.3, from Sharkey and Telser [1978], shows that cost complemen-
tarity together with several technical assumptions implies that a firm’s produc-
tion cost function is supportable. (The statement of Sharkey and Telser [1978]
omits the hypothesis that c�x� is continuous. Their proof incorrectly claims
that continuity is implied by cost complementarity. As noted above with ref-
erence to Example 2.6.4, the property used in the following proof that c�x�
is concave in each component relies on a continuity hypothesis that must be
made explicitly.)

Lemma 2.6.3. Consider a firm producing nonnegative amounts of each of n
products, where x in Rn is the production vector for the n products and c�x�
is the firm’s cost function for a production vector x ≥ 0. If c�x� exhibits cost
complementarity, c�x� is continuous for x ≥ 0, and c�0� ≥ 0, then c�x� is
supportable.

Proof. Pick any nonnegative production vector x′ 6= 0. Let i′ be the small-
est integer i with x′i > 0. Define the price vector p′ such that p′i = 0 for
each i with x′i = 0, p′i′ = c�x′1; : : : ; x′i′; 0; : : : ; 0�/x′i′ = c�x′i′ui

′ �/x′i′ , and p′i =
�c�x′1; : : : ; x′i; 0; : : : ; 0�−c�x′1; : : : ; x′i−1; 0; : : : ; 0��/x′i for i = i′ +1; : : : ; n with
x′i > 0.
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Using the definitions of p′ and i′,∑n
i=1 p

′
ix
′
i = p′i′x′i′ +

∑
�ixi>i′;x′i>0� p

′
ix
′
i

= c�x′1; : : : ; x′i′; 0; : : : ; 0�
+∑�ixi>i′;x′i>0��c�x′1; : : : ; x′i; 0; : : : ; 0�
− c�x′1; : : : ; x′i−1; 0; : : : ; 0��

= c�x′1; : : : ; x′i′; 0; : : : ; 0�
+∑n

i=i′+1�c�x′1; : : : ; x′i; 0; : : : ; 0� − c�x′1; : : : ; x′i−1; 0; : : : ; 0��
= c�x′�:

Now pick any n-vector x′′ with 0 ≤ x′′ ≤ x′. For any i > i′ with x′i > 0,

p′i�x′i − x′′i � = �c�x′1; : : : ; x′i; 0; : : : ; 0� − c�x′1; : : : ; x′i−1; 0; : : : ; 0���x′i − x′′i �/x′i
≥ �c�x′1; : : : ; x′i; x′′i+1; : : : ; x

′′
n�

− c�x′1; : : : ; x′i−1; 0; x′′i+1; : : : ; x
′′
n���x′i − x′′i �/x′i

≥ c�x′1; : : : ; x′i; x′′i+1; : : : ; x
′′
n� − c�x′1; : : : ; x′i−1; x

′′
i ; : : : ; x

′′
n�

where the first inequality follows from the submodularity of c�x� in x as im-
plied by cost complementarity and the second inequality follows from the
concavity of c�x� in xi as implied by cost complementarity and continuity.
Likewise, using c�0� ≥ 0,

p′i′ �x′i′ − x′′i′ � = c�x′1; : : : ; x′i′; 0; : : : ; 0��x′i′ − x′′i′ �/x′i′
≥ �c�x′1; : : : ; x′i′; 0; : : : ; 0� − c�0���x′i′ − x′′i′ �/x′i′
≥ �c�x′1; : : : ; x′i′; x′′i′+1; : : : ; x

′′
n�

− c�x′1; : : : ; x′i′−1; 0; x′′i′+1; : : : ; x
′′
n���x′i′ − x′′i′ �/x′i′

≥ c�x′1; : : : ; x′i′; x′′i′+1; : : : ; x
′′
n� − c�x′1; : : : ; x′i′−1; x

′′
i′; : : : ; x

′′
n�:

Using the preceding equality and two inequalities,∑n
i=1 p

′
ix
′′
i ≤

∑n
i=1 p

′
ix
′
i +

∑n
i=1�c�x′1; : : : ; x′i−1; x

′′
i ; : : : ; x

′′
n�

− c�x′1; : : : ; x′i; x′′i+1; : : : ; x
′′
n��

= c�x′� + c�x′′� − c�x′� = c�x′′�:
Lemma 2.6.4 shows how one may construct a supermodular function by

taking a generalized composition of other functions having certain properties.
The special case of Lemma 2.6.4 for k = 1 is from Topkis [1995a]. The special
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case of Lemma 2.6.4 (with k = 1 and g�f1�x�; x� = g�f1�x��) that an increas-
ing (decreasing) convex function of an increasing supermodular (submodular)
function is supermodular is from Topkis [1978]. The latter special case corre-
sponds to the composition result that an increasing convex (concave) function
of a convex (concave) function is convex (concave) (Rockafellar [1970]).

Lemma 2.6.4. If X is a lattice, fi�x� is increasing and supermodular �sub-
modular� on X for i = 1; : : : ; k, Zi is a convex subset of R1 containing the
range of fi�x� on X for i = 1; : : : ; k, and g�z1; : : : ; zk; x� is supermodular in
�z1; : : : ; zk; x� on �×ki=1Zi� ×X and is increasing �decreasing� and convex in zi
on Zi for i = 1; : : : ; k and for all zi′ in Zi′ for i′ in �1; : : : ; n� \ �i� and all x
in X, then g�f1�x�; : : : ; fk�x�; x� is supermodular on X.

Proof. Pick any x′ and x′′ in X. Note that

g�f1�x′ ∨ x′′�; : : : ; fk�x′ ∨ x′′�; x′ ∨ x′′�
− g�f1�x′ ∨ x′′� + f1�x′ ∧ x′′� − f1�x′′�; : : : ;

fk�x′ ∨ x′′� + fk�x′ ∧ x′′� − fk�x′′�; x′ ∨ x′′�
=∑k

i=1�g�f1�x′ ∨ x′′�; : : : ; fi�x′ ∨ x′′�;
fi+1�x′ ∨ x′′� + fi+1�x′ ∧ x′′� − fi+1�x′′�; : : : ;
fk�x′ ∨ x′′� + fk�x′ ∧ x′′� − fk�x′′�; x′ ∨ x′′�

− g�f1�x′ ∨ x′′�; : : : ; fi−1�x′ ∨ x′′�;
fi�x′ ∨ x′′� + fi�x′ ∧ x′′� − fi�x′′�; : : : ;
fk�x′ ∨ x′′� + fk�x′ ∧ x′′� − fk�x′′�; x′ ∨ x′′��

≥∑k
i=1�g�f1�x′′�; : : : ; fi−1�x′′�; fi�x′ ∨ x′′�; (2.6.2)

fi+1�x′ ∧ x′′�; : : : ; fk�x′ ∧ x′′�; x′ ∨ x′′�
− g�f1�x′′�; : : : ; fi−1�x′′�; fi�x′ ∨ x′′� + fi�x′ ∧ x′′� − fi�x′′�;

fi+1�x′ ∧ x′′�; : : : ; fk�x′ ∧ x′′�; x′ ∨ x′′��
≥∑k

i=1�g�f1�x′′�; : : : ; fi−1�x′′�; fi�x′′�;
fi+1�x′ ∧ x′′�; : : : ; fk�x′ ∧ x′′�; x′ ∨ x′′�

− g�f1�x′′�; : : : ; fi−1�x′′�; fi�x′ ∧ x′′�;
fi+1�x′ ∧ x′′�; : : : ; fk�x′ ∧ x′′�; x′ ∨ x′′��

= g�f1�x′′�; : : : ; fk�x′′�; x′ ∨ x′′�
− g�f1�x′ ∧ x′′�; : : : ; fk�x′ ∧ x′′�; x′ ∨ x′′�;
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where the two equalities are identities, the first inequality follows because
each fi�x� is increasing and g�z1; : : : ; zk; x� is supermodular, and the sec-
ond inequality follows because each fi�x� is increasing and g�z1; : : : ; zk; x� is
convex in each zi.

Then,

g�f1�x′ ∨ x′′�; : : : ; fk�x′ ∨ x′′�; x′ ∨ x′′�
+ g�f1�x′ ∧ x′′�; : : : ; fk�x′ ∧ x′′�; x′ ∧ x′′�
− g�f1�x′�; : : : ; fk�x′�; x′� − g�f1�x′′�; : : : ; fk�x′′�; x′′�
= g�f1�x′ ∨ x′′�; : : : ; fk�x′ ∨ x′′�; x′ ∨ x′′�
− g�f1�x′ ∨ x′′� + f1�x′ ∧ x′′� − f1�x′′�; : : : ;

fk�x′ ∨ x′′� + fk�x′ ∧ x′′� − fk�x′′�; x′ ∨ x′′�
− g�f1�x′′�; : : : ; fk�x′′�; x′ ∨ x′′�
+ g�f1�x′ ∧ x′′�; : : : ; fk�x′ ∧ x′′�; x′ ∨ x′′�
+ g�f1�x′ ∨ x′′� + f1�x′ ∧ x′′� − f1�x′′�; : : : ;

fk�x′ ∨ x′′� + fk�x′ ∧ x′′� − fk�x′′�; x′ ∨ x′′�
− g�f1�x′�; : : : ; fk�x′�; x′ ∨ x′′�
+ g�f1�x′′�; : : : ; fk�x′′�; x′ ∨ x′′� + g�f1�x′ ∧ x′′�; : : : ; fk�x′ ∧ x′′�; x′′�
− g�f1�x′ ∧ x′′�; : : : ; fk�x′ ∧ x′′�; x′ ∨ x′′� − g�f1�x′′�; : : : ; fk�x′′�; x′′�
+ g�f1�x′�; : : : ; fk�x′�; x′ ∨ x′′�
+ g�f1�x′ ∧ x′′�; : : : ; fk�x′ ∧ x′′�; x′ ∧ x′′�
− g�f1�x′ ∧ x′′�; : : : ; fk�x′ ∧ x′′�; x′′� − g�f1�x′�; : : : ; fk�x′�; x′�
≥ 0;

where the equality is an identity, the sum of the terms in the first five lines
after the equality is nonnegative by (2.6.2), the sum of the terms in the sixth
through eighth lines after the equality is nonnegative because each fi�x� is
supermodular (submodular) in x and g�z1; : : : ; zk; x� is increasing (decreas-
ing) in each zi, and the sum of the terms in the ninth and tenth lines after
the equality and the sum of the terms in the eleventh through thirteenth lines
after the equality are both nonnegative because each fi�x� is increasing in x
and g�z1; : : : ; zk; x� is supermodular in �z1; : : : ; zk; x�.

Corollary 2.6.3, from Topkis [1978], shows that the product of nonnegative
increasing (decreasing) supermodular functions is supermodular.
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Corollary 2.6.3. If X is a lattice and fi�x� is nonnegative, increasing �decreas-
ing�, and supermodular on X for i = 1; : : : ; k, then f1�x�f2�x� · · · fk�x� is also
nonnegative, increasing �decreasing�, and supermodular on X.

Proof. That f1�x�f2�x� · · · fk�x� is nonnegative and increasing (decreasing) is
immediate. The supermodularity of f1�x�f2�x� · · · fk�x� follows from Lemma
2.6.4 by letting g�z1; : : : ; zk; x� = z1z2 : : : zk. (For the case of this result in
parentheses, the supermodularity of f1�x�f2�x� · · · fk�x� follows from Lemma
2.6.4 by letting −fi�x� correspond to the fi�x� in the statement of Lem-
ma 2.6.4 for i = 1; : : : ; k, letting g�z1; : : : ; zk; x� = z1z2 : : : zk if k is even,
and letting g�z1; : : : ; zk; x� = −z1z2 : : : zk if k is odd.)

Example 2.6.5 shows that a strictly increasing transformation of a supermod-
ular function need not be supermodular. This failure to be preserved under
a strictly increasing transformation is a source of some criticism for using the
cardinal property of supermodular utility to represent complementarity.

Example 2.6.5. Let X = �1;∞� × �1;∞�, f �x� = x1 + x2 for x = �x1; x2�
in X, g�y� = log�y� for y > 0, and h�x� = g�f �x�� for x in X. Then
∂2h�x�/∂x1∂x2 = −1/�x1 + x2�2 < 0. Thus h�x� is not supermodular on X
by Theorem 2.6.1 even though it is a strictly increasing function of a strictly
increasing supermodular function. Indeed, by Corollary 2.6.1, h�x� is strictly
submodular on X.

2.6.3 Ordinal Generalizations

The use of the notion of increasing differences (equivalently, supermodularity)
to express the concept of complementarity is subject to criticism (Samuelson
[1947]) as being a cardinal property that depends on numerical utility values
and, as in Example 2.6.5, may not be preserved by a strictly increasing transfor-
mation. There are several responses to this valid observation. One response
is that, by Lemma 2.6.4, an increasing transformation does indeed preserve
the supermodularity of an increasing supermodular function if that transfor-
mation also exhibits increasing returns to scale (that is, is convex). A second
response, as developed largely in Section 2.8 and summarized in Section 2.9, is
that supermodularity is equivalent to several other common notions for com-
plementarity and that it implies another property, that argmaxx∈St f �x; t� is
increasing in t, which is intimately related to complementarity and which a
strictly increasing transformation preserves. A third response is that, notwith-
standing its cardinal limitations, supermodularity provides a powerful, attrac-
tive, and useful set of tools that are applicable in a wide variety of economic
problems. A fourth response is to look beyond supermodularity and to instead
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focus on whatever properties are essential for a utility function to imply im-
portant qualitative properties such as monotone comparative statics. Reflect-
ing the latter perspective, Milgrom and Shannon [1994] introduce and study
quasisupermodular functions and functions with the single crossing property.

If f �x� is a function from a lattice X into a partially ordered set Y , then
f �x� is quasisupermodular if, for all x′ and x′′ in X, f �x′ ∧x′′� � f �x′� implies
f �x′′� � f �x′ ∨ x′′� and f �x′ ∧ x′′� ≺ f �x′� implies f �x′′� ≺ f �x′ ∨ x′′�. If X,
T , and Y are partially ordered sets and f �x; t� is a function from a subset S
of X × T into Y , then f �x; t� satisfies the single crossing property in �x; t�
on S if, for all x′ and x′′ in X and t ′ and t ′′ in T with x′ ≺ x′′, t ′ ≺ t ′′, and
�x′; x′′� × �t ′; t ′′� being a subset of S, f �x′; t ′� � f �x′′; t ′� implies f �x′; t ′′� �
f �x′′; t ′′� and f �x′; t ′� ≺ f �x′′; t ′� implies f �x′; t ′′� ≺ f �x′′; t ′′�. If X, T , and Y
are partially ordered sets and f �x; t� is a function from a subset S of X × T
into Y , then f �x; t� satisfies the strict single crossing property in �x; t� on
S if, for all x′ and x′′ in X and t ′ and t ′′ in T with x′ ≺ x′′, t ′ ≺ t ′′, and
�x′; x′′� × �t ′; t ′′� being a subset of S, f �x′; t ′� � f �x′′; t ′� implies f �x′; t ′′� ≺
f �x′′; t ′′�. (Milgrom and Shannon [1994] define quasisupermodular functions
and functions satisfying the single crossing property as being real-valued, but
that restriction is not relied upon in their analysis and, in the spirit of viewing
these conditions as ordinal, the ranges are here taken to be arbitrary partially
ordered sets.) The single crossing property corresponds to an ordinal version
of complementarity between x and t with respect to an ordinal utility function
f �x; t�, in the sense that if x′′ is (strictly) preferred to x′ given t = t ′ where
x′ ≺ x′′ then x′′ is (strictly) preferred to x′ given t = t ′′ where t ′ ≺ t ′′; that is, if
it is (strictly) preferable to have more of the first component given a particular
level for the second component, then it would still be (strictly) preferable
to have more of the first component given a greater level for the second
component. However, unlike with increasing differences, there is no sense of
a comparatively greater additional preference for more of the first component
resulting from a higher level of the second component.

Lemma 2.6.5, from Milgrom and Shannon [1994], summarizes some basic
properties of quasisupermodular functions and functions with the single cross-
ing property. These functions generalize supermodular functions and functions
with increasing differences (part (b) and part (e) of Lemma 2.6.5). Some prop-
erties of quasisupermodular functions correspond to similar properties of su-
permodular functions. Quasisupermodularity on the direct product of two lat-
tices implies that the single crossing property holds on that product set (part
(c) of Lemma 2.6.5). (See Theorem 2.6.1.) The single crossing property on the
direct product of two chains implies quasisupermodularity on that product set
(part (d) of Lemma 2.6.5). (See Corollary 2.6.1 with n = 2.) Consequently, if
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X is the direct product of n chains indexed i = 1; : : : ; n, elements of X are
denoted x = �x1; : : : ; xn� where xi is in chain i, and f �xI; xN\I� satisfies the
single crossing property in �xI; xN\I� for each subset I of N = �1; : : : ; n� with
1 ≤ �I� ≤ n − 1, then f �x� is quasisupermodular on X. Any function from
a chain to a partially ordered set is quasisupermodular (part (a) of Lemma
2.6.5). (See part (a) of Example 2.6.2.) A quasisupermodular function from a
lattice to a chain is also quasisupermodular on the dual of the lattice. A signif-
icant property for ordinal interpretations of quasisupermodular functions and
functions with the single crossing property is that, for functions whose range
is a chain, these properties are preserved under a strictly increasing transfor-
mation (part (f) and part (g) of Lemma 2.6.5). The proofs for Lemma 2.6.5
are direct, and so are omitted.

Lemma 2.6.5. Suppose that f �x� is a function from a set X into a partially
ordered set Y .
(a) If X is a chain, then f �x� is quasisupermodular on X.
(b) If X is a lattice, Y = R1, and f �x� is supermodular on X, then f �x� is
quasisupermodular on X.
(c) If X1 and X2 are lattices, X is a sublattice of X1×X2, and f �x� is quasisu-
permodular on X, then f �x1; x2� has the single crossing property in �x1; x2� and
in �x2; x1� on X.
(d) If X1 and X2 are chains, X is a sublattice of X1 × X2, and f �x1; x2� has
the single crossing property in �x1; x2� and in �x2; x1� on X, then f �x� is qua-
sisupermodular on X.
(e) If X1 and X2 are partially ordered sets, X is a subset of X1 ×X2, Y = R1,
and f �x1; x2� has increasing differences in �x1; x2� on X, then f �x1; x2� has the
single crossing property in �x1; x2� and in �x2; x1� on X.
(f) If X is a lattice, Y is a chain, f �x� is quasisupermodular on X, and g�y� is
a strictly increasing function from Y into a partially ordered set W , then g�f �x��
is a quasisupermodular function from X into W .
(g) If X1 and X2 are partially ordered sets, X is a subset of X1 × X2, Y is a
chain, f �x1; x2� has the single crossing property in �x1; x2� on X, and g�y� is a
strictly increasing function from Y into a partially ordered set W , then g�f �x��
has the single crossing property in �x1; x2� on X.

Any strictly increasing function of a supermodular function is quasisuper-
modular (from part (b) and part (f) of Lemma 2.6.5). However, the converse
statement is not true, as Example 2.6.6, from Milgrom and Shannon [1994],
exhibits a quasisupermodular function that is not a strictly increasing transfor-
mation of any supermodular function. (See Corollary 2.8.5, which limits the
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impact of the generality suggested by Example 2.6.6 for quasisupermodular
functions beyond strictly increasing functions of a supermodular function.)

Example 2.6.6. Let Y = �a; b; c; d; e� be a chain with a ≺ b ≺ c ≺ d ≺ e,
and let f �x� be the quasisupermodular function from the sublattice �1; 2� ×
�1; 2; 3; 4� of R2 into Y where f �1; 1� = f �1; 4� = a, f �1; 2� = f �1; 3� = b,
f �2; 1� = f �2; 4� = c, f �2; 2� = d, and f �2; 3� = e. Suppose that g�y� is a
strictly increasing function from Y into R1 such that g�f �x�� is supermodular
on �1; 2� × �1; 2; 3; 4�. But this is impossible because then

g�c� − g�a� = g�f �2; 1�� − g�f �1; 1�� ≤ g�f �2; 2�� − g�f �1; 2��
= g�d� − g�b� < g�e� − g�b� = g�f �2; 3�� − g�f �1; 3��
≤ g�f �2; 4�� − g�f �1; 4�� = g�c� − g�a�;

where the two weak inequalities follow from the supermodularity of g�f �x��
and the strict inequality follows from g�y� being strictly increasing. Therefore,
there does not exist any strictly increasing real-valued function g�y� on Y such
that g�f �x�� is supermodular on �1; 2�×�1; 2; 3; 4�. Consequently, f �x� is not
a strictly increasing transformation of a supermodular function.

The quasisupermodular function in Example 2.6.6 could have been repre-
sented equivalently (that is, by a strictly increasing transformation) as a real-
valued function, because the range of that function is a finite chain. Exam-
ple 2.6.7 exhibits a quasisupermodular function that is not a strictly increas-
ing transformation of any real-valued function, much less a strictly increasing
transformation of a supermodular function. The function of Example 2.6.7 is
presented in Debreu [1959] as an instance of a strictly increasing function into
a chain such that there is no strictly increasing transformation of the function
into a real-valued function. That function is thus relevant for present purposes
because any strictly increasing function (on a lattice) is quasisupermodular.

Example 2.6.7. Let X = R2 and f �x� = x for each x in X. The domain X
of f �x� has the usual ordering relation ≤ on R2, but the range of f �x� for x
in X (which is also the set of points X) has the lexicographic ordering rela-
tion ≤lex; that is, f �x′� ≤lex f �x′′� either if x′1 < x

′′
1 or if x′1 = x′′1 and x′2 ≤ x′′2 .

Then f �x� is a strictly increasing (and hence quasisupermodular) function on
the lattice X = R2, and the range of f �x� on X is a chain. Suppose that g�x�
is a real-valued function on X, h�z� is a strictly increasing function from the
range of g�x� into X with the ≤lex ordering relation, and h�g�x�� = f �x� = x
for each x in X. Then g�x� is a strictly increasing function from X into
R1 where the ordering relation on X is ≤lex. For each z in R1, define
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a�z� = infw∈R1 g�z;w� and b�z� = supw∈R1 g�z;w�. For each z in R1, a�z� and
b�z� are real-valued because g�z − 1; 0� ≤ a�z� and b�z� ≤ g�z + 1; 0�. For
each z in R1, a�z� < b�z� because a�z� < g�z; 0� < b�z� and so one can pick
a rational number c�z� with a�z� ≤ c�z� ≤ b�z�. For each z′ and z′′ in R1 with
z′ < z′′, b�z′� < a�z′′� because b�z′� < g��z′ + z′′�/2; 0� < a�z′′�. Therefore,
c�z� is strictly increasing. But this means that c�z� is a one-to-one function
from the uncountable set R1 to a subset of the countable set of rationals in
R1, which is a contradiction.

The generalized characteristics, quasisupermodularity and the single cross-
ing property, for a utility function offer several significant advantages. Qua-
sisupermodular functions and functions with the single crossing property are
ordinal conditions, since these conditions are preserved under strictly increas-
ing transformations (part (f) and part (g) of Lemma 2.6.5). These proper-
ties enable generalizations of several key results for supermodular functions
where argmaxx∈X f �x� is a sublattice (Theorem 2.7.2 generalizing Theorem
2.7.1) and where argmaxx∈St f �x; t� is increasing in t (Theorem 2.8.6 and
Theorem 2.8.7 generalizing Theorem 2.8.1 and Theorem 2.8.4, respectively).
They are a basis of necessary conditions for argmaxx∈St f �x; t� to be increasing
in t (Theorem 2.8.13 and Theorem 2.8.14).

Some handy properties of supermodular functions and functions with in-
creasing differences do not generally hold for quasisupermodular functions
and functions satisfying the single crossing property, as the next three ex-
amples demonstrate. As in an example of Shannon [1995], Example 2.6.8
shows that, unlike the result of Corollary 2.6.1 for supermodular functions,
on the direct product of more than two chains the single crossing property
(equivalently, quasisupermodularity) in each pair of variables does not im-
ply quasisupermodularity in all variables. Example 2.6.9 shows that the single
crossing property is not symmetric in the two variables (as increasing differ-
ences is); that is, f �x; t� may have the single crossing property in �x; t� but
not in �t; x�. Example 2.6.10 shows that a function that is the pointwise limit
of a sequence of real-valued quasisupermodular functions (functions satisfy-
ing the single crossing property) need not be quasisupermodular (satisfy the
single crossing property); part (c) of Lemma 2.6.1 notes that the pointwise
limit of supermodular functions is supermodular. The sum of two real-valued
quasisupermodular functions need not be quasisupermodular if either is not
supermodular, and, even stronger, the sum of a real-valued quasisupermodu-
lar function and a linear function need not be quasisupermodular if the former
is not supermodular (Theorem 2.6.5); part (b) of Lemma 2.6.1 notes that the
sum of two supermodular functions is supermodular.
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Example 2.6.8. Let Xi = �0; 1� for i = 1; 2; 3, X = ×3
i=1Xi, f �0; 0; 0� = 3,

f �0; 0; 1� = f �0; 1; 0� = f �1; 0; 0� = 2, f �0; 1; 1� = 4, f �1; 0; 1� = f �1; 1; 0� =
0, and f �1; 1; 1� = 1. It can be seen by inspection that f �x� is quasisupermod-
ular and has the single crossing property in each pair of components of x =
�x1; x2; x3�. However, f �x� is not quasisupermodular in x = �x1; x2; x3� be-
cause f ��1; 0; 0� ∧ �0; 1; 1�� = f �0; 0; 0� = 3 < 4 = f �0; 1; 1� and f �1; 0; 0� =
2 > 1 = f �1; 1; 1� = f ��1; 0; 0� ∨ �0; 1; 1��.
Example 2.6.9. Let X = T = �0; 1� and define f �x; t� on X × T such that
f �0; 0� = 1, f �1; 0� = 4, f �0; 1� = 2, and f �1; 1� = 3. Then f �x; t� satisfies
the single crossing property in �x; t� but not in �t; x�.
Example 2.6.10. Let Xi = �0; 1� for i = 1; 2, X = ×2

i=1Xi, and define fk�x�
on X for k = 1; 2; : : : such that fk�0; 0� = 0, fk�0; 1� = fk�1; 0� = 1, and
fk�1; 1� = 1 + 1/k. Let f �x� = limk→∞ fk�x� for each x in X. Each fk�x� is
quasisupermodular on X, but f �x� is not quasisupermodular on X because
f �0; 0� = 0 < 1 = f �0; 1� and f �1; 0� = 1 6< 1 = f �1; 1�.

Theorem 2.6.5 and Theorem 2.6.6, from Milgrom and Shannon [1994], char-
acterize supermodular functions and functions with increasing differences as
the only real-valued functions on a sublattice of Rn that, respectively, are
quasisupermodular and have the single crossing property after being perturbed
by an arbitrary linear function.

Theorem 2.6.5. If X is a sublattice of Rn and f �x� is a real-valued function on
X, then f �x� + p · x is quasisupermodular in x on X for each p in Rn if and
only if f �x� is supermodular in x on X.

Proof. Suppose that f �x� is supermodular in x on X and p is in Rn. By
Theorem 2.6.4 and part (b) of Lemma 2.6.1, f �x� + p · x is supermodular in
x on X. (See also Example 2.6.3 and part (d) of Example 2.6.2.) By part (b)
of Lemma 2.6.5, f �x� + p · x is quasisupermodular in x on X.

Now suppose that f �x� is not supermodular in x on X, so there exist x′ and
x′′ in X with

f �x′ ∨ x′′� + f �x′ ∧ x′′� < f �x′� + f �x′′�:
Pick p′ in Rn with

f �x′ ∨ x′′� − f �x′′� < p′ · �x′′ − x′ ∨ x′′� = p′ · �x′ ∧ x′′ − x′�
< f �x′� − f �x′ ∧ x′′�:

Then

f �x′ ∧ x′′� + p′ · �x′ ∧ x′′� < f �x′� + p′ · x′
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and

f �x′ ∨ x′′� + p′ · �x′ ∨ x′′� < f �x′′� + p′ · x′′;
and so f �x� + p′ · x is not quasisupermodular in x on X.

Theorem 2.6.6. If T is a chain, S is a sublattice of Rn × T , and f �x; t� is a
real-valued function on S with x in Rn and t in T , then f �x; t� + p · x has the
single crossing property in �x; t� on S for each p in Rn if and only if f �x; t� has
increasing differences in �x; t� on S.

Proof. Sufficiency follows from part (e) of Lemma 2.6.5.
Suppose that f �x; t� does not have increasing differences in �x; t� on S, so

there exist �x′; t ′′� and �x′′; t ′� in S with x′ < x′′, t ′ � t ′′, and

f �x′′; t ′′� − f �x′; t ′′� < f �x′′; t ′� − f �x′; t ′�:
Pick p′ in Rn with

f �x′′; t ′′� − f �x′; t ′′� < p′ · �x′ − x′′� < f �x′′; t ′� − f �x′; t ′�:
Then

f �x′; t ′� + p′ · x′ < f �x′′; t ′� + p′ · x′′

and

f �x′′; t ′′� + p′ · x′′ < f �x′; t ′′� + p′ · x′;
and so f �x; t� + p′ · x does not have the single crossing property in �x; t�
on S.

2.6.4 Log-Supermodularity

If X is a lattice, f �x� is a positive real-valued function on X, and log�f �x��
is supermodular (submodular) on X, then f �x� is log-supermodular (log-
submodular). A positive real-valued function f �x� on a lattice X is log-
supermodular if and only if

f �x′�f �x′′� ≤ f �x′ ∨ x′′�f �x′ ∧ x′′� (2.6.3)

for all x′ and x′′ in X. Milgrom and Roberts [1990a] and Milgrom and Shan-
non [1994] give applications of log-supermodularity and the use of the log
transformation. Because f �x� = exp�log�f �x���, a log-supermodular function
is quasisupermodular by part (b) and part (f) of Lemma 2.6.5. Any positive
real-valued function on a chain is log-supermodular and log-submodular. By
(2.6.3), the product of log-supermodular functions is log-supermodular. A pos-
itive scalar times a log-supermodular function is log-supermodular. The limit
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of a sequence of log-supermodular functions is log-supermodular if it is pos-
itive. Example 2.6.5 shows that the sum of two increasing log-supermodular
functions need not be log-supermodular, and, indeed, a strictly increasing sep-
arable function is not generally log-supermodular. A real-valued function f �x�
on a product set ×ni=1Xi is multiplicatively separable if f �x� = ∏n

i=1 fi�xi� for
all x = �x1; : : : ; xn� with xi in Xi for i = 1; : : : ; n. The Cobb-Douglas func-
tion (see part (e) of Example 2.6.2) is multiplicatively separable. By Theorem
2.6.4, a positive real-valued function on the direct product of a finite collec-
tion of chains is both log-supermodular and log-submodular if and only if it is
multiplicatively separable. Lemma 2.6.6 establishes implications between su-
permodularity (submodularity) and log-supermodularity (log-submodularity).
Example 2.6.11 relates monotonicity of the price elasticity of demand with
log-supermodularity.

Lemma 2.6.6. Suppose that f �x� is a positive real-valued function on a lat-
tice X.
(a) If f �x� is increasing �decreasing� and log-supermodular, then f �x� is super-
modular.
(b) If f �x� is increasing �decreasing� and submodular, then f �x� is log-
submodular.

Proof. Pick any x′ and x′′ in X.
If f �x� is increasing (decreasing) and log-supermodular, then

f �x′�/f �x′ ∧ x′′� − 1 ≤ f �x′ ∨ x′′�/f �x′′� − 1

≤ �f �x′ ∨ x′′�/f �x′′� − 1��f �x′′�/f �x′ ∧ x′′��:
Therefore,

f �x′� + f �x′′� ≤ f �x′ ∨ x′′� + f �x′ ∧ x′′�
and f �x� is supermodular.

If f �x� is increasing (decreasing) and submodular, then

f �x′ ∨ x′′�/f �x′′� − 1 ≤ �f �x′�/f �x′ ∧ x′′� − 1��f �x′ ∧ x′′�/f �x′′��
≤ f �x′�/f �x′ ∧ x′′� − 1:

Therefore,

f �x′ ∨ x′′�f �x′ ∧ x′′� ≤ f �x′�f �x′′�
and f �x� is log-submodular.

Example 2.6.11. Suppose that f �p; t� is the demand function for a product
with price p and parameter t, where f �p; t� is positive and differentiable in p
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and t is contained in some partially ordered set. The price elasticity of demand
is −�∂f �p; t�/∂p�/�f �p; t�/p� = −�p��∂�log f �p; t��/∂p�, which is decreasing
in t if and only if log f �p; t� has increasing differences in �p; t� as Milgrom
and Roberts [1990a] note. Therefore, if the demand function f �p; t� is log-
supermodular in �p; t� then the price elasticity of demand is decreasing in t
by Theorem 2.6.1, and if the price elasticity of demand is decreasing in
t and t is constrained to be in a chain then the demand function f �p; t�
is log-supermodular in �p; t� by Corollary 2.6.1.

2.7 Maximizing a Supermodular Function

This section examines the problem of maximizing a supermodular function
on a lattice. Subsection 2.7.1 develops properties involving sets of maximiz-
ers. Subsection 2.7.2 considers the preservation of supermodularity under the
maximization operation.

2.7.1 Sets of Maximizers

Theorem 2.7.1, from Topkis [1978], shows that the set of points at which a
supermodular function attains its maximum on a lattice is a sublattice. Ore
[1962] gives a general proof of this result in the context of finding a maximal
deficiency in a network. Theorem 2.7.1 is similar in form to the property that
the set of maxima of a concave function on a convex set is a convex set
(Rockafellar [1970]).

Theorem 2.7.1. If f �x� is supermodular on a lattice X, then argmaxx∈X f �x� is
a sublattice of X.

Proof. Pick any x′ and x′′ in argmaxx∈X f �x�. Because f �x� is supermodular
on the lattice X and x′ and x′′ are in argmaxx∈X f �x�,

0 ≤ f �x′′� − f �x′ ∧ x′′� ≤ f �x′ ∨ x′′� − f �x′� ≤ 0

and so x′ ∨ x′′ and x′ ∧ x′′ are in argmaxx∈X f �x�.
In considering subsequent optimization problems, it is useful to have a con-

sistent method of selecting one element from the set of optimal solutions.
One way is to pick that set’s greatest element or least element if these exist.
Corollary 2.7.1 provides conditions for the set of optimal solutions to have a
greatest element and a least element. Part (a) of Theorem 2.8.3 applies this
result to select a particular optimal solution corresponding to each parameter
value in a parameterized collection of optimization problems.
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Corollary 2.7.1. Suppose that f �x� is supermodular on a nonempty lattice X.
(a) If X is finite, then argmaxx∈X f �x� is a nonempty subcomplete sublattice
of X.
(b) If X is a compact sublattice of Rn and f(x) is upper semicontinuous on X,
then argmaxx∈X f �x� is a nonempty compact and subcomplete sublattice of Rn.
Hence, under the conditions of either (a) or (b), argmaxx∈X f �x� has a greatest
element and a least element.

Proof. Suppose that X is finite, so argmaxx∈X f �x� is nonempty. By Theorem
2.7.1, argmaxx∈X f �x� is a sublattice of X. By Lemma 2.2.1, argmaxx∈X f �x�
is subcomplete.

Now suppose that X is a compact sublattice of Rn and f(x) is upper semi-
continuous on X, so argmaxx∈X f �x� is nonempty and compact. By Theorem
2.7.1, argmaxx∈X f �x� is a sublattice of X and so argmaxx∈X f �x� is also a
sublattice of Rn. By Theorem 2.3.1, argmaxx∈X f �x� is subcomplete.

Theorem 2.7.2, from Milgrom and Shannon [1994], extends Theorem 2.7.1
to quasisupermodular functions.

Theorem 2.7.2. If f �x� is a quasisupermodular function from a lattice X into a
chain, then argmaxx∈X f �x� is a sublattice of X.

Proof. Pick any x′ and x′′ in argmaxx∈X f �x�. Because x′ is in argmaxx∈X f �x�,
either f �x′ ∧x′′� ≺ f �x′� or f �x′ ∧x′′� = f �x′�. If f �x′ ∧x′′� ≺ f �x′�, then qua-
sisupermodularity implies that f �x′′� ≺ f �x′ ∨ x′′� which contradicts x′′ being
in argmaxx∈X f �x�. Thus, f �x′� = f �x′ ∧ x′′� and x′ ∧ x′′ is in argmaxx∈X f �x�.
By quasisupermodularity and f �x′� = f �x′ ∧ x′′�, f �x′′� � f �x′ ∨ x′′� and so
x′ ∨ x′′ is in argmaxx∈X f �x�.

Theorem 2.7.3 and Theorem 2.7.4 state converses of Theorem 2.7.1, charac-
terizing supermodular functions in terms of each set of maximizers of certain
perturbations of a function being a sublattice. There is a tradeoff in the gen-
erality of the hypotheses for these two results. The conditions of Theorem
2.7.4 weaken those of Theorem 2.7.3 by only considering maximization over
the entire sublattice domain of the function rather than over each sublattice of
that sublattice domain. However, the conditions of Theorem 2.7.3 are weaker
than those of Theorem 2.7.4, since the former is stated in terms of all lin-
ear perturbations of the function while the latter is in terms of all separable
perturbations. See also Theorem 2.7.9.

Theorem 2.7.3. If f �x� is a real-valued function on a sublattice X of Rn and if
argmaxx∈X ′ �f �x� + t · x� is a sublattice of Rn for each sublattice X ′ of X and
each t in Rn, then f �x� is supermodular on X. Moreover, if f �x� is a real-valued
function on a sublattice X of Rn and f �x� is not supermodular on X, then there
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exist unordered x′ and x′′ in X and t in Rn such that argmaxx∈X ′ �f �x�+ t ·x� =
�x′; x′′� where X ′ = �x′; x′′; x′ ∨ x′′; x′ ∧ x′′�.
Proof. It suffices to prove the second statement of this result, as that implies
the first statement.

Suppose that X is a sublattice of Rn and f �x� is a real-valued function on X.
Also, suppose that f �x� is not supermodular on X, so there exist unordered
x′ and x′′ in X with

f �x′ ∨ x′′� + f �x′ ∧ x′′� < f �x′� + f �x′′�
and therefore

f �x′ ∨ x′′� + t · �x′ ∨ x′′� + f �x′ ∧ x′′� + t · �x′ ∧ x′′�
< f �x′� + t · x′ + f �x′′� + t · x′′

(2.7.1)

for each t in Rn. Because x′ and x′′ are unordered, there exist integers i′

and i′′ with 1 ≤ i′ ≤ n, 1 ≤ i′′ ≤ n, x′i′ < x′′i′ , and x′′i′′ < x′i′′ . Define ε′ =
�f �x′′� − f �x′� + f �x′ ∨ x′′� − f �x′ ∧ x′′��/2�x′i′ − x′′i′ �, ε′′ = �f �x′′� − f �x′� −
f �x′ ∨ x′′� + f �x′ ∧ x′′��/2�x′i′′ − x′′i′′ �, and t ′ = ε′ui′ + ε′′ui′′ . Then

�f �x′� + t ′ · x′� − �f �x′′� + t ′ · x′′�
= f �x′� − f �x′′� + ε′�x′i′ − x′′i′ � + ε′′�x′i′′ − x′′i′′ � = 0

(2.7.2)

and

�f �x′ ∨ x′′� + t ′ · �x′ ∨ x′′�� − �f �x′ ∧ x′′� + t ′ · �x′ ∧ x′′��
= f �x′ ∨ x′′� − f �x′ ∧ x′′� + ε′�x′′i′ − x′i′ � + ε′′�x′i′′ − x′′i′′ � = 0:

(2.7.3)

Let X ′ = �x′; x′′; x′ ∨ x′′; x′ ∧ x′′�. Then (2.7.1), (2.7.2), and (2.7.3) imply that
argmaxx∈X ′ �f �x� + t ′ · x� = �x′; x′′�.
Theorem 2.7.4. If X1; : : : ;Xn are chains, X is a sublattice of ×ni=1Xi, f �x� is a
real-valued function on X, there exists a real number γ such that f �x′′�−f �x′� <
γ/2 for all x′ and x′′ in X, and argmaxx∈X�f �x�+w�x�� is a sublattice of ×ni=1Xi

for each separable function w�x� on X, then f �x� is supermodular on X.

Proof. Suppose that f �x� is not supermodular on X. By Theorem 2.6.3, there
exist unordered x′ and x′′ in X such that

f �x′ ∨ x′′� + f �x′ ∧ x′′� < f �x′� + f �x′′�
and

X ∩ �×ni=1�x′i; x′′i �� = �x′; x′′; x′ ∨ x′′; x′ ∧ x′′�:
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Because x′ and x′′ are unordered, there exist i′ and i′′ with x′i′ ≺ x′′i′ and
x′′i′′ ≺ x′i′′ . Define the separable function w�x� =∑n

i=1wi�xi� on X by

wi�xi� =



−γ if xi ∈ Xi \ �x′i; x′′i �
0 if xi = x′i
�f �x′� − f �x′′�
− f �x′ ∨ x′′� + f �x′ ∧ x′′��/2 if i = i′ and xi = x′′i

�f �x′� − f �x′′�
+ f �x′ ∨ x′′� − f �x′ ∧ x′′��/2 if i = i′′ and xi = x′′i

0 if i 6= i′; i 6= i′′; and xi = x′′i :
If x is in X \ �×ni=1�x′i; x′′i ��, then

f �x� +w�x� ≤ f �x� − γ +max�wi′ �x′′i′ �; 0� +max�wi′′ �x′′i′′ �; 0�
< f �x′� = f �x′� +w�x′�:

Thus,

argmaxx∈X�f �x� +w�x�� ⊆ X ∩ �×ni=1�x′i; x′′i �� = �x′; x′′; x′ ∨ x′′; x′ ∧ x′′�:

Furthermore,

f �x′� +w�x′� = f �x′� = f �x′′� +w�x′′�;
f �x′ ∨ x′′� +w�x′ ∨ x′′� = f �x′ ∧ x′′� +w�x′ ∧ x′′�;

and

f �x′ ∨ x′′� +w�x′ ∨ x′′� = �f �x′� − f �x′′� + f �x′ ∨ x′′� + f �x′ ∧ x′′��/2
< f �x′� = f �x′� +w�x′�:

Consequently,

argmaxx∈X�f �x� +w�x�� = �x′; x′′�;

which is not a sublattice.

Theorem 2.7.5, from Topkis [1978], shows that the set of maxima of a strictly
supermodular function is a chain. This result corresponds to the property that
the set of maxima of a strictly concave function on a convex set consists of at
most one point (Rockafellar [1970]).

Theorem 2.7.5. If f �x� is strictly supermodular on a lattice X, then
argmaxx∈X f �x� is a chain.
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Proof. Pick any x′ and x′′ in argmaxx∈X f �x�. Suppose x′ and x′′ are unordered.
Then because f �x� is strictly supermodular on the lattice X and x′ and x′′ are
in argmaxx∈X f �x�,

0 ≤ f �x′′� − f �x′ ∧ x′′� < f �x′ ∨ x′′� − f �x′� ≤ 0;

which is a contradiction. Thus argmaxx∈X f �x� has no unordered elements,
and so it is a chain.

2.7.2 Preservation of Supermodularity

Theorem 2.7.6, from Topkis [1978], states that supermodularity is preserved
under the maximization operation. Likewise, concavity is preserved under the
maximization operation (Dantzig [1955]). When viewed in the context of the
complementary product interpretation of Section 2.6, Theorem 2.7.6 simply
says that if one optimizes a system of complementary products with respect
to any subset of the products then the remaining products would still be com-
plementary. This interpretation is formalized in Example 2.7.1 and Corollary
2.7.2. One implication of Theorem 2.7.6 is a validation of the use of simplified
models for a system of complementary products in which optimal decisions are
made. Then, qualitative properties of a model incorporating only a strict sub-
set of the products and assuming complementarity for those products would
remain valid for that subset of products in a model including all the comple-
mentary products.

Theorem 2.7.6. If X and T are lattices, S is a sublattice of X × T , f �x; t�
is supermodular in �x; t� on S, St is the section of S at t in T , and g�t� =
supx∈St f �x; t� is finite on the projection 5TS of S on T , then g�t� is supermod-
ular on 5TS.

Proof. Pick any t ′ and t ′′ in 5TS, x′ in St ′ , and x′′ in St ′′ . Because S is a
sublattice of X × T , �x′ ∨ x′′; t ′ ∨ t ′′� = �x′; t ′� ∨ �x′′; t ′′� is in S and �x′ ∧ x′′;
t ′ ∧ t ′′� = �x′; t ′� ∧ �x′′; t ′′� is in S. Thus, by the supermodularity of f �x; t� and
the definition of g�t�,

f �x′; t ′� + f �x′′; t ′′� ≤ f �x′ ∨ x′′; t ′ ∨ t ′′� + f �x′ ∧ x′′; t ′ ∧ t ′′�
≤ g�t ′ ∨ t ′′� + g�t ′ ∧ t ′′�:

(2.7.4)

Now taking the supremum of the left-hand side of (2.7.4) over x′ in St ′ and
x′′ in St ′′ yields the desired result.

Theorem 2.7.7 is similar to Theorem 2.7.6, but considers the preservation
of strict supermodularity.
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Theorem 2.7.7. If X and T are lattices, S is a sublattice of X × T , f �x; t� is
strictly supermodular in �x; t� on S, St is the section of S at t in T , the maximum
of f �x; t� over x in St is attained for each t in the projection 5TS of S on T , and
g�t� = maxx∈St f �x; t� for t in 5TS, then g�t� is strictly supermodular on 5TS.

Proof. Pick any unordered t ′ and t ′′ in 5TS, x′ in St ′ with g�t ′� = f �x′; t ′�,
and x′′ in St ′′ with g�t ′′� = f �x′′; t ′′�. Because S is a sublattice of X × T ,
�x′∨x′′; t ′∨t ′′� = �x′; t ′�∨�x′′; t ′′� is in S and �x′∧x′′; t ′∧t ′′� = �x′; t ′�∧�x′′; t ′′�
is in S. Because t ′ and t ′′ are unordered, �x′; t ′� and �x′′; t ′′� are unordered.
Thus, by the strict supermodularity of f �x; t� and the definition of g�t�,

g�t ′� + g�t ′′� = f �x′; t ′� + f �x′′; t ′′�
< f �x′ ∨ x′′; t ′ ∨ t ′′� + f �x′ ∧ x′′; t ′ ∧ t ′′�
≤ g�t ′ ∨ t ′′� + g�t ′ ∧ t ′′�:

Example 2.7.1, Example 2.7.2, and Example 2.7.3 below, as summarized in
the ensuing corollaries, apply Theorem 2.7.6 to Example 2.1.1, Example 2.1.2,
and Example 2.1.3, respectively. Example 2.7.2 and Corollary 2.7.3 are from
Topkis [1978].

Example 2.7.1. Consider the model of Example 2.1.1, where f �x� is the util-
ity function of an n-vector x of consumption levels, I is any nonempty strict
subset of the products N = �1; : : : ; n�, the consumption levels xN\I are taken
as given, and the consumer is to choose xI to maximize the utility f �xI; xN\I�
over all xI such that x = �xI; xN\I� is in the constraint set X contained in
Rn. Assume that X is a sublattice of Rn, f �x� is supermodular on X, and
f �x� is bounded above on X. By Theorem 2.6.1, the n products are com-
plements. Given I and given xN\I in the projection of X on the coordinates
N \ I, let g�xN\I� = sup�xI x�xI;xN\I�∈X� f �xI; xN\I�. By Theorem 2.7.6, g�xN\I�
is supermodular in xN\I as summarized in Corollary 2.7.2. Then by Theorem
2.6.1, the n−�I� products N \ I remain complements after optimizing over the
values of the �I� products I.

Corollary 2.7.2. If X is a sublattice of Rn, f �x� is supermodular and bounded
above on X, I is a subset of N = �1; : : : ; n� with 1 ≤ �I� ≤ n − 1, and
g�xN\I� = sup�xI x�xI;xN\I�∈X� f �xI; xN\I�, then g�xN\I� is supermodular in xN\I
on the projection of X on the coordinates N \ I.
Example 2.7.2. Consider the model of Example 2.1.2, where f(x) is the real-
valued utility function of an n-vector x of consumption levels, p is the n-vector
of prices for acquiring (or producing) the n products, and a consumer is to



72 C HAPTER 2

choose x to maximize the net value f �x� − p · x over a constraint set X con-
tained in Rn. Assume that X is a sublattice of Rn and f �x� is supermodular
on X. By Theorem 2.6.1, the n products are complements. Make the sub-
stitution t = −p. Then f �x; t� = f �x� + t · x is supermodular in �x; t� on
X × Rn by Example 2.6.3. Assume that f �x; t� is bounded above for each t
in Rn, and let g�t� = supx∈X f �x; t� for t in Rn. By Theorem 2.7.6, g�t� is su-
permodular in t. Therefore, as is summarized in Corollary 2.7.3, the function
h�p� = g�−p� = supx∈X�f �x� − p · x� is supermodular in p. Furthermore,
h�p� is convex in p because it is the supremum of a collection of affine func-
tions (Rockafellar [1970]). Therefore, using Theorem 2.6.1, the increase in
the optimal net value resulting from a decrease in some price pi by a partic-
ular amount (that is, h�p − εui� − h�p� where 0 < ε ≤ pi) is a decreasing
function of the initial value of (each component of) p. This is a natural man-
ifestation of complementarity, as the affordability of other products tends to
reinforce benefits derived from improvements in the affordability of any par-
ticular product.

Corollary 2.7.3. If X is a sublattice of Rn, f �x� is supermodular on X, and
h�p� = supx∈X�f �x�−p·x� is finite for each p in Rn, then h�p� is supermodular
in p.

Example 2.7.3. Consider the model of Example 2.1.3, where f(x) is the real-
valued utility function of an n-vector x of consumption levels for the set of
products N = �1; : : : ; n� potentially available in the market, I is the subset
of the products N actually available in the market, the consumption level of
each product in N \ I must be 0, and a consumer is to choose xI to maximize
the utility f �xI; xN\I� over all xI such that xN\I = 0 and x = �xI; xN\I� is in
a constraint set X contained in Rn. Assume that X is a sublattice of Rn, the
n-vector 0 is in X, x ≥ 0 for each x in X, f �x� is supermodular on X, and
f �x� is bounded above on X. By Theorem 2.6.1, the n products are comple-
ments. Given a subset I of N , let g�I� = sup�xxx=�xI;xN\I�∈X;xN\I=0� f �x�. Note
that ��x; I� x x ∈ X;xN\I = 0; I ∈ 0�N�� is a sublattice of X ×0�N� with the
sublattice X of Rn having the usual ordering relation ≤ and the lattice 0�N�
having the ordering relation ⊆. By Theorem 2.7.6, g�I� is supermodular in I as
summarized in Corollary 2.7.4. Then by Theorem 2.6.1, the n potentially avail-
able products N are complements in the sense that with optimal consumption
decisions the additional utility from having one more product available in the
market is an increasing function of the set of products already available in
the market.
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Corollary 2.7.4. If X is a sublattice of Rn, the n-vector 0 is in X, x ≥ 0 for
each x in X, and f �x� is supermodular and bounded above on X, then g�I� =
sup�xxx=�xI;xN\I�∈X;xN\I=0� f �x� is supermodular in I on the power set 0�N�.

If f �x� is a function on a subset X of a set Z, then a function h�x� on Z
is an extension of f �x� from X to Z if h�x� = f �x� for each x in X. Theo-
rem 2.7.8, from Topkis [1978], gives conditions under which a supermodular
function on a sublattice X of Rn has an extension to a supermodular function
on Rn. A corresponding extension result holds for continuously differentiable
concave functions on Rn. Topkis [1978] gives further conditions under which
a supermodular function has a supermodular extension.

Theorem 2.7.8. If X is a nonempty sublattice of Rn, f �x� is supermodular on X,
and either X is finite or X is compact and f �x� is continuously differentiable on
a compact convex set containing X, then there exists a supermodular extension
of f �x� to Rn.

Proof. By the above hypotheses and using Taylor’s Theorem for the case where
X is not finite, there exists γ > 0 such that

f �x� − γ∑n
i=1 �xi − zi� ≤ f �z� (2.7.5)

for each x and z in X. Define g�x; z� = f �x� − γ∑n
i=1 �xi − zi� for �x; z�

in X × Rn. Define h�z� = maxx∈X g�x; z� for z in Rn. Note that h�z� exists
because either X is finite or X is compact and g�x; z� is continuous in x on X
for each z in Rn. Furthermore, h�z� is supermodular on Rn by Theorem 2.7.6
because, using part (g) of Example 2.6.2 and part (a) and part (b) of Lemma
2.6.1, g�x; z� is supermodular on X ×Rn. For x and z in X, g�x; z� ≤ f �z� =
g�z; z� by (2.7.5) and so h�z� = f �z�. Thus h�x� is a supermodular extension
of f �x� from X to Rn.

Example 2.7.4 applies Theorem 2.7.8 to establish an extension of a super-
modular function on the edges of an acyclic network to a supermodular func-
tion on the edges of the complete network. (See Subsection 3.5.1.)

Example 2.7.4. Consider an acyclic network with the set of nodes �1; : : : ; n�
and the set of directed edges T = ��i′; i′′� x 1 ≤ i′ < i′′ ≤ n; i′ and i′′ integer�.
The set T is a sublattice of R2 as in part (d) of Example 2.2.7. By The-
orem 2.7.8, there exists an extension of any supermodular function on T

to a supermodular function on the edges ��i′; i′′� x 1 ≤ i′ ≤ n; 1 ≤ i′′ ≤
n; i′ and i′′ integer� of the full network with a directed edge joining any or-
dered pair of nodes.

Theorem 2.7.9 gives a converse of Theorem 2.7.1, showing that, with a few
regularity conditions, any sublattice of Rn can be represented as the set of
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unconstrained maxima of a supermodular function on Rn. See Theorem 3.7.7
for a version of this result for finite lattices.

Theorem 2.7.9. If X is a nonempty compact sublattice of Rn, then there exists a
supermodular function f �x� on Rn such that X = argmaxx∈Rn f �x�.
Proof. For x in Rn and z in Rn, define g�x; z� = −∑n

i=1 �xi − zi�. Because
g�x; z� is continuous and X is nonempty and compact, the maximum of g�x; z�
over z in X is attained for each x in Rn. Let f �x� = maxz∈X g�x; z� for x in
Rn. By Corollary 2.6.1, g�x; z� is supermodular in �x; z� on R2n as in part
(g) of Example 2.6.2. Therefore, f �x� is supermodular on Rn by Theorem
2.7.6. If x is in X, then f �x� = g�x; x� = 0. If x is in Rn but not in X, then
f �x� = g�x; z� < 0 for some z in X. Therefore, argmaxx∈Rn f �x� = X.

2.8 Increasing Optimal Solutions

This section explores necessary and sufficient conditions for a parameterized
collection of optimization problems as in (2.1.1) to have increasing optimal
solutions. Increasing optimal solutions correspond to the notion of comple-
mentarity between a decision variable x and a parameter t, where a higher
level of t results in higher optimal levels for x. (This notion of complementar-
ity is not entirely equivalent to that defined in Subsection 2.6.1. Connections
between these and other notions of complementarity are elucidated in the
present section and in Section 2.9.) Subsection 2.8.1 gives sufficient condi-
tions. Subsection 2.8.2 gives necessary conditions.

2.8.1 Sufficient Conditions

Consider the collection of parameterized optimization problems (2.1.1), max-
imize f �x; t� subject to x being in a subset St of X, where both the constraint
set St and the objective function f �x; t� depend on the parameter t for t in a
set T . Here, X and T are partially ordered sets and argmaxx∈St f �x; t� is the
set of optimal solutions for (2.1.1) given t in T . This subsection gives suffi-
cient conditions for increasing optimal solutions (that is, for argmaxx∈St f �x; t�
to be increasing in t on T where 0�X� \ �∅� has the induced set ordering v)
and for there to exist increasing optimal selections (that is, selections of an
element from each nonempty argmaxx∈St f �x; t� so that the element is increas-
ing in t on �t x t ∈ T; argmaxx∈St f �x; t� is nonempty�). Sufficient conditions
may typically be stated only for increasing optimal solutions (as with Lemma
2.8.1, Theorem 2.8.1, and Theorem 2.8.2) because Theorem 2.4.3 and Theo-
rem 2.4.4 provide standard regularity conditions under which having increasing
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optimal solutions for a parameterized collection of optimization problems di-
rectly implies the existence of increasing optimal selections (as in Theorem
2.8.3).

The sufficient conditions of this subsection are composed of three groups.
First, there are sufficient conditions for increasing optimal solutions (Lemma
2.8.1, Theorem 2.8.1, Theorem 2.8.2) and increasing optimal selections (The-
orem 2.8.3, Theorem 2.8.4, Theorem 2.8.5) based on supermodularity and in-
creasing differences. Next, there are applications of these sufficient conditions
(Example 2.8.1, Example 2.8.2, Corollary 2.8.1, Example 2.8.3, Corollary 2.8.2,
Example 2.8.4, Corollary 2.8.3) to the LeChatelier principle and to examples
involving systems of complementary products with parameters being, respec-
tively, the consumption levels of some particular subset of the products, the
vector of prices of the products, and the subset of the products available to
consumers in the market. Finally, there are sufficient conditions for increasing
optimal solutions (Theorem 2.8.6) and increasing optimal selections (Theo-
rem 2.8.7) based on the ordinal conditions of quasisupermodularity and the
single crossing property.

Lemma 2.8.1, from Topkis [1978], offers a general statement of sufficient
conditions for increasing optimal solutions, but these conditions are not in
the most convenient form. See comments in the paragraph preceding Theo-
rem 2.8.2. (In Lemma 2.8.1, the assumption that St is increasing in t implies
that each St is a nonempty sublattice as discussed in Section 2.4. The im-
plicit assumption that each St is a sublattice is only used because the conclu-
sion that argmaxx∈St f �x; t� is increasing in t requires that argmaxx∈St f �x; t� v
argmaxx∈St f �x; t� for each t and hence argmaxx∈St f �x; t� must be a sublattice
for each t.)

Lemma 2.8.1. If X is a lattice, T is a partially ordered set, St is a subset of X
for each t in T , St is increasing in t on T , and

f �x′; t ′� + f �x′′; t ′′� ≤ f �x′ ∧ x′′; t ′� + f �x′ ∨ x′′; t ′′� (2.8.1)

for all t ′ and t ′′ in T with t ′ � t ′′, x′ in St ′ , and x′′ in St ′′ , then argmaxx∈St f �x; t�
is increasing in t on �t x t ∈ T; argmaxx∈St f �x; t� is nonempty�.
Proof. By (2.8.1) and Theorem 2.7.1, argmaxx∈St f �x; t� is a sublattice of X
for each t in T . Pick t ′ and t ′′ in �t x t ∈ T; argmaxx∈St f �x; t� is nonempty�
with t ′ � t ′′. Then pick x′ in argmaxx∈St′ f �x; t ′� and x′′ in argmaxx∈St′′ f �x; t ′′�.
Because St ′ v St ′′ , x′ ∧x′′ is in St ′ and x′ ∨x′′ is in St ′′ . Then by (2.8.1) and the
optimality of x′ and x′′ for t ′ and t ′′, respectively,

0 ≤ f �x′; t ′� − f �x′ ∧ x′′; t ′� ≤ f �x′ ∨ x′′; t ′′� − f �x′′; t ′′� ≤ 0: (2.8.2)



76 C HAPTER 2

Thus equality holds throughout in (2.8.2), and so x′∧x′′ is in argmaxx∈St′ f �x; t ′�
and x′ ∨ x′′ is in argmaxx∈St′′ f �x; t ′′�.

Theorem 2.8.1, from Topkis [1978], is a direct consequence of Lemma 2.8.1
and is more convenient to use. This result gives sufficient conditions, in terms
of supermodularity and increasing differences, for a parameterized collection
of optimization problems to have increasing optimal solutions.

Theorem 2.8.1. If X is a lattice, T is a partially ordered set, St is a subset
of X for each t in T , St is increasing in t on T , f �x; t� is supermodu-
lar in x on X for each t in T , and f �x; t� has increasing differences in
�x; t� on X × T , then argmaxx∈St f �x; t� is increasing in t on �t x t ∈ T;
argmaxx∈St f �x; t� is nonempty�.
Proof. By Lemma 2.8.1, it suffices to show that (2.8.1) holds. Pick t ′ and t ′′ in
T with t ′ � t ′′, x′ in St ′ , and x′′ in St ′′ . Then because f �x; t� is supermodular
in x and has increasing differences in �x; t�,

f �x′; t ′� − f �x′ ∧ x′′; t ′� ≤ f �x′ ∨ x′′; t ′� − f �x′′; t ′�
≤ f �x′ ∨ x′′; t ′′� − f �x′′; t ′′�

verifying that (2.8.1) holds.

When X is a product set in Rn and T is a product set in Rm, the condi-
tions of Theorem 2.8.1 hold by Theorem 2.6.1 and Corollary 2.6.1 if and only
if each pair of components of the decision variable x are complements and
each component of the decision variable x is complementary with each com-
ponent of the parameter t. The components of the parameter t need not be
complements. (The conditions on the components of the decision variable are
stronger than the conditions on the components of the parameter. Thus, if the
conditions of Theorem 2.8.1 hold for a particular collection of parameterized
optimization problems and if the structure of these optimization problems is
altered transferring some component of the decision variable into a new com-
ponent of the parameter, then the conditions of Theorem 2.8.1 would hold
for the newly altered collection of parameterized optimization problems.)

By part (a) of Theorem 2.4.5, the assumption in Lemma 2.8.1 and in The-
orem 2.8.1 that St is increasing in t on T holds if T as well as X is a lat-
tice, S is a sublattice of X × T , St = �x x �x; t� ∈ S� is the section of S at
t in T , and T is the projection of S onto T . (When T is a chain, part (b)
of Theorem 2.4.5 further implies that the latter conditions are equivalent to
St increasing in t.) Furthermore, assumption (2.8.1) in Lemma 2.8.1 holds if
��x; t� x x ∈ St; t ∈ T� is a sublattice of X × T and f �x; t� is supermodular
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in �x; t� on ��x; t� x x ∈ St; t ∈ T�. These observations immediately lead to
Theorem 2.8.2, from Topkis [1978], as a consequence of Lemma 2.8.1. The-
orem 2.8.2 and Lemma 2.8.1 are equivalent if T is a chain. Theorem 2.8.2
provides succinct and convenient sufficient conditions for increasing optimal
solutions. However, the hypotheses of Theorem 2.8.2 include the superflu-
ous conditions that the set of parameters �t x x ∈ St; t ∈ T� is a sublattice
of T for each x in X and that f �x; t� is supermodular in the parameter t on
�t x x ∈ St; t ∈ T� for each x in X. (See also Example 2.4.3.) On the other
hand, the sufficient conditions of Theorem 2.8.1, unlike those of Lemma 2.8.1
and Theorem 2.8.2, may require that f �x; t� have certain properties of a set
larger than S = ��x; t� x t ∈ T; x ∈ St�.
Theorem 2.8.2. IfX and T are lattices, S is a sublattice ofX×T , St is the section
of S at t in T , and f �x; t� is supermodular in �x; t� on S, then argmaxx∈St f �x; t�
is increasing in t on �t x t ∈ T; argmaxx∈St f �x; t� is nonempty�.

Suppose that X is a subset of Rn, T is a subset of Rm, and f �x; t� is twice
differentiable on a convex product set S that contains X × T in Rn+m. Then
the conditions on f �x; t� in Theorem 2.8.1 with St being the section of S at t
in T hold by Corollary 2.6.1 if, for each �x; t� in S, ∂2f �x; t�/∂xi′∂xi′′ ≥ 0 for
all i′ 6= i′′ and ∂2f �x; t�/∂xi∂tj ≥ 0 for all i and j. The conditions on f �x; t� in
Theorem 2.8.2 would hold by Corollary 2.6.1 if, in addition to the conditions
for Theorem 2.8.1, ∂2f �x; t�/∂tj′∂tj′′ ≥ 0 for all j′ 6= j′′ and each �x; t� in S.

Theorem 2.8.3 uses the sufficient conditions given above for increasing op-
timal solutions to state corresponding sufficient conditions for the existence of
increasing optimal selections. Part (a), from Topkis [1978], is a consequence
of Corollary 2.7.1, Theorem 2.4.3, Theorem 2.8.1, and Theorem 2.8.2. Part (b)
is a consequence of Theorem 2.4.4, Theorem 2.8.1, and Theorem 2.8.2. Part
(a) imposes stronger regularity conditions than part (b) on the objective func-
tion and on the constraint sets, while part (b) has the added requirement that
either the set of decision variables or the parameter set be finite.

Theorem 2.8.3. Suppose that the hypotheses of either Theorem 2:8:1 or Theorem
2:8:2 hold and each St is nonempty.
(a) If either each St is finite or each St is a compact subset of Rn and f �x; t� is
upper semicontinuous in x on St for each t in T , then each argmaxx∈St f �x; t��being either finite or a compact subset of Rn� is a nonempty sublattice of X
with a greatest element and a least element and the greatest �least� element of
argmaxx∈St f �x; t� is increasing in t on T .
(b) If either X or T is finite and x′t is in argmaxx∈St f �x; t� for each t in T , then
sup�x′τ x τ ∈ T; τ � t� �inf�x′τ x τ ∈ T; t � τ�� is an increasing optimal selection
from argmaxx∈St f �x; t�.
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Example 2.8.1 is a version of the LeChatelier principle from Milgrom and
Roberts [1996], who give a more general statement based on the ordinal con-
ditions of Theorem 2.8.6.

Example 2.8.1. A firm has two decision variables, x chosen from a nonempty
compact sublattice X of Rn and z chosen from a nonempty compact sublattice
Z of Rm. The firm has a real-valued profit function f �x; z; t�, which depends
on the decision variables x and z as well as on a parameter t from a chain T .
Assume that f �x; z; t� is upper semicontinuous in �x; z� on X × Z for each
t in T and is supermodular in �x; z; t� on X × Z × T . The firm optimizes
the decision variables x and z over X and Z, respectively, given any param-
eter t in T . However, when the parameter t changes, the firm can change
x in the short run but can only change z in the long run. The firm always
selects the greatest (least) optimal short run and long run decisions (which
exist by Corollary 2.7.1). Suppose that the firm has adjusted (in the long run)
to a parameter t ′ with decision variables �x′; z′�, where �x′; z′� is the great-
est element of argmaxx∈X;z∈Z f �x; z; t ′� and so x′ is the greatest element of
argmaxx∈X f �x; z′; t ′�. Consider a change in the parameter from t ′ to t ′′, where
t ′ ≺ t ′′. The firm’s optimal short run decision is �x′′; z′�, where x′′ is the great-
est element of argmaxx∈X f �x; z′; t ′′�. The firm’s optimal long run decision is
�x′′′; z′′�, where �x′′′; z′′� is the greatest element of argmaxx∈X;z∈Z f �x; z; t ′′�
and so x′′′ is the greatest element of argmaxx∈X f �x; z′′; t ′′�. Because �x′; z′�
is the greatest element of argmaxx∈X;z∈Z f �x; z; t ′�, �x′′′; z′′� is the great-
est element of argmaxx∈X;z∈Z f �x; z; t ′′�, and t ′ ≺ t ′′, part (a) of Theorem
2.8.3 implies that �x′; z′� ≤ �x′′′; z′′�. Because x′ is the greatest element of
argmaxx∈X f �x; z′; t ′�, x′′ is the greatest element of argmaxx∈X f �x; z′; t ′′�, x′′′
is the greatest element of argmaxx∈X f �x; z′′; t ′′�, z′ ≤ z′′, and t ′ ≺ t ′′, part
(a) of Theorem 2.8.3 implies that x′ ≤ x′′ ≤ x′′′. Thus, as the parameter t in-
creases, the decision variable x increases in the short run and increases again
in the long run.

Theorem 2.8.4, from Topkis [1978], shows that if the hypothesis of increasing
differences in Theorem 2.8.1 is strengthened to strictly increasing differences,
then there is a stronger ordering relation than v on the sets argmaxx∈St f �x; t�.
(With this stronger ordering relation, two subsets X ′ and X ′′ of some partially
ordered set would be ordered with X ′′ greater than X ′ if x′ � x′′ for all x′

in X ′ and x′′ in X ′′. This binary relation, implicit in the second sentence of
Theorem 2.8.4, is antisymmetric and transitive on 0�X� \ �∅� for any partially
ordered set X; however, it is only reflexive on those subsets of X having no
more that one element.) Here, constructing an increasing optimal selection
need not involve selecting particular elements from each argmaxx∈St f �x; t�
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because any selection from argmaxx∈St f �x; t� is increasing. Contrast this with
part (a) of Theorem 2.8.3, where the greatest element or the least element
from each of these sets is the increasing optimal selection, and with part (b)
of Theorem 2.8.3, where a certain transformation must be performed on some
optimal selection to generate an increasing optimal selection.

Theorem 2.8.4. Suppose that X is a lattice, T is a partially ordered set, St is a
subset of X for each t in T , St is increasing in t on T , f �x; t� is supermodular
in x on X for each t in T , and f �x; t� has strictly increasing differences in
�x; t� on X × T . If t ′ and t ′′ are in T , t ′ ≺ t ′′, x′ is in argmaxx∈St′ f �x; t ′�,
and x′′ is in argmaxx∈St′′ f �x; t ′′�, then x′ � x′′. Hence, if one picks any xt in
argmaxx∈St f �x; t� for each t in T with argmaxx∈St f �x; t� nonempty, then xt is
increasing in t on �t x t ∈ T; argmaxx∈St f �x; t� is nonempty�.
Proof. Pick t ′ and t ′′ in T with t ′ ≺ t ′′, x′ in argmaxx∈St′ f �x; t ′�, and x′′ in
argmaxx∈St′′ f �x; t ′′�. Because St ′ v St ′′ , x′ ∧ x′′ is in St ′ and x′ ∨ x′′ is in St ′′ .
Suppose it is not true that x′ � x′′. Then x′′ ≺ x′ ∨x′′ and so using the hypothe-
ses that f �x; t� is supermodular in x and has strictly increasing differences in
�x; t�,

0 ≤ f �x′; t ′� − f �x′ ∧ x′′; t ′� ≤ f �x′ ∨ x′′; t ′� − f �x′′; t ′�
< f �x′ ∨ x′′; t ′′� − f �x′′; t ′′� ≤ 0;

which is a contradiction.

Theorem 2.8.5, from Amir [1996], strengthens the hypotheses of Theorem
2.8.4 to give conditions for optimal selections to be strictly increasing. Edlin
and Shannon [1996] establish conditions for optimal selections to be strictly
increasing where the objective function satisfies ordinal hypotheses rather than
the present cardinal hypotheses.

Theorem 2.8.5. Suppose that X is a convex sublattice of Rn, T is a partially
ordered set, St is a subset of X for each t in T , St is increasing in t on T , f �x; t�
is a real-valued function on X × T that is differentiable and supermodular in x
on X for each t in T , and ∂f �x; t�/∂xi is strictly increasing in t for all �x; t� in
X×T and i = 1; : : : ; n. If t ′ and t ′′ are in T , t ′ ≺ t ′′, x′ is in argmaxx∈St′ f �x; t ′�,
x′′ is in argmaxx∈St′′ f �x; t ′′�, and i is such that there exists ε′ > 0 with x′ + εui
in St ′ (x′′ + εui in St ′′) for each real ε with �ε� ≤ ε′, then x′ ≺ x′′ and x′i ≺ x′′i .

Proof. By hypotheses, f �x; t� has strictly increasing differences in �x; t� on
X × T . Let t ′, t ′′, x′, x′′, i, and ε′ be as in the statement of this result. By
Theorem 2.8.4, x′ � x′′ and so it suffices to show that x′i ≺ x′′i . Suppose that
x′i = x′′i . Because x′ + εui is in St ′ for each real ε with 0 ≤ ε ≤ ε′, St ′ v St ′′



80 C HAPTER 2

implies that �x′ + εui� ∨ x′′ = x′′ + εui is in St ′′ for each real ε with 0 ≤ ε ≤ ε′.
By hypotheses,

0 = ∂f �x′; t ′�/∂xi ≤ ∂f �x′′; t ′�/∂xi < ∂f �x′′; t ′′�/∂xi:
But this contradicts x′′ in argmaxx∈St′′ f �x; t ′′�, so x′i ≺ x′′i .

The proof for the case in parentheses is similar.

Example 2.8.2, Example 2.8.3, and Example 2.8.4 present cases of Exam-
ple 2.1.1, Example 2.1.2, and Example 2.1.3, respectively, where applications
of the above sufficient conditions for increasing optimal solutions and increas-
ing optimal selections yield natural manifestations of complementarity. For-
mal versions of these results are given in Corollary 2.8.1, Corollary 2.8.2, and
Corollary 2.8.3.

Example 2.8.2 and Corollary 2.8.1 show that with a system of complementary
products if the consumption levels of any subset of the products are treated
as a parameter and held fixed then the optimal consumption levels of all the
other products are increasing with the parametric consumption levels of the
former subset of the products. This provides a natural interpretation of The-
orem 2.8.1 and Theorem 2.8.2 in terms of complementarity. According to the
definition of complementarity based on increasing differences, the marginal
value of each product increases with the consumption level of each other
product. By Theorem 2.8.1 and Theorem 2.8.2, optimal consumption levels
of any subset of a system of complementary products increase with the con-
sumption levels of the other products. In both cases (increasing differences
and increasing optimal solutions), greater consumption of any subset of prod-
ucts is more desirable for higher consumption levels of the other products.
The following shows that the former (increasing differences) implies the lat-
ter notion (increasing optimal solutions) of increased desirability.

Example 2.8.2. Consider the model of Example 2.1.1, where f �x� is the
real-valued utility function of an n-vector x of consumption levels, I is any
nonempty strict subset of the products N = �1; : : : ; n�, the consumption lev-
els xN\I of the products N \ I are taken as given, and a consumer is to choose
the consumption levels xI of the products I to maximize the utility f �xI; xN\I�
over all xI such that x = �xI; xN\I� is in a constraint set X contained in Rn.
If X is a sublattice of Rn and f �x� is supermodular on X, then Theorem
2.8.2 implies that there are increasing optimal solutions xI as a function of
xN\I . If, in addition, X is nonempty and compact and f �x� is upper semi-
continuous, then part (a) of Theorem 2.8.3 implies that there are increasing
optimal selections xI as a function of xN\I . This is summarized in Corollary
2.8.1. Therefore, for a system with n complementary products, the optimal
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consumption levels of any k products given fixed consumption levels of the
other n−k products are increasing as a function of the consumption levels of
the latter n− k products.

Corollary 2.8.1. If X is a sublattice of Rn, f �x� is supermodular on X, and I is
a subset of N = �1; : : : ; n� with 1 ≤ �I� ≤ n−1, then argmax�xI x�xI;xN\I�∈X� f �xI;
xN\I� is increasing in xN\I for xN\I such that argmax�xI x�xI;xN\I�∈X� f �xI; xN\I�
is nonempty. If, in addition, X is nonempty and compact and f �x� is upper
semicontinuous on X, then each argmax�xI x�xI;xN\I�∈X� f �xI; xN\I� for xN\I in
the projection of X onto the coordinates N \ I has a greatest element and a least
element and the greatest (least) element of argmax�xI x�xI;xN\I�∈X� f �xI; xN\I� is
increasing in xN\I on the projection of X onto the coordinates N \ I.

Example 2.8.3 and Corollary 2.8.2, from Topkis [1978], show that with a sys-
tem of complementary products and linear acquisition costs for the products
the optimal consumption levels of all products decrease with an increase in
the acquisition price of any product. This monotonicity property with para-
metric prices is sometimes taken as a definition of complementary products.
(See Theorem 2.8.8 for a converse statement.)

Example 2.8.3. Consider the model of Example 2.1.2 involving the determi-
nation of optimal consumption levels with a price parameter, where f �x� is
the real-valued utility function of an n-vector x of consumption levels, p is the
n-vector of prices for the n products, and a consumer is to choose x to max-
imize the net value f �x� − p · x over a constraint set X contained in Rn. If
X is a sublattice of Rn and f �x� is supermodular on X, then Theorem 2.8.2
and Example 2.6.3 imply that there are decreasing optimal solutions for the
consumption levels x as a function of the price vector p. If, in addition, X
is nonempty and compact and f �x� is upper semicontinuous, then part (a) of
Theorem 2.8.3 and Example 2.6.3 imply that there are decreasing optimal se-
lections for the consumption levels x as a function of the price vector p. This
is summarized in Corollary 2.8.2.

Corollary 2.8.2. If X is a sublattice of Rn and f �x� is supermodular on X,
then argmaxx∈X�f �x� − p · x� is decreasing in p for those p in Rn with
argmaxx∈X�f �x� −p · x� nonempty. If, in addition, X is nonempty and compact
and f �x� is upper semicontinuous on X, then each argmaxx∈X�f �x� − p · x�
has a greatest element and a least element and the greatest �least� element of
argmaxx∈X�f �x� − p · x� is decreasing in p on Rn.

Example 2.8.4 and Corollary 2.8.3 show that when products are complemen-
tary and only some subset of potentially available products is actually available
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in the market, the optimal consumption levels of all products increase with the
set of available products. That is, when any new product is introduced into the
market, the consumption of all other existing products increases.

Example 2.8.4. Consider the model of Example 2.1.3, where f �x� is the real-
valued utility function of an n-vector x of consumption levels, I is a subset of
the products N = �1; : : : ; n�, the consumption level of each product in N \ I
must be 0, and a consumer is to choose xI to maximize the utility f �x� over
all xI such that x = �xI; xN\I� is in a constraint set X contained in Rn and
xN\I = 0. If X is a sublattice of Rn, the n-vector 0 is in X, x ≥ 0 for each x
in X, and f �x� is supermodular on X, then Theorem 2.8.2 implies that there
are increasing optimal solutions for the consumption levels x as a function of
the set I of products available in the market. If, in addition, X is compact
and f �x� is upper semicontinuous, then part (a) of Theorem 2.8.3 implies
that there are increasing optimal selections for the consumption levels x as a
function of the set I of available products. This is summarized in Corollary
2.8.3.

Corollary 2.8.3. If X is a sublattice of Rn, the n-vector 0 is in X, x ≥ 0
for each x in X, N = �1; : : : ; n�, and f �x� is supermodular on X, then
argmax�xxx∈X;xN\I=0� f �x� is increasing in I for those subsets I of N with
argmax�xxx∈X;xN\I=0� f �x� nonempty. If, in addition, X is compact and f �x�
is upper semicontinuous on X, then each argmax�xxx∈X;xN\I=0� f �x� has
a greatest element and a least element and the greatest (least) element of
argmax�xxx∈X;xN\I=0� f �x� is increasing in I on 0�N�.

Taking a strictly increasing transformation of the objective function for op-
timization problems preserves sets of optimal solutions but does not preserve
cardinal properties like supermodularity and increasing differences. (See Ex-
ample 2.6.5.) Hence, the sufficient conditions based on supermodularity and
increasing differences for increasing optimal solutions as in Theorem 2.8.1
are not necessary conditions in general. Theorem 2.8.6, from Milgrom and
Shannon [1994], uses quasisupermodularity and the single crossing property
to generalize the sufficient conditions of Theorem 2.8.1 for increasing optimal
solutions. Just as Theorem 2.8.3 takes the conclusion of Theorem 2.8.1 from
increasing optimal solutions to increasing optimal selections, one could use
Theorem 2.4.3 or Theorem 2.4.4 to state a version of Theorem 2.8.6 giving
sufficient conditions for increasing optimal selections.

Theorem 2.8.6. If X is a lattice, T is a partially ordered set, St is a subset of
X for each t in T , St is increasing in t on T , f �x; t� is quasisupermodular
in x on X for each t in T , and f �x; t� satisfies the single crossing property
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in �x; t� on X × T , then argmaxx∈St f �x; t� is increasing in t on �t x t ∈ T;
argmaxx∈St f �x; t� is nonempty�.
Proof. Pick t ′ and t ′′ in T with t ′ � t ′′, x′ in argmaxx∈St′ f �x; t ′�, and x′′

in argmaxx∈St′′ f �x; t ′′�. Because St ′ v St ′′ , x′ ∧ x′′ is in St ′ and x′ ∨ x′′ is
in St ′′ . Therefore, f �x′ ∧x′′; t ′� � f �x′; t ′� and f �x′ ∨x′′; t ′′� � f �x′′; t ′′�. Then
f �x′′; t ′� � f �x′ ∨x′′; t ′� by quasisupermodularity and so f �x′′; t ′′� � f �x′ ∨x′′;
t ′′� by the single crossing property. Thus, x′ ∨ x′′ is in argmaxx∈St′′ f �x; t ′′�. If
f �x′ ∧ x′′; t ′� ≺ f �x′; t ′�, then f �x′′; t ′� ≺ f �x′ ∨ x′′; t ′� by quasisupermodular-
ity and so f �x′′; t ′′� ≺ f �x′ ∨ x′′; t ′′� by the single crossing property. But this
contradicts x′′ in argmaxx∈St′′ f �x; t ′′�. Therefore, f �x′ ∧ x′′; t ′� = f �x′; t ′� and
x′ ∧ x′′ is in argmaxx∈St′ f �x; t ′�.

Theorem 2.8.7, from Milgrom and Shannon [1994], gives an ordinal gener-
alization of the result of Theorem 2.8.4.

Theorem 2.8.7. Suppose that X is a lattice, T is a partially ordered set, St is a
subset of X for each t in T , St is increasing in t on T , f �x; t� is quasisupermodu-
lar in x on X for each t in T , and f �x; t� satisfies the strict single crossing property
in �x; t� on X × T . If t ′ and t ′′ are in T , t ′ ≺ t ′′, x′ is in argmaxx∈St′ f �x; t ′�,
and x′′ is in argmaxx∈St′′ f �x; t ′′�, then x′ � x′′. Hence, if one picks any xt in
argmaxx∈St f �x; t� for each t in T with argmaxx∈St f �x; t� nonempty, then xt is
increasing in t on �t x t ∈ T; argmaxx∈St f �x; t� is nonempty�.
Proof. Pick t ′ and t ′′ in T with t ′ ≺ t ′′, x′ in argmaxx∈St′ f �x; t ′�, and x′′ in
argmaxx∈St′′ f �x; t ′′�. Because St ′ v St ′′ , x′ ∧ x′′ is in St ′ and x′ ∨ x′′ is in St ′′ .
Therefore, f �x′ ∧ x′′; t ′� � f �x′; t ′� and f �x′ ∨ x′′; t ′′� � f �x′′; t ′′�. Suppose
it is not true that x′ � x′′, so x′′ ≺ x′ ∨ x′′. Then f �x′′; t ′� � f �x′ ∨ x′′; t ′�
by quasisupermodularity, and so f �x′′; t ′′� ≺ f �x′ ∨ x′′; t ′′� by the strict single
crossing property. But this contradicts x′′ in argmaxx∈St′′ f �x; t ′′�. Therefore,
x′ � x′′.

2.8.2 Necessary Conditions

The necessary conditions in this subsection consist of four types of results.
Three are somewhat different forms of necessary conditions implying the
cardinal properties of supermodularity and increasing differences for the ob-
jective function. The first involves increasing optimal selections with respect to
a vector of prices assigned to the components of the decision variable where
a corresponding price term is included with the objective function (Theorem
2.8.8). The second shows that any increasing collection of sets is identi-
cal with the sets of optimal solutions for some parameterized collection of
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maximization problems with a supermodular objective function (Theorem
2.8.9). The third involves increasing optimal selections for every collection
of parameterized optimization problems where the objective function is the
original objective function under consideration perturbed by an arbitrary lin-
ear or separable function (Theorem 2.8.10, Theorem 2.8.11, Theorem 2.8.12).
The cardinal conditions of supermodularity and increasing differences are
not necessary for increasing optimal solutions in a particular maximization
problem because a strictly increasing transformation of the objective func-
tion preserves sets of optimal solutions but does not generally preserve the
cardinal conditions. Necessary conditions for increasing optimal solutions in
a particular parameterized collection of maximization problems involve the
ordinal properties of quasisupermodularity and the single crossing property
(Theorem 2.8.13, Theorem 2.8.14).

Theorem 2.8.8 states a converse of Corollary 2.8.2. For the utility function
of a consumer choosing the consumption levels of n products, this result to-
gether with Corollary 2.8.2 characterizes supermodularity in terms of whether
optimal consumption levels for all products are decreasing with the prices of
all the products. Theorem 2.8.8 is stated in terms of the existence of an in-
creasing optimal selection, which is weaker that having the sets of maximizers
argmaxx∈X ′ �f �x� − p · x� be decreasing in price p.

Theorem 2.8.8. If f �x� is a real-valued function on a sublattice X of Rn and if
for each sublattice X ′ of X there exists an increasing selection with respect to t
from argmaxx∈X ′ �f �x�+ t ·x� for any two distinct t in T with argmaxx∈X ′ �f �x�+
t · x� nonempty, then f �x� is supermodular on X.

Proof. Suppose that X is a sublattice of Rn and f �x� is a real-valued
function on X. Also, suppose that f �x� is not supermodular on X, so, by
Theorem 2.7.3, there exist unordered x′ and x′′ in X and t in Rn such
that argmaxx∈X ′ �f �x� + t · x� = �x′; x′′� where X ′ = �x′; x′′; x′ ∨ x′′; x′ ∧ x′′�.
Because x′ and x′′ are unordered, there exists an integer i′ with 1 ≤ i′ ≤ n
and x′i′ < x

′′
i′ . Pick any δ > 0 and let t ′ = t − δui′ and t ′′ = t + δui′ .

Because argmaxx∈X ′ �f �x� + t · x� = �x′; x′′�, x′i′ < x′′i′ , and δ > 0, it follows
that

0 < δ�x′′i′ − x′i′ � = �f �x′� + t · x′ − δx′i′ � − �f �x′′� + t · x′′ − δx′′i′ �
= �f �x′� + t ′ · x′� − �f �x′′� + t ′ · x′′�;

0 < δ�x′′i′ − x′i′ � < �f �x′� + t · x′ − δx′i′ � − �f �x′ ∨ x′′� + t · �x′ ∨ x′′� − δx′′i′ �
= �f �x′� + t ′ · x′� − �f �x′ ∨ x′′� + t ′ · �x′ ∨ x′′��;
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0 < �f �x′� + t · x′ − δx′i′ � − �f �x′ ∧ x′′� + t · �x′ ∧ x′′� − δx′i′ �
= �f �x′� + t ′ · x′� − �f �x′ ∧ x′′� + t ′ · �x′ ∧ x′′��;

0 < δ�x′′i′ − x′i′ � < �f �x′′� + t · x′′ + δx′′i′ � − �f �x′� + t · x′ + δx′i′ �
= �f �x′′� + t ′′ · x′′� − �f �x′� + t ′′ · x′�;

0 < �f �x′′� + t · x′′ + δx′′i′ � − �f �x′ ∨ x′′� + t · �x′ ∨ x′′� + δx′′i′ �
= �f �x′′� + t ′′ · x′′� − �f �x′ ∨ x′′� + t ′′ · �x′ ∨ x′′��;

and

0 < δ�x′′i′ − x′i′ � < �f �x′′� + t · x′′ + δx′′i′ � − �f �x′ ∧ x′′� + t · �x′ ∧ x′′� + δx′i′ �
= �f �x′′� + t ′′ · x′′� − �f �x′ ∧ x′′� + t ′′ · �x′ ∧ x′′��:

Therefore, argmaxx∈X ′ �f �x�+ t ′ ·x� = �x′� and argmaxx∈X ′ �f �x�+ t ′′ ·x� =
�x′′�.

Because t ′ < t ′′ and x′ and x′′ are unordered, no increasing selection from
argmaxx∈X ′ �f �x� + t · x� exists.

Theorem 2.8.9 shows that, with a few regularity conditions, any increasing
collection of sets can be represented as the sets of unconstrained maxima of
a supermodular function.

Theorem 2.8.9. If T is a chain, St is a compact subset of Rn for each t in T ,
and St is increasing in t on T , then there exists a supermodular function f �x; t�
on Rn × T such that argmaxx∈Rn f �x; t� = St for each t in T .

Proof. Because St is increasing in t on T , St is a nonempty sublattice of Rn for
each t in T . For x in Rn and z in Rn, define g�x; z� = −∑n

i=1 �xi−zi�. Because
g�x; z� is continuous and each St is nonempty and compact, the maximum
of g�x; z� over z in St is attained for each �x; t� in Rn × T . Let f �x; t� =
maxz∈St g�x; z� for �x; t� in Rn×T . By part (b) of Theorem 2.4.5 and part (d)
of Example 2.2.5, ��x; z; t� x t ∈ T; z ∈ St; x ∈ Rn� is a sublattice of R2n × T .
By Corollary 2.6.1, g�x; z� is supermodular in �x; z; t� on R2n×T as in part (g)
of Example 2.6.2. Therefore, f �x; t� is supermodular on Rn × T by Theorem
2.7.6. If t is in T and x is in St , then f �x; t� = g�x; x� = 0. If t is in T and x
is in Rn but not in St , then f �x; t� = g�x; z� < 0 for some z in St . Therefore,
argmaxx∈Rn f �x; t� = St for each t in T .

Corollary 2.8.4 applies Theorem 2.8.9 to show that, with a few regularity
conditions, the sets of optimal solutions for any parameterized collection of
maximization problems with increasing optimal solutions are identical with the
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sets of optimal solutions for another parameterized collection of maximization
problems where the objective function is supermodular.

Corollary 2.8.4. If T is a chain, St is a compact subset of Rn for each t

in T , g�x; t� is upper semicontinuous in x on Rn for each t in T , and
argmaxx∈St g�x; t� is increasing in t on T , then there exists a supermodular func-
tion f �x; t� on Rn × T such that argmaxx∈St f �x; t� = argmaxx∈Rn f �x; t� =
argmaxx∈St g�x; t� for each t in T .

Corollary 2.8.5 combines the results of Corollary 2.8.4 and Theorem 2.8.6
to show that, with a few regularity conditions, the sets of optimal solutions
for a parameterized collection of maximization problems satisfying the or-
dinal sufficient conditions of Theorem 2.8.6 based on quasisupermodularity
and the single crossing property are identical with the sets of optimal solu-
tions for another parameterized collection of maximization problems where
the objective function is supermodular. While Example 2.6.6 shows that the
collection of quasisupermodular functions is strictly richer than the collection
of all strictly increasing transformations of supermodular functions, the re-
sult of Corollary 2.8.5 limits the impact of that added generality because the
sets of optimal solutions for a parameterized collection of maximization prob-
lems with a quasisupermodular objective function can be generated as the sets
of optimal solutions for a parameterized collection of maximization problems
with a supermodular objective function.

Corollary 2.8.5. If T is a chain, St is a compact subset of Rn for each t in T , St
is increasing in t on T , g�x; t� is upper semicontinuous and quasisupermodular in
x on Rn for each t in T , and g�x; t� satisfies the single crossing property in �x; t�
on Rn×T , then there exists a supermodular function f �x; t� on Rn×T such that
argmaxx∈St f �x; t� = argmaxx∈Rn f �x; t� = argmaxx∈St g�x; t� for each t in T .

Theorem 2.8.10 and Theorem 2.8.11 state a converse of Theorem 2.8.1,
characterizing supermodular functions and functions with increasing differ-
ences in terms of the existence of increasing optimal selections for the maxi-
mization of any linear perturbation of the objective function under consider-
ation. Milgrom and Shannon [1994] establish versions of Theorem 2.8.10 and
Theorem 2.8.11 based on increasing optimal solutions rather than increasing
optimal selections. A version of Theorem 2.8.10 based on increasing optimal
solutions rather than increasing optimal selections follows from Theorem 2.6.5
together with the necessary ordinal condition of Theorem 2.8.13. A version of
Theorem 2.8.11 based on increasing optimal solutions rather than increasing
optimal selections follows from Theorem 2.6.6 together with the necessary
ordinal condition of Theorem 2.8.14.
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Theorem 2.8.10. Suppose that X is a sublattice of Rn and f �x� is a real-valued
function on X. If there exists an increasing selection with respect to t in �1; 2�
from argmaxx∈St �f �x� + p · x� for each p in Rn and all subsets S1 and S2 of X
with S1 v S2 and argmaxx∈St �f �x� + p · x� nonempty for t = 1; 2, then f �x� is
supermodular on X.

Proof. Suppose that f �x� is not supermodular on X, so there exist unordered
x′ and x′′ in X with f �x′ ∨x′′�− f �x′′� < f �x′�− f �x′ ∧x′′�. Pick p in Rn such
that

f �x′ ∨ x′′� − f �x′′� < p · �x′′ − x′ ∨ x′′� = p · �x′ ∧ x′′ − x′�
< f �x′� − f �x′ ∧ x′′�:

Let S1 = �x′ ∧ x′′; x′� and S2 = �x′′; x′ ∨ x′′�, so S1 v S2. Then
argmaxx∈S1

�f �x� + p · x� = �x′� and argmaxx∈S2
�f �x� + p · x� = �x′′�,

and there does not exist an increasing selection from argmaxx∈St �f �x�+p · x�
for t = 1; 2.

Theorem 2.8.11. Suppose that X is a subset of Rn, T is a partially ordered set,
and f �x; t� is a real-valued function on X × T . If there exists an increasing
selection with respect to t from argmaxx∈X ′ �f �x; t� +p · x� for any two distinct t
in T with argmaxx∈X ′ �f �x; t� +p · x� nonempty, for each p in Rn, and for each
sublattice X ′ of X, then f �x; t� has increasing differences in �x; t� on X × T .

Proof. Suppose that f �x; t� does not have increasing differences in �x; t� on
X×T , so there exist x′ < x′′ in X and t ′ ≺ t ′′ in T with f �x′′; t ′′�− f �x′; t ′′� <
f �x′′; t ′� − f �x′; t ′�. Let X ′ = �x′; x′′�. Pick p in Rn such that

f �x′′; t ′′� − f �x′; t ′′� < p · �x′ − x′′� < f �x′′; t ′� − f �x′; t ′�:
Then argmaxx∈X ′ �f �x; t ′� + p · x� = �x′′� and argmaxx∈X ′ �f �x; t ′′� +
p · x� = �x′�, and there does not exist an increasing selection from
argmaxx∈X ′ �f �x; t� + p · x� for t = t ′; t ′′.

The necessity result of Theorem 2.8.12 corresponds to the necessity results
of Theorem 2.8.10 and Theorem 2.8.11, but weakens the conditions of the
former results by only considering optimization with respect to x over the en-
tire domain for x rather than over various subsets of the domain for x. These
weakened conditions are achieved by expanding the collection of perturbation
functions from all linear functions to all separable functions. The proof applies
Theorem 2.6.3 to show that a separable perturbation function can implicitly
confine the domain in a suitable manner as is done explicitly in Theorem
2.8.10 and Theorem 2.8.11. The statement of Theorem 2.8.12 is based on in-
creasing optimal solutions rather than increasing optimal selections. However,
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the result would hold if the assumption of increasing optimal solutions is re-
placed by the assumption of increasing optimal selections together with the
assumption that the set of maxima of each perturbed objective function is a
sublattice. (See Example 2.8.6.) The result of Theorem 2.8.12 was prompted
by a suggestion from Paul Milgrom.

Theorem 2.8.12. If X1; : : : ;Xn and T are chains, X = ×ni=1Xi, S is a sublattice
of X×T , St = �x x �x; t� ∈ S� is the section of S at t in T , f �x; t� is a real-valued
function on S, there exists a real number γ such that f �x′′; t� − f �x′; t� < γ/2
for all t in T , x′ in St , and x′′ in St , and argmaxx∈St �f �x; t�+w�x�� is increasing
in t on �t x t ∈ T; argmaxx∈St f �x; t� is nonempty� for each separable function
w�x� on X, then f �x; t� is supermodular in �x; t� on S.

Proof. Suppose that f �x; t� is not supermodular in �x; t� on S. By Theorem
2.6.3, there exist unordered �x′; t ′� and �x′′; t ′′� in S such that, assuming with-
out loss of generality that t ′ ∧ t ′′ = t ′ � t ′′ = t ′ ∨ t ′′,

f �x′ ∨ x′′; t ′′� + f �x′ ∧ x′′; t ′� < f �x′; t ′� + f �x′′; t ′′� (2.8.3)

and

S ∩ ��×ni=1�x′i; x′′i �� × �t ′; t ′′�� = ��x′; t ′�; �x′′; t ′′�; �x′ ∨ x′′; t ′′�; �x′ ∧ x′′; t ′��:

The hypothesis that argmaxx∈St �f �x; t� + w�x�� is increasing in t for each
separable function w�x� implies that argmaxx∈St �f �x; t�+w�x�� is a sublattice
of X for each t in T and each separable function w�x�. Theorem 2.7.4 implies
that f �x; t� is supermodular in x on St for each t in T . The supermodularity
of f �x; t� in x together with (2.8.3) implies that t ′ 6= t ′′, and so t ′ ≺ t ′′.

Because �x′; t ′� and �x′′; t ′′� are unordered, there exists i′ with x′′i′ ≺ x′i′ .
Define the separable function w�x� =∑n

i=1wi�xi� on X by

wi�xi� =


−γ if xi is in Xi \ �x′i; x′′i �
0 if xi = x′i
�f �x′; t ′� − f �x′′; t ′′� + f �x′ ∨ x′′; t ′′�
−f �x′ ∧ x′′; t ′��/2 if i = i′ and xi = x′′i

0 if i 6= i′ and xi = x′′i :

If x is in St ′ \ �×ni=1�x′i; x′′i ��, then

f �x; t ′� +w�x� ≤ f �x; t ′� − γ +max�wi′ �x′′i′ �; 0�
< f �x′; t ′� = f �x′; t ′� +w�x′�:
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If x is in St ′′ \ �×ni=1�x′i; x′′i ��, then

f �x; t ′′� +w�x� ≤ f �x; t ′′� − γ +max�wi′ �x′′i′ �; 0�
< f �x′′; t ′′� +w�x′′�:

Thus,

argmaxx∈St′ �f �x; t ′� +w�x�� ⊆ St ′ ∩ �×ni=1�x′i; x′′i �� = �x′; x′ ∧ x′′�
and

argmaxx∈St′′ �f �x; t ′′� +w�x�� ⊆ St ′′ ∩ �×ni=1�x′i; x′′i �� = �x′′; x′ ∨ x′′�:
Furthermore, using (2.8.3),

f �x′ ∧ x′′; t ′� +w�x′ ∧ x′′�
= f �x′; t ′� − �f �x′; t ′� + f �x′′; t ′′� − f �x′ ∨ x′′; t ′′� − f �x′ ∧ x′′; t ′��/2
< f �x′; t ′� = f �x′; t ′� +w�x′�

and

f �x′ ∨ x′′; t ′′� +w�x′ ∨ x′′�
= f �x′ ∨ x′′; t ′′�
< f �x′ ∨ x′′; t ′′� + �f �x′; t ′� + f �x′′; t ′′�
− f �x′ ∨ x′′; t ′′� − f �x′ ∧ x′′; t ′��/2
= f �x′′; t ′′� +w�x′′�:

Consequently,

argmaxx∈St′ �f �x; t ′� +w�x�� = �x′�
and

argmaxx∈St′′ �f �x; t ′′� +w�x�� = �x′′�:
This together with x′′i′ ≺ x′i′ contradicts argmaxx∈St′ �f �x; t ′� + w�x�� v
argmaxx∈St′′ �f �x; t ′′� + w�x�� (and it also contradicts the existence of in-
creasing optimal selections from argmaxx∈St �f �x; t� + w�x�� for t in �t ′; t ′′�).

Example 2.8.5 shows that the result of Theorem 2.8.12, giving necessary con-
ditions for supermodularity, would not hold if the set of perturbation functions
consists of all linear functions rather than all separable functions. Example
2.8.5 also shows that the necessity result of Theorem 2.8.11 would not hold if
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the objective function therein is maximized only over its entire domain rather
than over an arbitrary sublattice of its domain.

Example 2.8.5. Let X = �0; 1; 2�, T = �0; 1�, f �x; t� = 1 for x in �0; 2� and
t in T , f �1; 0� = 0, and f �1; 1� = δ where δ < 1. For any t in T ,

argmaxx∈X�f �x; t� + px� =

�2� if p > 0
�0; 2� if p = 0
�0� if p < 0:

Thus, argmaxx∈X�f �x; t� + px� is increasing in t for each p in R1. For any
δ, f �2; 1� − f �2; 0� = f �0; 1� − f �0; 0� = 0 and f �1; 1� − f �1; 0� = δ, so
f �2; 1� − f �2; 0� = 0 < δ = f �1; 1� − f �1; 0� if 0 < δ and f �1; 1� − f �1; 0� =
δ < 0 = f �0; 1� − f �0; 0� if δ < 0. Therefore, for any δ 6= 0, the function
f �x; t� is not supermodular in �x; t� and does not have increasing differences
in �x; t� on X × T .

Example 2.8.6 shows that Theorem 2.8.12 would not hold if its hypotheses
were weakened by assuming increasing optimal selections instead of increasing
optimal solutions, without also requiring that argmaxx∈St �f �x; t� + w�x�� is a
sublattice of X for each t in T and for each separable function w�x� on X.

Example 2.8.6. Suppose that X1; : : : ;Xn are chains, X = ×ni=1Xi, g�x� is any
bounded real-valued function on X that is not supermodular on X, T = �1�,
S = X × T , and f �x; t� = g�x� for �x; t� in S. Then there is an increasing
optimal selection from argmaxx∈St �f �x; t� + w�x�� for t in T for each sep-
arable function w�x� on X, and all the hypotheses of Theorem 2.8.12 hold
except for argmaxx∈S1

�f �x; 1� + w�x�� v argmaxx∈S1
�f �x; 1� + w�x��; that is,

argmaxx∈S1
�f �x; 1� + w�x�� need not be a sublattice of X for each separable

function w�x� on X. However, f �x; t� is not supermodular in �x; t�.

Theorem 2.8.13 and Theorem 2.8.14, from Milgrom and Shannon [1994],
show that the ordinal sufficient conditions of Theorem 2.8.6 are necessary
for increasing optimal solutions, thereby providing a characterization of those
properties of the objective function that yield increasing optimal solutions.

Theorem 2.8.13. Suppose that X is a lattice and f �x� is a function from
X into some chain. If argmaxx∈St f �x� is increasing in t on �t x t ∈ T;
argmaxx∈St f �x� is nonempty� for any partially ordered set T and for any
collection of subsets St of X with St increasing in t on T , then f �x� is quasi-
supermodular in x on X.
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Proof. Pick any x′ and x′′ in X. Let T = �1; 2�, S1 = �x′; x′ ∧ x′′�,
and S2 = �x′′; x′ ∨ x′′�, so S1 v S2. If f �x′ ∧ x′′� � f �x′�, then x′ is in
argmaxx∈S1

f �x� and so x′ ∨ x′′ is in argmaxx∈S2
f �x� and f �x′′� � f �x′ ∨ x′′�

because argmaxx∈S1
f �x� v argmaxx∈S2

f �x�. If f �x′ ∧ x′′� ≺ f �x′�, then
argmaxx∈S1

f �x� = �x′� and so argmaxx∈S2
f �x� = �x′ ∨ x′′� and f �x′′� ≺

f �x′ ∨ x′′� because argmaxx∈S1
f �x� v argmaxx∈S2

f �x�. Thus, f �x� is quasi-
supermodular in x on X.

Example 2.8.7 shows that quasisupermodularity is not necessary for the exis-
tence of increasing optimal selections, and so the statement of Theorem 2.8.13
cannot be generalized to involve the existence of increasing optimal selections
instead of increasing optimal solutions.

Example 2.8.7. Suppose that X = ��0; 0�; �0; 1�; �1; 0�; �1; 1��, f �0; 0� = 0,
and f �0; 1� = f �1; 0� = f �1; 1� = 1. The function f �x� is not quasisuper-
modular on X because f ��0; 1� ∧ �1; 0�� = f �0; 0� = 0 < 1 = f �0; 1� and
f �1; 0� = 1 = f �1; 1� = f ��0; 1� ∨ �1; 0��. Let T be a partially ordered set and
let St be any collection of subsets of X with St increasing in t on T . For each t
in T , let x�t� be the greatest element of St (which exists by Lemma 2.2.1). The
form of f �x� for the present example implies that x�t� is in argmaxx∈St f �x� for
each t in T , so x�t� is an optimal selection. By Theorem 2.4.3, x�t� is increas-
ing in t, and so x�t� is an increasing optimal selection. Thus, even though
f �x� is not quasisupermodular on X, an increasing optimal selection exists
for the parameterized collection of optimization problems of maximizing f �x�
subject to x in St , where St is any increasing collection of subsets of X. (Ob-
serve the case with T = �1; 2�, S1 = ��0; 0�; �0; 1��, and S2 = ��1; 0�; �1; 1��,
so S1 v S2, argmaxx∈S1

f �x� = ��0; 1�� and argmaxx∈S2
f �x� = ��1; 0�; �1; 1��.

Here, x�1� = �0; 1� < �1; 1� = x�2�, so x�t� is an increasing optimal selection
but argmaxx∈St f �x� is not increasing in t on T .)

Theorem 2.8.14. Suppose that X is a lattice, T is a partially ordered set, and
f �x; t� is a function from X × T into some chain. If argmaxx∈X ′ f �x; t� is in-
creasing in t on �t x t ∈ T; argmaxx∈X ′ f �x; t� is nonempty� for each sublattice
X ′ of X, then f �x; t� satisfies the single crossing property in �x; t� on X × T .

Proof. Pick any x′ and x′′ in X with x′ ≺ x′′ and t ′ and t ′′ in T with t ′ ≺ t ′′.
Let X ′ = �x′; x′′�. If f �x′; t ′� � f �x′′; t ′�, then x′′ is in argmaxx∈X ′ f �x; t ′�
and so x′′ is in argmaxx∈X ′ f �x; t ′′� and f �x′; t ′′� � f �x′′; t ′′� because
argmaxx∈X ′ f �x; t ′� v argmaxx∈X ′ f �x; t ′′�. If f �x′; t ′� ≺ f �x′′; t ′�, then
argmaxx∈X ′ f �x; t ′� = �x′′� and so argmaxx∈X ′ f �x; t ′′� = �x′′� and f �x′; t ′′� ≺
f �x′′; t ′′� because argmaxx∈X ′ f �x; t ′� v argmaxx∈X ′ f �x; t ′′�. Thus, f �x; t�
satisfies the single crossing property in �x; t� on X × T .
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Example 2.8.8 shows that the single crossing property is not necessary for
the existence of an increasing optimal selection, and so the statement of Theo-
rem 2.8.14 cannot be generalized to involve the existence of increasing optimal
selections instead of increasing optimal solutions.

Example 2.8.8. Suppose that X = T = �0; 1�, f �0; 0� = 0, and f �0; 1� =
f �1; 0� = f �1; 1� = 1. The function f �x; t� does not have the single
crossing property on X × T because f �0; 0� = 0 < 1 = f �1; 0� and
f �0; 1� = 1 = f �1; 1�. If X ′ is a nonempty sublattice of X, then x�t� = 1
for each t in T is an increasing optimal selection from argmaxx∈X ′ f �x; t�
if 1 is in X ′ and x�t� = 0 for each t in T is an increasing optimal se-
lection from argmaxx∈X ′ f �x; t� otherwise. Thus, there exists an increasing
optimal selection from argmaxx∈X ′ f �x; t� for each nonempty sublattice
X ′ of X, even though f �x; t� does not have the single crossing property.
(Observe that argmaxx∈X f �x; 0� = �1� and argmaxx∈X f �x; 1� = �0; 1�,
so argmaxx∈X f �x; t� is not increasing in t on T .)

2.9 Complementarity Equivalences

Previous sections in this chapter considered several different properties that
are logically or technically related to the concept of complementarity. This
section summarizes equivalences and implications that exist between these
properties.

For convenience of exposition at this level of presentation, mention of var-
ious technical details is omitted in this section. This looseness and imprecise-
ness of the statements below distinguish the articulation in the present section
from that in the other nonintroductory sections of this monograph. Precise
statements can be gleaned from the results cited in the three paragraphs fol-
lowing the listing of the properties.

Suppose that x = �x1; : : : ; xn� is an n-vector of consumption levels of n
products i = 1; : : : ; n and f �x� is the real-valued utility of x. Consider the
following ten properties (A–J) for the n products. (Some of these proper-
ties can be stated more generally. Refer to the earlier results cited after the
listing of these properties.) Relationships already established among proper-
ties (A–J) are discussed following their listing. The first six properties (A–F)
are equivalent. The next two properties (G–H) are equivalent and are strictly
weaker than the first six properties. Furthermore, properties (G–H) imply both
property (I) and property (J). Property (A) is taken as the definition of com-
plementarity in this monograph. Properties (A), (C), and (H) offer the most
straightforward complementarity interpretations. Properties (D), (E), and (F)
are stronger perturbed versions of properties (G), (H), and (J), respectively.
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(A) Increasing differences. The utility function f �x� has increasing differences.
(B) Supermodularity. The utility function f �x� is supermodular.
(C) Price monotonicity. If p = �p1; : : : ; pn� is a price vector for the acqui-
sition of the n products and the consumption levels are chosen to maximize
f �x� − p · x, the utility minus the acquisition cost, then these optimal con-
sumption levels are decreasing in p.
(D) Perturbed utility function is quasisupermodular. Each linear perturba-
tion of the utility function is quasisupermodular.
(E) Optimal consumption level monotonicity with perturbed utility function.
If the consumption levels of any subset of the products are taken as a pa-
rameter or if the set of all feasible solutions is taken as a parameter, then
the optimal consumption levels for any separable or linear perturbation of the
utility function are an increasing function of the parameter.
(F) Optimal solutions for perturbed utility function form a sublattice. The
collection of optimal solutions for each linear or separable perturbation of
the utility function is a sublattice.
(G) Quasisupermodularity. The utility function f �x� is quasisupermodular.
(H) Optimal consumption level monotonicity. If the consumption levels of
any subset of the products are taken as a parameter or if the set of all feasible
solutions is taken as a parameter, then the optimal consumption levels are an
increasing function of the parameter.
(I) Equivalent supermodular utility function exists. Taking the consumption
level of any particular product as a parameter, there exists a supermodular
utility function such that the collection of optimal consumption levels for the
other n− 1 products is the same as for the original utility function f �x�.
(J) Optimal solutions form sublattice. The collection of all optimal consump-
tion levels is a sublattice.

The following earlier results establish the equivalence of properties (A–F).
By Corollary 2.6.1, (A) implies (B). By Theorem 2.6.1, (B) implies (A). By
Corollary 2.8.2, (B) implies (C). By Theorem 2.8.8, (C) implies (B). By The-
orem 2.6.5, (B) and (D) are equivalent. By Theorem 2.8.2 (together with
part (b) of Lemma 2.6.1 and Theorem 2.6.4), (B) implies (E). By Theorem
2.8.10 and Theorem 2.8.12, (E) implies (B). By Theorem 2.7.1 (together with
part (b) of Lemma 2.6.1 and Theorem 2.6.4), (B) implies (F). By Theorem
2.7.3 and Theorem 2.7.4, (F) implies (B).

By part (b) of Lemma 2.6.5, (B) implies (G). By Example 2.6.6, (G) is a
strictly weaker property than (any strictly increasing transformation of) (B).
(See also Example 2.6.7.) By Theorem 2.8.6 (together with part (c) of Lemma
2.6.5), (G) implies (H). By Theorem 2.8.13, (H) implies (G).

By Corollary 2.8.4, (H) implies (I). By Theorem 2.7.2, (G) implies (J).



3

Optimal Decision Models

3.1 Introduction

This chapter applies the results of Chapter 2 to optimal decision models. The
primary focus is on establishing increasing optimal solutions and complemen-
tarity properties. The various sections of this chapter can be read indepen-
dently, except that Section 3.7 should be read before Subsection 3.8.2 and
Subsection 3.9.1 should be read before Section 3.10. The sections are orga-
nized as follows.

Section 3.2 examines matching problems, where workers of different types
are to be assigned among multiple firms. Conditions are given for optimal
matchings to be increasing or ordered with respect to the qualities of the
workers and the efficiencies of the firms. An expanded version of the model
includes operational decisions within the firm.

Section 3.3 analyzes five versions of a general model for a firm engaged in
manufacturing and marketing operations. Sufficient and necessary conditions
are given on the demand functions and the cost functions for complementar-
ities to hold and for optimal decisions to increase with a parameter. Various
specific examples are included.

Section 3.4 considers parametric properties in the transportation problem
and in the two-stage transshipment problem. For the transportation problem,
complementarity and substitutability properties are established among the ca-
pacities at the factories and the demands of the customers (as well as among
the operating factories and the customers in the market) and the optimal dual
variables are monotone with respect to problem parameters. Examples show
that seemingly natural extensions of these complementarity and substitutabil-
ity properties do not generally hold for relationships involving warehouses
(located between the factories and the customers) in the two-stage transship-
ment problem.

Section 3.5 clarifies the role of supermodularity for increasing optimal so-
lutions and planning horizon results in dynamic economic lot size production
models. The analysis is based on properties derived for minimum cost paths
in acyclic networks.
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Section 3.6 considers sensitivity analysis in a deterministic multiperiod multi-
product production planning problem. Conditions are given for optimal cumu-
lative production levels to increase with cumulative demands and with bounds
on inventory, and for those parameters to be complementary.

Section 3.7 is concerned with structural and qualitative properties of two re-
lated network problems, the minimum cut problem and the maximum closure
problem. Complementarities and increasing optimal solutions are analyzed for
these problems. An application is given for the selection problem, where a firm
must determine a subset of available activities in which to engage. The struc-
ture of the sets of optimal solutions for the minimum cut problem or for the
maximum closure problem yields a characterization of the structure of certain
sublattices and the structure of the sets of maxima of supermodular functions
over certain sublattices.

Section 3.8 gives conditions under which a firm engaged in activities over
multiple time periods finds it optimal to myopically determine its decisions in
each time period; that is, to optimize for each individual period without tak-
ing into account the impact of present decisions on subsequent time periods.
Such optimal myopic decisions increase from period to period. An application
involves a dynamic version of the selection problem.

Section 3.9 considers Markov decision processes. Conditions are presented
under which optimal decisions increase with the state in each period and the
components of the state are complementary. Applications are given for adver-
tising, pricing, and the maintenance of an unreliable system. The results rely
on properties of certain property-inducing stochastic transformations, which
are also developed in this section.

Section 3.10 gives conditions for optimal inventory decisions in a multi-
period stochastic inventory problem to vary monotonically with parametric
changes in the problem’s costs and demand distributions. To facilitate the
analysis for these results, conditions are found for parameterized stochastic
transformations to preserve supermodularity.

3.2 Matching

This section considers the optimal matching of different types of workers to
multiple firms. Conditions are given under which some or all optimal match-
ings are increasing or ordered.

Consider m firms j = 1; : : : ;m, with the firms drawing on a labor market
for n types of workers i = 1; : : : ; n. Each of the m firms requires exactly one
worker of each of the n types. No worker can be hired by more that one firm.
A matching assigns exactly one worker of each of the n types to each of the
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m firms with no worker assigned to more than one firm. The quality of each
worker of each type is represented by a real number. A matching is denoted
by the specification of the quality of each worker of each type assigned to
each firm. (This representation of a matching may not distinguish between all
distinct assignments of workers to firms if the qualities of different workers of
any given type are not all distinct, but that ambiguity is inconsequential in the
present context.)

Let Xi be the set consisting of each quality of each available type i worker,
so there is a one-to-one relationship between the elements of Xi and the type
i workers in the labor market. (Because different type i workers may have
the same quality, the elements of Xi may not be distinct.) There are finitely
many workers of each type in the labor market. Assume that there are at
least m workers of each type i in the labor market, so �Xi� ≥ m for each i
and some matching exists. The labor market is tight if there are exactly m
workers of each type; that is, if �Xi� = m for each i. In a tight labor market,
each matching has each worker in the labor market being hired by some firm.
The labor market is loose if there are at least m workers of each given type
and quality for which at least one worker of that type and quality exists; that
is, if z′ is in Xi for some worker type i, then ��z x z = z′; z ∈ Xi�� ≥ m .
In a loose labor market, the labor market is large enough so that the hiring
opportunities for any firm (that is, the qualities of workers available for hiring)
are not impacted by the hiring decisions of the other firms. If the labor market
is not loose, then the hiring opportunities for any firm may be impacted by the
hiring decisions of the other firms. Tight and loose labor markets are extreme
cases with respect to the availability of workers in the labor market.

Let xi denote the quality of a type i worker. Let x = �x1; : : : ; xn� denote
the vector of qualities of n workers, with exactly one worker of each type and
with xi being the quality of the type i worker. If exactly one worker of each
type i is assigned to each firm j, let xji denote the quality of the type i worker
assigned to firm j, let xj = �xj1; : : : ; xjn� be the vector of qualities of the n
workers assigned to each firm j, and let x1; : : : ; xm denote the assignments of
workers to all m firms. An assignment of workers x1; : : : ; xm is a matching if
�x1

i ; : : : ; x
m
i � is a subset of Xi for i = 1; : : : ; n; that is, if exactly one worker of

each type is assigned to each firm with no worker assigned to more than one
firm. A matching x1; : : : ; xm is increasing if xj ≤ xj+1 for j = 1; : : : ;m − 1;
that is, if xj is increasing in j. In a tight labor market, an increasing matching
assigns the jth best worker (for some resolution of ties in quality) of each type
to firm n− j + 1 and the representation for an increasing matching is unique.
(However, because the qualities of different workers of the same type need not
be distinct, more than one actual assignment of workers may correspond to the
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unique representation for an increasing matching in a tight labor market.) A
matching x1; : : : ; xm is ordered if the vectors xj

′
and xj

′′
of worker assignments

to any two distinct firms j′ and j′′ are ordered; that is, if either xj
′ ≤ xj′′

or xj
′′ ≤ xj′ . In a tight labor market, an ordered matching assigns the jth

best worker (for some resolution of ties in quality) of each type to the same
firm and the representation for any ordered matching is a permutation (with
respect to the m sets of worker qualities assigned to the m firms) of the unique
representation for an increasing matching.

If firm j hires workers with qualities x = �x1; : : : ; xn�, then firm j receives
a profit f �x; j�. The dependence of the profit function f �x; j� on j may reflect
differences among firms in factors such as technology, capital, organization,
and management. Generally, the firms may be considered as ordered by the
index j according to their respective efficiency, with subsequent hypotheses
clarifying this interpretation. The firms are homogeneous if f �x; j� does not
depend on j.

A matching that maximizes the sum of the profits for all the firms is optimal.
The problem of finding an optimal matching, the matching problem, is then
to

maximize
∑m
j=1 f �xj; j�

subject to �x1
i ; : : : ; x

m
i � ⊆ Xi for i = 1; : : : ; n:

(3.2.1)

Because at least one matching exists (since �Xi� ≥ m for each i) and there are
finitely many matchings (since Xi is finite for each i), an optimal matching
exists.

While the present model is stated in terms of each firm hiring exactly one
worker of each type, the model implicitly permits a firm to hire more than
one worker of a given type or no worker of a given type. To permit a firm
to hire more than one worker of a given type, the model could replicate that
type as multiple distinct worker types. (This requires a modification to (3.2.1)
because here workers modeled as distinct types would come from the same
labor pool.) Permitting a firm to hire no worker of a given type is accomplished
by adding m artificial workers to each Xi, where these m workers have a
quality strictly less than any other quality in Xi and where hiring any of these
artificial workers impacts a firm’s profit function the same as if the firm hired
no worker of that type.

Becker [1973], attributing the proof to William Brock, shows that each opti-
mal matching is ordered if n = 2, the firms are homogeneous, the labor market
is tight, and f �x; j� is strictly supermodular in x. For arbitrary n, homogeneous
firms, and a tight labor market, Lin [1992] shows that each ordered matching
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is optimal if f �x; j� is supermodular in x and that each optimal matching is or-
dered if f �x; j� is strictly supermodular in x. Kremer [1993] analyzes firms with
arbitrary n, a loose labor market, and a specialized profit function based on a
Cobb-Douglas production function with all exponents equal to 1, and shows
that each optimal matching is ordered. The present section extends those re-
sults for firms that need not be homogeneous, labor markets that need not be
tight or loose, and some more detailed modeling of the firms’ operations.

The key hypothesis in subsequent results has to do with the supermodu-
larity of the profit function f �x; j� in �x; j� on �×ni=1Xi� × �1; : : : ;m�. By
Theorem 2.6.1 and Corollary 2.6.1, this supermodularity is equivalent to the
profit function f �x; j� having increasing differences with respect to the quality
of each pair of distinct worker types and increasing differences with respect
to the quality of each worker type and the index j of the firm. The former
condition reflects complementarities between different worker types, so that
the additional net profit for any firm from increasing the quality of any one
worker type in the firm increases with the qualities of the other worker types in
the firm. The latter condition reflects complementarities between each worker
type and the firm’s efficiency, so that the additional net profit for any firm
from increasing the quality of any one worker type in the firm increases with
the firm’s efficiency.

If the labor market is loose, then the hiring decisions of each firm in an
optimal matching may be determined by maximizing its individual profit func-
tion over the entire labor market without regard for the hiring decisions of
the other firms. In this case, the matching problem (3.2.1) simplifies to solving

maximize f �xj; j� subject to xj ∈ ×ni=1Xi (3.2.2)

for each firm j = 1; : : : ;m. A matching x1; : : : ; xm is optimal if and only if
each xj is an optimal solution for (3.2.2).

Theorem 3.2.1 shows that if the labor market is loose and f �x; j� is su-
permodular in �x; j�, then the optimal hiring decisions for the m firms are
increasing in j (with respect to the induced set ordering v) and an increas-
ing optimal matching exists. Theorem 3.2.1 follows from Theorem 2.8.2 and
either part (a) or part (b) of Theorem 2.8.3.

Theorem 3.2.1. If the labor market is loose and f �x; j� is supermodular in
�x; j� on �×ni=1Xi� × �1; : : : ;m�, then the set of optimal hiring decisions
argmaxx∈×ni=1Xi

f �x; j� for each firm j is increasing �with respect to the induced
set ordering v� in j and there exists an increasing optimal matching.

Theorem 3.2.2 provides a converse for Theorem 3.2.1. That is, if the labor
market is loose and the optimal hiring decisions for the m firms are increasing



OPTI M AL DECI SION M ODELS 99

in j (with respect to the induced set ordering v) given any wage rates for the
n types of workers where the workers’ wages are incorporated within f �x; j�,
then f �x; j� is supermodular in �x; j�. Theorem 3.2.2 follows from Theorem
2.8.12.

Theorem 3.2.2. If the labor market is loose, g�x; j� is the profit to firm j not
including wages paid to its workers where firm j hires workers with a vector
of qualities x, wi�xi� is the wage paid by any firm to a worker of type i with
quality xi in Xi, the profit function for firm j is f �x; j� = g�x; j� +∑n

i=1wi�xi�,
and the set of optimal hiring decisions argmaxx∈×ni=1Xi

f �x; j� for each firm j is
increasing �with respect to the induced set ordering v� in j for each vector of
wage functions w1�x1�; : : : ; wn�xn�, then g�x; j� is supermodular in �x; j� on
�×ni=1Xi� × �1; : : : ;m�.

Theorem 3.2.3 gives conditions for there to exist an increasing optimal
matching, without the hypothesis of Theorem 3.2.1 that the labor market is
loose. The conclusion about optimal matchings is somewhat stronger in Theo-
rem 3.2.1, and, unlike the more complicated proof of Theorem 3.2.3, the proof
for Theorem 3.2.1 follows directly from general results on increasing optimal
solutions for supermodular functions. When the labor market is tight, the con-
ditions of Theorem 3.2.3 imply that each increasing matching is optimal.

Theorem 3.2.3. If f �x; j� is supermodular in �x; j� on �×ni=1Xi� × �1; : : : ;m�,
then there exists an increasing optimal matching of workers to firms. If, in addi-
tion, the labor market is tight, then each increasing matching is optimal.

Proof. Suppose that there does not exist any increasing optimal matching.
Then for any optimal matching x1; : : : ; xm, there must be some i and some
j ≥ 2 with xji < max1≤k<j x

k
i . Pick an optimal matching x̄1; : : : ; x̄m, a firm j′,

and a worker type i′ such that max1≤k<j x̄
k
i ≤ x̄ji for all j and i either with j > j′

or with j = j′ and i > i′, x̄j
′
i′ < max1≤k<j′ x̄

k
i′ , and such that if x1; : : : ; xm is any

other optimal matching then either xji < max1≤k<j x
k
i for some j > j′ and

some i or xj
′
i < max1≤k<j′ x

k
i for some i ≥ i′. (That is, the optimal matching

x̄1; : : : ; x̄m lexicographically minimizes over all optimal matchings x1; : : : ; xm

the lexicographically greatest �j; i� with xji < max1≤k<j x
k
i , and the pair �j′; i′�

corresponds to this solution.) Pick j′′ with 1 ≤ j′′ < j′ and x̄j
′
i′ < max1≤k<j′ x̄

k
i′ =

x̄
j′′
i′ . Here, 1 ≤ j′′ < j′ ≤ m and 1 ≤ i′ ≤ n.
Define a matching x̂1; : : : ; x̂m such that x̂j = x̄j for each j with j 6= j′ and

j 6= j′′, x̂j′ = x̄j′ ∨ x̄j′′ , and x̂j
′′ = x̄j′ ∧ x̄j′′ . By the choice of x̄1; : : : ; x̄m, j′, i′, and

j′′, it follows that max1≤k<j x̂
k
i = max1≤k<j x̄

k
i ≤ x̄ji = x̂ji for all j and i either
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with j > j′ or with j = j′ and i > i′, max1≤k<j′ x̂
k
i′ ≤ max1≤k<j′ x̄

k
i′ = x̄j

′′
i′ = x̂j

′
i′ ,

and x̂1; : : : ; x̂m is not an optimal matching. Therefore,

0 <
∑m
j=1 f �x̄j; j� −

∑m
j=1 f �x̂j; j�

= f �x̄j′; j′� + f �x̄j′′; j′′� − f �x̂j′; j′� − f �x̂j′′; j′′� (3.2.3)

= f �x̄j′; j′� + f �x̄j′′; j′′� − f �x̄j′ ∨ x̄j′′; j′ ∨ j′′� − f �x̄j′ ∧ x̄j′′; j′ ∧ j′′�:

But (3.2.3) contradicts the supermodularity of f �x; j� in �x; j�, so there exists
an increasing optimal matching.

When the labor market is tight, each increasing matching has the same rep-
resentation and yields the same value for

∑m
j=1 f �xj; j� and so each increasing

matching is optimal.

Theorem 3.2.4 gives conditions for each optimal matching to be ordered.
(Regarding the hypotheses of Theorem 3.2.4, note that f �x; j� is supermodular
in �x; j� and strictly supermodular in x if and only if f �x; j� has increasing
differences in �x; j� and is strictly supermodular in x. The sufficiency of this
statement follows from Theorem 2.6.2, and necessity follows from Theorem
2.6.1.)

Theorem 3.2.4. If f �x; j� is supermodular in �x; j� on �×ni=1Xi� × �1; : : : ;m�
and is strictly supermodular in x on ×ni=1Xi for each j, then each optimal match-
ing is ordered.

Proof. Suppose that there exists some optimal matching that is not ordered.
Let x̄1; : : : ; x̄m be such an optimal matching. Then there exist firms j′ and
j′′ such that j′ < j′′ and x̄j

′
and x̄j

′′
are unordered. Define the matching

x̂1; : : : ; x̂m such that x̂j = x̄j for all j with j 6= j′ and j 6= j′′, x̂j′′ = x̄j′ ∨ x̄j′′ ,
and x̂j

′ = x̄j′ ∧ x̄j′′ . Because x̄1; : : : ; x̄m is an optimal matching, x̂1; : : : ; x̂m is
a matching, and f �x; j� is supermodular in �x; j� and strictly supermodular
in x,

0 ≤ ∑m
j=1 f �x̄j; j� −

∑m
j=1 f �x̂j; j�

= f �x̄j′; j′� + f �x̄j′′; j′′� − f �x̂j′; j′� − f �x̂j′′; j′′�
= f �x̄j′; j′� + f �x̄j′′; j′′� − f �x̄j′ ∧ x̄j′′; j′� − f �x̄j′ ∨ x̄j′′; j′′�
≤ f �x̄j′; j′′� + f �x̄j′′; j′′� − f �x̄j′ ∧ x̄j′′; j′′� − f �x̄j′ ∨ x̄j′′; j′′�
< 0;

which is a contradiction. Therefore, each optimal matching is ordered.
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Theorem 3.2.5 gives conditions for each optimal matching to be increasing.
When these conditions hold and the labor market is tight, the results of The-
orem 3.2.5 and Theorem 3.2.3 establish that a matching is optimal if and only
if it is increasing.

Theorem 3.2.5. If f �x; j� is strictly supermodular in �x; j� on �×ni=1Xi� ×
�1; : : : ;m�, then each optimal matching is increasing.

Proof. Pick any optimal matching x̄1; : : : ; x̄m. By Theorem 3.2.4, x̄1; : : : ; x̄m is
ordered and so each pair from x̄1; : : : ; x̄m is ordered. Suppose that x̄1; : : : ; x̄m

is not increasing, so there exist firms j′ and j′′ with j′ < j′′ and x̄j
′′
< x̄j

′
.

Define the matching x̂1; : : : ; x̂m such that x̂j = x̄j for each j with j 6= j′ and
j 6= j′′, x̂j′ = x̄j′′ , and x̂j

′′ = x̄j′ . Because x̄1; : : : ; x̄m is an optimal matching,
x̂1; : : : ; x̂m is a matching, and f �x; j� is strictly supermodular in �x; j�,

0 ≤ ∑m
j=1 f �x̄j; j� −

∑m
j=1 f �x̂j; j�

= f �x̄j′; j′� + f �x̄j′′; j′′� − f �x̂j′; j′� − f �x̂j′′; j′′�
= f �x̄j′; j′� + f �x̄j′′; j′′� − f �x̄j′′; j′� − f �x̄j′; j′′�
= f �x̄j′; j′� + f �x̄j′′; j′′� − f �x̄j′ ∧ x̄j′′; j′ ∧ j′′� − f �x̄j′ ∨ x̄j′′; j′ ∨ j′′�
< 0;

which is a contradiction. Therefore, each optimal matching is increasing.

Now generalize the statement of a matching problem to include operational
decision variables for each firm in addition to the hiring assignments of work-
ers to each firm. After a vector x of n workers is assigned to any firm j, the
firm determines a k-vector of operational decision variables z from a subset
Sx;j of Rk so as to maximize a profit function g�z; x; j�. Assume that each
maximization problem for each firm has an optimal solution. Given an assign-
ment x of workers to firm j, the profit for firm j after optimizing with respect
to its operational decision variables is

f �x; j� = maxz∈Sx;j g�z; x; j�: (3.2.4)

With this construction of f �x; j�, the matching problem for optimally assigning
workers to firms is the same as that defined previously in this section. Define

S = ��z; x; j� x x ∈ ×ni=1Xi; j ∈ �1; : : : ;m�; z ∈ Sx;j�:
Theorem 3.2.6 gives conditions for there to exist an increasing optimal

matching and for the firms’ optimal operational decision variables to increase
(with respect to the induced set ordering v) with j. The key assumption in
Theorem 3.2.6 is the supermodularity of g�z; x; j� in �z; x; j�. By Theorem
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2.6.1 and Corollary 2.6.1, this assumption is equivalent to complementarities
between each pair of components of �z; x; j�. Complementarities among pairs
of components of �x; j� are discussed above Theorem 3.2.1. Here, there are
additional complementarities between each component of the operational de-
cision and the quality of each worker type, between each component of the
operational decision and the efficiency of the firm, and between each pair of
components of the operational decision. (A similar interpretation holds for
the strict supermodularity assumption in Theorem 3.2.7.)

Theorem 3.2.6. Suppose that S is a sublattice of Rk+n+1 and g�z; x; j� is super-
modular in �z; x; j� on S.
(a) The profit function f �x; j� is supermodular in �x; j� on �×ni=1Xi� ×
�1; : : : ;m�.
(b) There exists an increasing optimal matching of workers to firms.
(c) Given any increasing matching x1; : : : ; xm of workers to firms (including an
increasing optimal matching as exists by part (b)), the set of optimal operational
decisions argmaxz∈Sxj ;j g�z; x

j; j� for each firm j is increasing in j.

Proof. Part (a) follows from (3.2.4), Theorem 2.7.6, and the supermodularity
of g�z; x; j� on S.

Part (b) follows from part (a) and Theorem 3.2.3.
Part (c) follows from Theorem 2.8.2 and the supermodularity of g�z; x; j�

on S.

Theorem 3.2.7 gives conditions for each optimal matching to be increasing.

Theorem 3.2.7. Suppose that S is a sublattice of Rk+n+1 and g�z; x; j� is strictly
supermodular in �z; x; j� on S.
(a) The profit function f �x; j� is strictly supermodular in �x; j� on �×ni=1Xi� ×
�1; : : : ;m�.
(b) Each optimal matching of workers to firms is increasing.
(c) Given any optimal matching x1; : : : ; xm of workers to firms, the set of optimal
operational decisions argmaxz∈Sxj ;j g�z; x

j; j� for each firm j is increasing in j.

Proof. Part (a) follows from (3.2.4), Theorem 2.7.7, and the strict supermod-
ularity of g�z; x; j� on S.

Part (b) follows from part (a) and Theorem 3.2.5.
Part (c) follows from part (b) and from part (c) of Theorem 3.2.6.

3.3 Comparative Statics of the Firm

This section studies the role of complementarity and supermodularity for the
decision making of a firm engaged in manufacturing and marketing opera-
tions. Subsection 3.3.1 formulates a general model of the firm. Subsection 3.3.2
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considers five versions of the general model of Subsection 3.3.1 and gives suf-
ficient conditions for broad classes of demand functions and cost functions so
that complementarities hold and optimal decisions are monotone with a pa-
rameter. The sufficient conditions are applied to diverse examples, including
complex integrated models of manufacturing and marketing; competitive pric-
ing and quality selection with substitute products; production expansion and
momentum over time with the acquisition of knowledge and technology; and
pricing and quality selection, where price and quality are substitute attributes
in the market. Subsection 3.3.3 establishes that key hypotheses for sufficiency
in Subsection 3.3.2 are also necessary for the monotonicity of optimal deci-
sions. This section is based on material in Topkis [1995a].

3.3.1 Model of the Firm

This subsection formulates a model of a profit-maximizing firm that produces
and markets a single product in one time period. (As shown in more detail
in Subsection 3.3.2, this model may nevertheless incorporate multiple prod-
ucts by treating the single product as an aggregate approximation of multi-
ple products and by including the number or variety of products as a vari-
able (as in Bagwell and Ramey [1994] and Milgrom and Roberts [1990b]).
Multiple time periods can be included by letting time be a parameter (as in
Milgrom, Qian, and Roberts [1991] and Milgrom and Roberts [1990b]). Fur-
thermore, the influence of competitors may be reflected in the parameters (as
in Milgrom and Roberts [1990a] and Topkis [1979]); see Subsection 4.4.1.)
The environment in which the firm operates is determined by parameters,
which may be variable parameters or constant parameters. The variable pa-
rameters are represented as an m-vector t included in a subset T of Rm. One
is interested in how different values of the variable parameter t, determining
different instances of the firm’s decision problem, may impact the optimal de-
cisions and profits of the firm. The constant parameters also affect the firm’s
environment, but these are considered to be fixed for all instances of the firm’s
decision problem and their impact on the firm is not part of the analysis. For
each instance of the decision problem determined by a particular value for
the variable parameter t, the firm selects a decision variable x, where x is
an n-vector and is constrained to be in a subset X of Rn. Depending on the
particular model under consideration, the components of the parameters and
the decision variables may include such factors as technology, unit produc-
tion cost, quality, number or variety of products, knowledge, more detailed
aspects of the manufacturing and design processes, advertising, market size,
prices of competitors’ substitute products, and time. The price of the prod-
uct is p, which is included in a subset P of R1 and which, depending on the
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model, may be either a decision variable, a variable parameter, or a constant
parameter. Because of the special role of price in the model, p is treated dis-
tinctly from t and x even if price is, respectively, a variable parameter or a
decision variable. The product demand is µ�p; x; t�, which may depend on
the price p, the decision variable x, and the variable parameter t. For a level
of production z, there is a production cost c�z; x; t�, which may depend on
the decision variable x and the variable parameter t as well as on the level
of production. It is assumed that the firm’s production equals the demand
µ�p; x; t� with all demand satisfied by current production, so the production
cost is c�µ�p; x; t�; x; t� and the revenue is pµ�p; x; t�. There are also costs
k�x; t�, which may depend on the decision variable x and the variable param-
eter t but not on the level of production nor on the product demand. Given
price p, decision variable x, and variable parameter t, the firm’s profit is

5�p; x; t� = pµ�p; x; t� − c�µ�p; x; t�; x; t� − k�x; t�; (3.3.1)

which is the difference between the firm’s revenue pµ�p; x; t� and the sum of
its production cost c�µ�p; x; t�; x; t� and its other costs k�x; t�. (A convention
here is to express profit functions and their components with arguments being
the decision variables and the variable parameters, where the constant param-
eters are not explicitly included among the arguments. In Subsection 3.3.2,
this leads to some variations from the notation introduced above.) For given
values of the variable parameters, the firm selects its decision variables to
maximize profit. The form of the firm’s parametric decision problem depends
on whether price is a decision variable, a variable parameter, or a constant
parameter.

3.3.2 Sufficient Conditions

The model summarized in the profit function of (3.3.1) includes somewhat
more generality than can readily be shown to exhibit complementarities and
monotone optimal solutions without some limitations. Following are five more
specific models that consider different specializations of (3.3.1) and analyze
the model under hypotheses that yield complementarities and monotone op-
timal solutions. The next two paragraphs summarize generally the similarities
and distinctions between the five subsequent models, as well as noting several
conventions and hypotheses.

One may consider the model of (3.3.1) as having three degrees of gen-
erality. These are price p being a variable (either a decision variable or a
variable parameter), the production cost being nonlinear and depending on
all decision variables and variable parameters, and the demand function de-
pending on all decision variables and variable parameters. The general model
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is tractable with any two of these three degrees of generality, but not with all
three. (Using the equivalence between supermodularity and increasing differ-
ences established in Theorem 2.6.1 and Corollary 2.6.1, it can be seen that
general conditions for the supermodularity of 5�p; x; t� in �p; x; t� do not ex-
ist when all three degrees of generality are present.) The following five specific
models reflect this limitation on the generality of the model. The first model,
described in Example 3.3.1 and analyzed in Theorem 3.3.1, limits the first de-
gree of generality and requires that price be a constant parameter, while the
demand function and the nonlinear production cost function may depend on
all variables. The second model, described in Example 3.3.3 and analyzed in
Theorem 3.3.2, is out of step with the other models of this subsection in that
the profit function 5�p; x; t� is not supermodular and various other anomalies
are present. This model requires that the production cost function be linear
(where the production cost coefficient may be either a decision variable or a
variable parameter), while price is a decision variable and the demand func-
tion may depend on all variables. The third model, described in Example 3.3.5
and analyzed in Theorem 3.3.3, limits the second degree of generality and re-
quires that the production cost function be linear with the production cost
coefficient being a constant parameter, while price may be either a decision
variable or a variable parameter and the demand function may depend on all
variables. The fourth model, described in Example 3.3.7 and analyzed in The-
orem 3.3.4, limits the third degree of generality and requires that the demand
function depend on no variable other than price, while price may be either a
decision variable or a variable parameter and the nonlinear production cost
function may depend on all variables. The fifth model, described in Exam-
ple 3.3.9 and analyzed in Theorem 3.3.5, limits but does not entirely eliminate
both the second and third degrees of generality so that both the demand func-
tion and the nonlinear production cost function may depend on an additional
variable with that dependence being limited, while price may be either a de-
cision variable or a variable parameter. Where price is a decision variable
(in the models of Example 3.3.3, Example 3.3.5, Example 3.3.7, and Example
3.3.9), the model may represent a monopoly industry or a firm in monopolis-
tic competition. Where price is taken by the firm as given so price is either a
constant parameter or a variable parameter (in the models of Example 3.3.1,
Example 3.3.5, Example 3.3.7, and Example 3.3.9), the model may represent
a competitive firm or a regulated monopoly.

In order to simplify the presentation and to focus on essential properties, it
is convenient here to specify certain conventions and regularity conditions that,
without further mention, are implicitly made where appropriate throughout
this subsection. All domains of functions, sets of parameters, and constraint
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sets for optimization problems are nonempty. An optimal solution exists for
each maximization problem. Where one has an increasing collection of sets
and is interested in selecting a particular solution from each set such that
these selections are increasing, it is assumed that each set is compact so each
set has a greatest (least) element and the greatest (least) element is increasing
by Theorem 2.4.3. (This last assumption holds for sets of optimal decisions if
each set of feasible decision variables is nonempty and compact and if each
profit function is upper semicontinuous in the decision variable.) To facilitate
more succinct statements, the same hypotheses are stated for applications of
Theorem 2.7.6 (the preservation of supermodularity under the maximization
operation) and Theorem 2.8.2 (complementarity implying increasing optimal
solutions) even though Theorem 2.7.6 alone requires that the set of variable
parameters is a sublattice and that the profit function is supermodular in the
variable parameter. To avoid thereby requiring unnecessarily strong assump-
tions for statements involving the application of Theorem 2.8.2, it is taken as
a convention that assumptions made for such statements are only required to
hold for each subset of variable parameters that is a chain.

The model presented in Example 3.3.1 and analyzed in Theorem 3.3.1 is a
version of the Subsection 3.3.1 model that treats price as a constant parameter
and otherwise has general demand and production costs.

Example 3.3.1. A firm operates according to the general model of Subsection
3.3.1, with the following refinements. The price p is a constant parameter. The
demand for the firm’s product is µ�x; t�. The firm’s profit is

5�x; t� = pµ�x; t� − c�µ�x; t�; x; t� − k�x; t�: (3.3.2)

Theorem 3.3.1. Consider the model of Example 3:3:1 with the profit function
5�x; t� of �3:3:2�. Suppose that X and T are sublattices, µ�x; t� is increasing
and supermodular in �x; t�, pz − c�z; x; t� is increasing in z for each �x; t�,
c�z; x; t� is concave in z for each �x; t�, c�z; x; t� is submodular in �z; x; t�, and
k�x; t� is submodular in �x; t�. Then,
(a) 5�x; t� is supermodular in �x; t�;
(b) maxx∈X 5�x; t� is supermodular in t; and
(c) argmaxx∈X 5�x; t� is increasing in �t;X�.

Proof. By the hypotheses, pz − c�z; x; t� is increasing and convex in z for
each �x; t� and is supermodular in �z; x; t�. Part (a) then follows from (3.3.2),
Lemma 2.6.4, and part (b) of Lemma 2.6.1. Part (b) and part (c) follow from
part (a) and from Theorem 2.7.6 and Theorem 2.8.2, respectively.
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For the case where the production cost is linear so c�z; x; t� = c�x; t�z, the
hypotheses on c�z; x; t� in Theorem 3.3.1 reduce to p ≥ c�x; t� for each �x; t�
and c�x; t� is decreasing and submodular in �x; t�.

Example 3.3.2, analyzed in Corollary 3.3.1, is a special case of Example 3.3.1.
This example corresponds to a version of the manufacturing model of Mil-
grom and Roberts [1990b], with a significant difference being that the model
of Milgrom and Roberts [1990b] treats the price as a decision variable while
this example restricts price to being a constant parameter. Example 3.3.2 in-
corporates features of the more market-oriented model of Bagwell and Ramey
[1994], which also treats price as a decision variable. (Example 3.3.4 consid-
ers a version of this model that has price as a decision variable.) Furthermore,
the present model has a concave production cost changing with time and de-
pending on a technology variable, while the models of Bagwell and Ramey
[1994] and Milgrom and Roberts [1990b] (and Example 3.3.4) have a linear
production cost. Other differences between the model and assumptions of this
example and those of Milgrom and Roberts [1990b] are as in the differences
for Example 3.3.4 noted in the paragraph preceding Corollary 3.3.2. See Sub-
section 4.4.2.

Example 3.3.2. A firm produces multiple products in a single period, but
the model aggregates properties like price and demand so that the model
resembles that of a single product firm. The time period under consideration
is τ. The price p is a constant parameter. There are η products. The total
number of improvements added to all products in the period is q. The firm
spends α on advertising for its products. The products are exposed to a market
of size σ . The base demand for the firm’s product is ν�η; q; α; σ; τ�.

The ultimate demand for the firm’s product may be less than ν�η; q; α; σ; τ�
because of cancellations due to delays in filling orders. Assume that the firm
immediately responds to orders with accurate delay estimates and that any
order cancellations are also immediate, so no production-related costs are
associated with cancelled orders. Let θ denote the level of technology used in
the manufacturing process. If γ is the number of setups per period and r is
the probability that a batch is defective, then ω�η; θ; γ; r� is the time required
to manufacture the demand requested in a processed order. Furthermore,
there are delays a and b for processing orders and for delivering finished
products, respectively. There is a shrinkage function δ�a+ω�η; θ; γ; r�+b; τ�,
such that the ultimate demand after all cancellations is ν�η; q; α; σ; τ�δ�a +
ω�η; θ; γ; r� + b; τ�.

The cost per unit for repairing defective batches is a constant parameter ρ.
There is a cost h per unit of inventory held per period, where h is a constant



108 C HAPTER 3

parameter and the interval for holding inventory is the time between succes-
sive setups. The cost of producing z units of product is λ�z; θ; τ�. The total
expected cost associated with producing an amount z is thus λ�z; θ; τ�+ρrz+
hz/γ.

Each setup incurs a direct cost s and a wastage cost w, resulting in a cost
γ�s + w� per period. Each product improvement incurs a design cost d and
extra setup costs e, resulting in a cost q�d + e� per period. The capital cost
associated with the technology-related variables is κ�η; θ; r; a; b; s;w; d; e; τ�.
In addition to the advertising cost α, there is a cost ψ�σ; τ� for servicing a
market of size σ in period τ. Thus the total cost not associated with the level
of production is γ�s+w�+q�d+e�+κ�η; θ; r; a; b; s;w; d; e; τ�+α+ψ�σ; τ�.

For variables �η; q; α; σ; θ; γ; r; a; b; s;w; d; e; τ�, the firm’s profit is

5�η; q; α; σ; θ; γ; r; a; b; s;w; d; e; τ�
= pν�η; q; α; σ; τ�δ�a+ω�η; θ; γ; r� + b; τ�
− λ�ν�η; q; α; σ; τ�δ�a+ω�η; θ; γ; r� + b; τ�; θ; τ� (3.3.3)

− �ρr + h/γ�ν�η; q; α; σ; τ�δ�a+ω�η; θ; γ; r� + b; τ�
− γ�s +w� − q�d + e� − κ�η; θ; r; a; b; s;w; d; e; τ� − α− ψ�σ; τ�:

In stating Corollary 3.3.1, it is convenient to replace some of the variables in
(3.3.3) with other variables that are their negatives. Let the collection of all
variables be �η; q; α; σ; θ; γ;−r;−a;−b;−s;−w;−d;−e; τ�. Let the vector of
decision variables x be any nonempty subset of these variables not including τ,
and let the vector of variable parameters t consist of all variables not included
in x. The decision variable x is constrained to be in a set X, and the variable
parameter t is taken from a set T .

Corollary 3.3.1. Consider the model of Example 3.3.2. Suppose that X and
T are sublattices; ν�η; q; α; σ; τ� is nonnegative, increasing, and supermodu-
lar in �η; q; α; σ; τ�; δ�z; τ� is nonnegative, decreasing and convex in z for
each τ, increasing in τ for each z, and submodular in �z; τ�; ω�η; θ; γ; r� is
decreasing and submodular in �η; θ; γ;−r�; pz − λ�z; θ; τ� − �ρr + h/γ�z
is increasing in z for each �θ; γ; r; τ�; λ�z; θ; τ� is concave in z for each
�θ; τ� and submodular in �z; θ; τ�; κ�η; θ; r; a; b; s;w; d; e; τ� is submodular
in �η; θ;−r;−a;−b;−s;−w;−d;−e; τ�; and ψ�σ; τ� is submodular in �σ; τ�.
Then,
(a) 5�x; t� is supermodular in �x; t�;
(b) maxx∈X 5�x; t� is supermodular in t; and
(c) argmaxx∈X 5�x; t� is increasing in �t;X�.
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Proof. The proof proceeds by observing correspondences between the terms
in (3.3.3) and (3.3.2) and showing that the conditions of Theorem 3.3.1 hold.

The conditions on c�z; x; t� = λ�z; θ; τ� + �ρr + h/γ�z and on k�x; t� =
γ�s + w� + q�d + e� + κ�η; θ; r; a; b; s;w; d; e; τ� + α + ψ�σ; τ� in Theorem
3.3.1 follow directly from hypotheses. To complete the proof, it suffices to
show that µ�x; t� = ν�η; q; α; σ; τ�δ�a+ω�η; θ; γ; r�+b; τ� is increasing and
supermodular in �η; q; α; σ; θ; γ;−r;−a;−b; τ�.

By hypotheses, ν�η; q; α; σ; τ� is nonnegative, increasing, and supermodular
in �η; q; α; σ; τ� and δ�a+ω�η; θ; γ; r� + b; τ� is nonnegative and increasing
in �η; θ; γ;−r;−a;−b; τ�. Because the product of two nonnegative, increas-
ing, supermodular functions is supermodular by Corollary 2.6.3, it suffices to
show that δ�a+ω�η; θ; γ; r�+b; τ� is supermodular in �η; θ; γ;−r;−a;−b; τ�.
This last condition holds by Lemma 2.6.4 because δ�z; τ� is supermodular in
�−z; τ� and is increasing and convex in −z for each τ and �−a−ω�η; θ; γ; r�−
b� is increasing and supermodular in �η; θ; γ;−r;−a;−b; τ�.

The model presented in Example 3.3.3 and analyzed in Theorem 3.3.2 is
a version of the Subsection 3.3.1 model that treats price as a decision vari-
able, has a general demand function, and has linear production costs with the
unit production cost being a variable (either a decision variable or a variable
parameter).

Example 3.3.3. A firm operates according to the general model of Subsection
3.3.1, with the following refinements. The price p is a decision variable. The
cost of producing an amount z of the product is cz, where c is a variable,
either a decision variable or a variable parameter, and must be included in
a subset C of R1. Assume that P ∩ �c;∞� is nonempty for each c in C. Let
−P = �−p x p ∈ P� and −C = �−c x c ∈ C�. The decision variable x does
not include the cost c if c is a decision variable. The variable parameter t in
T does not include the cost c if c is a variable parameter. The costs k�c; x; t�
depend on c, x, and t but not on the level of production. The firm’s profit is

5�p; c; x; t� = pµ�p; x; t� − cµ�p; x; t� − k�c; x; t�: (3.3.4)

Theorem 3.3.2. Consider the model of Example 3:3:3 with the profit function
5�p; c; x; t� of �3:3:4�. Suppose that X and T are sublattices, µ�p; x; t� is pos-
itive and increasing in �x; t� and log-supermodular in �−p; x; t�, and k�c; x; t�
is submodular in �−c; x; t�. Then,
(a) maxp∈P 5�p; c; x; t� is supermodular in �−c; x; t�;
(b) argmax−p∈−P 5�p; c; x; t� is increasing in �−c; x; t;−P�;
(c) maxp∈P;x∈X 5�p; c; x; t� and maxp∈P;c∈C;x∈X 5�p; c; x; t� are supermodular
in �−c; t� and in t, respectively;
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(d) argmaxx∈X�maxp∈P 5�p; c; x; t�� and argmax−c∈−C;x∈X�maxp∈P 5�p; c;
x; t�� are increasing in �−c; t;X� and in �t;−C;X�, respectively; and
(e) argmax−p∈−P;x∈X 5�p; c; x; t� and argmax−p∈−P;−c∈−C;x∈X 5�p; c; x; t�
both have greatest and least elements for each �c; t;−P;X� and for each
�t;−P;−C;X�, respectively, and these are increasing in �−c; t;X� and in
�t;−C;X�, respectively.

Proof. Because µ�p; x; t� is positive, in maximizing over p one need only
consider p with p > c. Because log�w� is increasing,

maxp∈P 5�p; c; x; t� + k�c; x; t�
= maxp∈P�p− c�µ�p; x; t�
= exp�log�max�−px−p<−c;−p∈−P��p− c�µ�p; x; t���
= exp�max�−px−p<−c;−p∈−P��log��p− c�µ�p; x; t����:

(3.3.5)

Because µ�p; x; t� is log-supermodular in �−p; x; t� and log�w� is concave
for w > 0, log��p − c�µ�p; x; t�� = log�p − c� + log�µ�p; x; t�� is supermod-
ular in �−p;−c; x; t� by part (b) of Lemma 2.6.2 and part (b) of Lemma
2.6.1. Then by Theorem 2.7.6, max�−px−p<−c;−p∈−P��log��p − c�µ�p; x; t��� is
supermodular in �−c; x; t�. Also, max�−px−p<−c;−p∈−P��log��p− c�µ�p; x; t���
is increasing in �−c; x; t�, since µ�p; x; t� is positive and increasing in �x; t�.
Because exp�z� is increasing and convex, Lemma 2.6.4 and (3.3.5) imply that
maxp∈P 5�p; c; x; t� + k�c; x; t� is supermodular in �−c; x; t�. Then part (a)
follows from the submodularity of k�c; x; t� in �−c; x; t�.

Part (b) follows from Theorem 2.8.2, the supermodularity of log��p− c�µ�p;
x; t�� in �−p;−c; x; t�, and

argmax−p∈−P 5�p; c; x; t� = argmax�−px−p<−c;−p∈−P���p− c�µ�p; x; t��
= argmax�−px−p<−c;−p∈−P��log��p− c�µ�p; x; t���:

Part (c) and part (d) follow from part (a) and from Theorem 2.7.6 and
Theorem 2.8.2, respectively.

Part (e) follows from part (b) and part (d).

The model of Example 3.3.3 generalizes that of Example 3.3.1 by having
price as a decision variable rather than a constant parameter, but, otherwise,
Theorem 3.3.2 makes stronger assumptions than Theorem 3.3.1. The earlier
assumption of a concave production cost function that is supermodular in all
variables is replaced by the assumption of a linear production cost, where the
coefficient is a variable. Here the demand function is log-supermodular in
�−p; x; t� rather than supermodular in �x; t�.
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Theorem 3.3.2 exhibits several apparent idiosyncrasies, discussed in the fol-
lowing paragraphs. These have to do with the direction of the change in price
with respect to the variable parameters; the proof establishing the supermod-
ularity of maxp∈P 5�p; c; x; t� in �−c; x; t� in part (a); the hypothesis that the
demand function µ�p; x; t� is log-supermodular in �−p; x; t�; the form of the
monotonicity statement in part (e); no need for the demand function to be
decreasing in price; and the lack of a corresponding version of Theorem 3.3.2
for which p is a variable parameter instead of a decision variable. This model,
its hypotheses, and its proof are different in character from others in this sub-
section because no strictly increasing transformation of the profit function is
supermodular in all variables.

In Theorem 3.3.2, as with the hypotheses for each other model in this sub-
section, the demand function is increasing in the non-price variables. The im-
pact on profit of that hypothesis tends to make higher prices relatively more
attractive for higher values of the non-price variable parameters. Subject to
other hypotheses, this seems to suggest that price would increase with the
non-price variable parameters affecting demand, and that is indeed the case
in each of the three subsequent models. In Theorem 3.3.2, on the contrary,
price decreases with those non-price variable parameters that may affect de-
mand (that is, t). This helps explain why the hypotheses and proof of this result
are somewhat different in character from other results in this subsection.

Part (a) of Theorem 3.3.2 states that applying the maximization operation
with respect to p to the profit function of (3.3.4) yields a supermodular func-
tion. Typically, the proof of such a statement would proceed by first showing
that the profit function is supermodular in all variables and then invoking the
result of Theorem 2.7.6 that supermodularity is preserved under the maximiza-
tion operation. This is not a viable approach here because the profit function
5�p; c; x; t� need not be supermodular in �−p;−c; x; t� or in �p;−c; x; t� un-
der the hypotheses of Theorem 3.3.2.

Theorem 3.3.2 assumes that the demand function is a log-supermodular
function of its arguments, while the results for other models in this subsec-
tion for other versions of (3.3.1) only assume that the demand function is
supermodular. Milgrom and Roberts [1990a] use log-supermodularity and the
log transformation in a Bertrand oligopoly model, involving a special case of
Theorem 3.3.2 with k�c; x; t� = 0 and the decision variable x omitted. See
Subsection 2.6.4 and Subsection 4.4.1.

Results on increasing optimal solutions are typically phrased in terms
of the sets of optima increasing with a parameter, where the ordering on
the sets is the induced set ordering v, as in Theorem 2.8.1 and Theorem
2.8.2. Then increasing optimal selections would follow if regularity conditions
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hold as in Theorem 2.8.3. However, part (e) of Theorem 3.3.2 only states
that the greatest and least elements of argmax−p∈−P;x∈X 5�p; c; x; t� and
argmax−p∈−P;−c∈−C;x∈X 5�p; c; x; t� exist and are increasing in �−c; t;X� and
in �t;−C;X�, respectively, rather than that the sets of optima are increasing.
This weakened monotonicity statement stems from the two-stage approach
to optimization in Theorem 3.3.2, with first optimizing out p and then opti-
mizing over x or over �−c; x�. This two-stage approach corresponds to that
of Milgrom and Roberts [1990b]. (See Example 3.3.4 below.) Furthermore,
viewed in a more abstract setting, the present two-stage approach and the
consequent weakened monotonicity statement correspond to a framework
given in a 1991 version of Milgrom and Shannon [1994].

Theorem 3.3.2 does not assume that the demand function µ�p; x; t� is de-
creasing in p, so the anomalous case of a Giffen good is permitted.

Typically, if a monotonicity result holds with a particular variable being
one of the decision variables, then the result would still hold if that vari-
able were instead a variable parameter. (See the paragraph following The-
orem 2.8.1.) However, Theorem 2.8.1 does not apply directly for Theorem
3.3.2, and there is the unusual occurrence where Theorem 3.3.2 holds with
p a decision variable but a corresponding result for the same model under
the same hypotheses would not hold with p a variable parameter instead. To
see this, let P = �0; 99�, X = �:5; 50�, µ�p; x; t� = �100 − p�x, c = 0, and
k�c; x; t� = x2, so 5�p; c; x; t� = p�100 − p�x − x2. Then the conditions of
Theorem 3.3.2 hold, since µ�p; x; t� is increasing in �x; t� and (multiplica-
tively separable and) log-supermodular in �−p; x; t� and k�c; x; t� is submod-
ular in �−c; x; t�. The optimal value of x given p is p�100 − p�/2, which is
strictly increasing in p for p in �0; 50� and is strictly decreasing in p for p in
�50; 99�. Thus the optimal value of x is neither increasing nor decreasing with
p. This example with P = �p�, where 0 ≤ p ≤ 99, also indicates that part
(e) of Theorem 3.3.2 cannot be extended to include monotonicity with respect
to −P .

Example 3.3.4, analyzed in Corollary 3.3.2, is a special case of Example
3.3.3.

Example 3.3.4. Consider the model of Example 3.3.2, but with the modifica-
tions that price p is a decision variable; the base demand function explicitly
depends on price, as ν�p;η; q; α; σ; τ�; the cost of producing z units of prod-
uct is cz, where c is a variable (either a decision variable or a variable param-
eter); and the technology variable θ is replaced by the marginal production
cost c, which is an inverse measure of the level of technology. For variables
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�p;η; q; α; σ; c; γ; r; a; b; s;w; d; e; τ�, the firm’s profit is

5�p;η; q; α; σ; c; γ; r; a; b; s;w; d; e; τ�
= pν�p;η; q; α; σ; τ�δ�a+ω�η; c; γ; r� + b; τ�
− �c + ρr + h/γ�ν�p;η; q; α; σ; τ�δ�a+ω�η; c; γ; r� + b; τ�
− γ�s +w� − q�d + e� − κ�η; c; r; a; b; s;w; d; e; τ� − α− ψ�σ; τ�:

Let �−p;η; q; α; σ;−c; γ;−r;−a;−b;−s;−w;−d;−e; τ� be the collection
of all variables, let −p be a decision variable, let the vector of other decision
variables x be any subset of the variables not including −p and τ, and let
the vector of variable parameters t consist of all variables not included in
�−p; x�. The decision variable x is constrained to be in a set X and the
variable parameter t is taken from a set T .

Following are differences between the model and assumptions of Exam-
ple 3.3.4 and Corollary 3.3.2 and those of Milgrom and Roberts [1990b]. The
number of products η is here taken to be a variable rather than a constant pa-
rameter. To facilitate an analysis based on supermodularity with this new vari-
able, the definition of the variable q is changed to the total number of product
improvements rather than the average number of improvements per product
(which here is q/η). The variables α for advertising and σ for market size are
included in the present model, thereby incorporating features of a model of
Bagwell and Ramey [1994] that has variables �p;η; α; σ; c� and a multiplica-
tively separable (and, hence, log-supermodular) demand function with more
refined and specialized demand modeling. Hypotheses on the demand and cost
functions are expanded to reflect the new variables. The present results ac-
commodate having any nonempty subset of the variables including price p and
not including time τ as the decision variables, rather than all variables except
τ. Assumptions of twice differentiability are dropped. The assumption that de-
mand is decreasing in price is dropped. The assumption that the profit function
is strictly quasi-concave in p is dropped. The present example adds the new
assumption that the base demand function is log-supermodular, strengthening
the assumption of Milgrom and Roberts [1990b] that the base demand func-
tion is supermodular. This additional assumption is crucial. Indeed, Theorem
3.3.7 demonstrates that log-supermodularity is necessary for monotonicity in
the present model. (The statement of the monotonicity result of Milgrom and
Roberts [1990b] is not correct under the hypotheses stated therein. A coun-
terexample can be seen with a separable base demand function. See Bushnell
and Shepard [1995], Milgrom and Roberts [1995], and Topkis [1995b] for dis-
cussions and corrections.)
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Corollary 3.3.2. Consider the model of Example 3:3:4. Suppose that X and T
are sublattices; ν�p;η; q; α; σ; τ� is positive, increasing in �η; q; α; σ; τ�, and
log-supermodular in �−p;η; q; α; σ; τ�; δ�z; τ� is positive, decreasing and convex
in z for each τ, increasing in τ for each z, and submodular in �z; τ�; ω�η; c; γ; r�
is decreasing and submodular in �η;−c; γ;−r�; κ�η; c; r; a; b; s;w; d; e; τ� is
submodular in �η;−c;−r;−a;−b;−s;−w;−d;−e; τ�; and ψ�σ; τ� is submod-
ular in �σ; τ�. Then,
(a) maxp∈P 5�p; c; x; t� is supermodular in �−c; x; t�;
(b) argmax−p∈−P 5�p; c; x; t� is increasing in �−c; x; t;−P�;
(c) maxp∈P;x∈X 5�p; c; x; t� and maxp∈P;c∈C;x∈X 5�p; c; x; t� are supermodular
in �−c; t� and in t, respectively;
(d) argmaxx∈X�maxp∈P 5�p; c; x; t�� and argmax−c∈−C;x∈X�maxp∈P 5�p; c;
x; t�� are increasing in �−c; t;X� and in �t;−C;X�, respectively; and
(e) argmax−p∈−P;x∈X 5�p; c; x; t� and argmax−p∈−P;−c∈−C;x∈X 5�p; c; x; t�
both have greatest and least elements for each �c; t;−P;X� and for each
�t;−P;−C;X�, respectively, and these are increasing in �−c; t;X� and in
�t;−C;X�, respectively.

Proof. Part (c), part (d), and part (e) follow from part (a) and part (b) as in
the proof of Theorem 3.3.2, so it suffices to establish part (a) and part (b).

The hypotheses of Theorem 3.3.2 hold where c′ is the marginal produc-
tion cost variable, �η; q; α; σ; τ� are the other non-price variables, the de-
mand function is ν�p;η; q; α; σ; τ�, and there are no costs that do not depend
on the level of production. Then maxp∈P�p − c′�ν�p;η; q; α; σ; τ� is super-
modular in �−c′; η; q; α; σ; τ� by part (a) of Theorem 3.3.2, is increasing in
�−c′; η; q; α; σ; τ� by hypothesis, and is convex in −c′ because it is the maxi-
mum of a collection of affine functions (in −c′). Letting −c′ = −c−ρr−h/γ,
Lemma 2.6.4 implies that maxp∈P�p−c−ρr−h/γ�ν�p;η; q; α; σ; τ� is super-
modular in �−c; η; q; α; σ; γ;−r; τ�. Furthermore, δ�a + ω�η; c; γ; r� + b; τ�
is nonnegative, increasing, and supermodular in �−c; η; γ;−r;−a;−b; τ� as
in the proof of Corollary 3.3.1. Therefore,

maxp∈P 5�p; c; x; t�
= �maxp∈P�p− c − ρr − h/γ�ν�p;η; q; α; σ; τ��δ�a+ω�η; c; γ; r� + b; τ�
− γ�s +w� − q�d + e� − κ�η; c; r; a; b; s;w; d; e; τ� − α− ψ�σ; τ�

is supermodular in �−c; x; t� by Corollary 2.6.3 and part (b) of Lemma 2.6.1,
and so part (a) holds. Part (b) holds because part (b) of Theorem 3.3.2
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implies that argmax−p∈−P�p−�c+ρr+h/γ��ν�p;η; q; α; σ; τ� is increasing in
�−�c + ρr + h/γ�; η; q; α; σ; τ;−P�.

The model presented in Example 3.3.5 and analyzed in Theorem 3.3.3 is a
version of the Subsection 3.3.1 model that treats price as a variable (either
a decision variable or a variable parameter), has a general demand function,
and has linear production costs with the unit production cost being a constant
parameter.

Example 3.3.5. A firm operates according to the general model of Subsection
3.3.1, with the following refinements. The market price p is a variable, either
a decision variable or a variable parameter. The cost of producing an amount
z of the product is cz, where c is a constant parameter and P is a subset of
�c;∞�. The firm’s profit is

5�p; x; t� = pµ�p; x; t� − cµ�p; x; t� − k�x; t�: (3.3.6)

Theorem 3.3.3. Consider the model of Example 3:3:5 with the profit function
5�p; x; t� of �3:3:6�. Suppose that X and T are sublattices, µ�p; x; t� is increas-
ing in �x; t� and supermodular in �p; x; t�, and k�x; t� is submodular in �x; t�.
Then,
(a) 5�p; x; t� is supermodular in �p; x; t�;
(b) maxx∈X 5�p; x; t� and maxp∈P;x∈X 5�p; x; t� are supermodular in �p; t� and
in t, respectively; and
(c) argmaxx∈X 5�p; x; t� and argmaxp∈P;x∈X 5�p; x; t� are increasing in
�p; t;X� and in �t; P;X�, respectively.

Proof. Because k�x; t� is submodular, for part (a) it suffices by (3.3.6) to
show that �p − c�µ�p; x; t� is supermodular in �p; x; t�. Pick �p′; x′; t ′� and
�p′′; x′′; t ′′� with p′′ ≥ c and p′ ≥ c. Without loss of generality, suppose that
p′′ ≥ p′ so p′ ∨ p′′ = p′′ and p′ ∧ p′′ = p′. Then

�p′′ − c�µ�p′′; x′ ∨ x′′; t ′ ∨ t ′′� + �p′ − c�µ�p′; x′ ∧ x′′; t ′ ∧ t ′′�
− �p′ − c�µ�p′; x′; t ′� − �p′′ − c�µ�p′′; x′′; t ′′�
= �p′′ − c��µ�p′′; x′ ∨ x′′; t ′ ∨ t ′′� + µ�p′; x′ ∧ x′′; t ′ ∧ t ′′�
− µ�p′; x′; t ′� − µ�p′′; x′′; t ′′��
+ �p′′ − p′��µ�p′; x′; t ′� − µ�p′; x′ ∧ x′′; t ′ ∧ t ′′��
≥ 0;

where the equality is an identity and the inequality follows because p′′ ≥ c,
µ�p; x; t� is supermodular in �p; x; t�, p′′ ≥ p′, and µ�p; x; t� is increasing in



116 C HAPTER 3

�x; t�. This establishes part (a). Part (b) and part (c) follow from part (a) and
from Theorem 2.7.6 and Theorem 2,8,2, respectively.

The model of Example 3.3.5 specializes that of Example 3.3.3 by having the
coefficient of the linear production cost be a constant parameter rather than a
variable, and is broader by permitting price to be either a decision variable or
a variable parameter rather than just a decision variable. A significant distinc-
tion is that price increases with the variable parameter in Theorem 3.3.3, while
in Theorem 3.3.2 price decreases with the variable parameter. Theorem 3.3.3
assumes that the demand function is supermodular in �p; x; t�, while Theorem
3.3.2 assumes that the demand function is log-supermodular in �−p; x; t�. Fur-
thermore, the nature of the ordering comparing optima is somewhat stronger
here than in part (e) of Theorem 3.3.2. As with Theorem 3.3.2, Theorem 3.3.3
does not assume that the demand function µ�p; x; t� is decreasing in p.

Example 3.3.6 is a special case of Example 3.3.5. This example extends a
model of Topkis [1979], given in the context of a noncooperative game, by
the inclusion of the decision variable q determining perceived product quality.
See Subsection 4.4.1.

Example 3.3.6. A firm produces a single product, and other firms market sub-
stitute products. The firm sets the price p of its product, and ρ in Rm is the
vector of prices of the substitute products marketed by other firms. Further-
more, the firm chooses the quality q that the market perceives its product to
have. (This perceived quality may be real as resulting from capital investment
and quality control, or it may only be a result of the level of advertising.) The
firm’s demand function is µ�p; q; ρ�, which is increasing in q. Because the
products are substitutes, µ�p; q; ρ� is increasing in ρ. The demand µ�p; q; ρ�
is supermodular in �p; q�, indicating that price and quality are substitute at-
tributes in the market. That is, an improvement in quality has a greater impact
on demand at higher prices, and a price reduction has a greater impact on de-
mand for a lower quality product. Also, µ�p; q; ρ� has increasing differences
in ��p; q�; ρ�, reflecting the properties that lower levels for the prices of com-
petitors’ substitute products increase the sensitivity of demand for the firm’s
product to its price and decrease the sensitivity of demand for the firm’s prod-
uct to its quality. The firm has a unit production cost c, where c is a constant
parameter. There is a cost k�q� for investments, procedures, and/or advertis-
ing that would lead the market to perceive a quality q for the firm’s product.
Part (c) of Theorem 3.3.3 applies directly with the decision variable x = q,
the variable parameter t = ρ, and k�x; t� = k�q�, so the optimal price p and
perceived quality q increase with the prices ρ of the substitute products.
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The model presented in Example 3.3.7 and analyzed in Theorem 3.3.4 is
a version of the Subsection 3.3.1 model that treats price as a variable (ei-
ther a decision variable or a variable parameter), has a demand function that
depends only on price, and has a general production cost function.

Example 3.3.7. A firm operates according to the general model of Subsection
3.3.1, with the following refinements. The market price p is a variable, either a
decision variable or a variable parameter. The demand for the firm’s product
is µ�p�, which depends on the variable p but not on the decision variable x
nor on the variable parameter t. The firm’s profit is

5�p; x; t� = pµ�p� − c�µ�p�; x; t� − k�x; t�: (3.3.7)

Theorem 3.3.4. Consider the model of Example 3:3:7 with the profit function
5�p; x; t� of �3:3:7�. Suppose that X and T are sublattices, µ�p� is decreasing
in p, c�z; x; t� is submodular in �−z; x; t�, and k�x; t� is submodular in �x; t�.
Then,
(a) 5�p; x; t� is supermodular in �p; x; t�;
(b) maxx∈X 5�p; x; t� and maxp∈P;x∈X 5�p; x; t� are supermodular in �p; t� and
in t, respectively; and
(c) argmaxx∈X 5�p; x; t� and argmaxp∈P;x∈X 5�p; x; t� are increasing in
�p; t;X� and in �t; P;X�, respectively.

Proof. Because c�z; x; t� is submodular in �−z; x; t� and µ�p� is decreasing
in p, c�µ�p�; x; t� is submodular in �p; x; t�. Then part (a) holds by (3.3.7)
because k�x; t� is submodular in �x; t�. Part (b) and part (c) follow from part
(a) and from Theorem 2.7.6 and Theorem 2.8.2, respectively.

Theorem 3.3.4 is broader than Theorem 3.3.3, in the sense that the pro-
duction cost is a general submodular function of the negative of the level of
production and the non-price variables rather than being linear with a con-
stant parameter coefficient. However, the demand function here can depend
only on price, with which it must be decreasing, while in Theorem 3.3.3 the
demand function could be a general supermodular function of price and the
other variables.

For the case where the production cost is linear so c�z; x; t� = c�x; t�z, the
hypotheses on c�z; x; t� in Theorem 3.3.4 reduce to c�x; t� being increasing
and submodular in �x; t�.

Example 3.3.8 is a special case of Example 3.3.7. This example is a version
of Milgrom, Qian, and Roberts [1991], with price considered explicitly.

Example 3.3.8. A firm produces a single product in each of a sequence of
periods. For each period, the firm myopically optimizes its profit function for
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that period. The demand µ�p� in each period depends only on the price p, a
decision variable, and is decreasing in p. The other decision variable is θ, the
level of technology used in the firm’s production processes. The variable pa-
rameters in each period are the level of technology ϑ in the previous period
and the current level of knowledge η publicly and privately available to the
firm. The cost of producting an amount z is c�z; θ; η�, which is submodular in
�z; θ; η�. This submodularity assumption means that the marginal cost of any
additional production is decreasing with the levels of technology and knowl-
edge and that the cost reduction resulting from a higher level of technology is
greater with a greater amount of knowledge. The cost associated with having
a production technology at level θ is k�θ;η;ϑ�, which has decreasing differ-
ences in �θ; �η;ϑ��. This decreasing differences assumption means that the
marginal cost for using a higher level of technology decreases with the amount
of knowledge and with the previous level of technology. The profit function
is pµ�p� − c�µ�p�; θ; η� − k�θ;η;ϑ�, and part (c) of Theorem 3.3.4 with
x = −θ and t = �−η;−ϑ� implies that the optimal price p and technology θ
are decreasing and increasing, respectively, with the state of knowledge η, with
the previous level of technology ϑ, and with the set of feasible technologies.

Now consider the multiperiod nature of the example and let the periods
be indexed by τ. Suppose that the optimal solution in each period is unique.
(This supposition can be relaxed if one is careful about which optimal solution
is selected.) Denote the variable parameters η and ϑ and the optimal deci-
sion variables p and θ in period τ as η�τ�, ϑ�τ�, p�τ�, and θ�τ�, respectively.
Then ϑ�τ� = θ�τ − 1�. The knowledge at the beginning of any period is in-
creasing in the knowledge, technology, and production for the previous period,
so η�τ� = h�η�τ−1�; θ�τ−1�; p�τ−1�� where h�η�τ−1�; θ�τ−1�; p�τ−1��
is increasing in �η�τ−1�; θ�τ−1�;−p�τ−1��. The momentum property is that
if there is any period τ′ for which η�τ′� ≥ η�τ′ − 1� and ϑ�τ′� ≥ ϑ�τ′ − 1�,
then �−p�τ�; θ�τ�; η�τ�;ϑ�τ�� ≥ �−p�τ − 1�; θ�τ − 1�; η�τ − 1�;ϑ�τ − 1��
for each τ ≥ τ′. This follows by induction. Pick any τ ≥ τ′ and suppose that
η�τ� ≥ η�τ − 1� and ϑ�τ� ≥ ϑ�τ − 1�. By the monotonicity of the deci-
sion variables with the variable parameters in each period, �−p�τ�; θ�τ�� ≥
�−p�τ − 1�; θ�τ − 1�� and so η�τ + 1� = h�η�τ�; θ�τ�; p�τ�� ≥ h�η�τ − 1�;
θ�τ − 1�; p�τ − 1�� = η�τ� and ϑ�τ + 1� = θ�τ� ≥ θ�τ − 1� = ϑ�τ�. From
each period to the next, the firm increases its sales and production by decreas-
ing price, increases the level of production technology, and increases available
knowledge.

The model presented in Example 3.3.9 and analyzed in Theorem 3.3.5 is a
version of the Subsection 3.3.1 model that treats price as a variable (either
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a decision variable or a variable parameter), has a demand function that de-
pends on price and on a limited component of the other variables, and has
a production cost function depending on the level of production and on a
limited component of the non-price variables.

Example 3.3.9. A firm operates according to the general model of Subsection
3.3.1, with the following refinements. The market price p is a variable, either a
decision variable or a variable parameter. There is another variable y, which is
restricted to be in a chain Y included in Rr and which may be either a decision
variable or a variable parameter. The decision variable x does not include the
variable y if y is a decision variable. The variable parameter t in T does not
include the variable y if y is a variable parameter. The demand for the firm’s
product is µ�p; y�, which depends on the variables p and y but not on the
decision variable x nor on the variable parameter t. The cost of producing an
amount z of the product is c�z; y�, which depends on the variable y. There
are other costs, k�y; x; t�, depending on y, x, and t, but not on the level of
production. The firm’s profit is

5�p; y; x; t� = pµ�p; y� − c�µ�p; y�; y� − k�y; x; t�: (3.3.8)

Theorem 3.3.5. Consider the model of Example 3:3:9 with the profit function
5�p; y; x; t� of �3:3:8�. Suppose that X and T are sublattices, Y is a chain,
µ�p; y� is increasing in �−p; y� and supermodular in �p; y�, pz − c�z; y� is
increasing in z, c�z; y� is convex in z and supermodular in �z; y�, and k�y; x; t�
is submodular in �y; x; t�. Then,
(a) 5�p; y; x; t� is supermodular in �p; y; x; t�;
(b) maxy∈Y;x∈X 5�p; y; x; t�, maxp∈P;x∈X 5�p; y; x; t�, and maxp∈P;y∈Y;x∈X 5�p;
y; x; t� are supermodular in �p; t�, in �y; t�, and in t, respectively; and
(c) argmaxy∈Y;x∈X 5�p; y; x; t�, argmaxp∈P;x∈X 5�p; y; x; t�, and
argmaxp∈P;y∈Y;x∈X 5�p; y; x; t� are increasing in �p; t; Y;X�, in �y; t; P;X�,
and in �t; P; Y;X�, respectively.

Proof. Because k�y; x; t� is submodular, for part (a) it suffices by (3.3.8) to
show that pµ�p; y� − c�µ�p; y�; y� is supermodular in �p; y�. Pick p′′, p′, y ′′,
and y ′ with p′′ > p′ and y ′′ > y ′. Then

p′′µ�p′′; y ′′� − c�µ�p′′; y ′′�; y ′′� + p′µ�p′; y ′� − c�µ�p′; y ′�; y ′�
− �p′′µ�p′′; y ′� − c�µ�p′′; y ′�; y ′�� − �p′µ�p′; y ′′� − c�µ�p′; y ′′�; y ′′��
= p′′µ�p′′; y ′′� − c�µ�p′′; y ′′�; y ′′�
− �p′′�µ�p′′; y ′� + µ�p′; y ′′� − µ�p′; y ′��
− c�µ�p′′; y ′� + µ�p′; y ′′� − µ�p′; y ′�; y ′′��



120 C HAPTER 3

+ �p′′ − p′��µ�p′; y ′′� − µ�p′; y ′��
+ c�µ�p′; y ′′�; y ′′� − c�µ�p′′; y ′� + µ�p′; y ′′� − µ�p′; y ′�; y ′′�
− �c�µ�p′; y ′�; y ′′� − c�µ�p′′; y ′�; y ′′��
+ c�µ�p′; y ′�; y ′′� − c�µ�p′′; y ′�; y ′′�
− �c�µ�p′; y ′�; y ′� − c�µ�p′′; y ′�; y ′��
≥ 0;

where the equality is an identity and the second term is nonnegative since
the first three lines of the second term are nonnegative because µ�p; y� is
supermodular in �p; y� and pz − c�z; y� is increasing in z, the fourth line
is nonnegative because µ�p; y� is increasing in y, the fifth and sixth lines are
nonnegative because µ�p; y� is increasing in �−p; y� and c�z; y� is convex in z,
and the seventh and eighth lines are nonnegative because µ�p; y� is increasing
in −p and c�z; y� is supermodular in �z; y�. This establishes part (a). Part (b)
and part (c) follow from part (a) and from Theorem 2.7.6 and Theorem 2.8.2,
respectively.

Theorem 3.3.5 is broader than Theorem 3.3.3, in the sense that the pro-
duction cost is convex and can depend on a variable in addition to the level
of production rather than being linear with a constant parameter coefficient.
It is broader than Theorem 3.3.4, in the sense that the demand function can
depend on a variable in addition to price. However, other generality is lost,
since that variable in Theorem 3.3.5 is restricted to a chain.

For the case where the production cost is linear so c�z; y� = c�y�z, the
hypotheses on c�z; y� in Theorem 3.3.5 reduce to p ≥ c�y� for each y and
c�y� is increasing in y.

In the context of competitive models with substitute products, Milgrom and
Shannon [1994] and Vives [1990] show that the optimal value of the deci-
sion variable p is increasing with the variable parameter y under conditions
somewhat similar to those of Theorem 3.3.5. In those models, y represents the
vector of prices of the substitute products, and the production cost depends
only on the level of production (that is, c�z; y� = c�z�). Furthermore, the re-
sult of Milgrom and Shannon [1994] is based on ordinal methods, makes the
weaker assumption that µ�p; y� is log-supermodular rather than supermodular
in �p; y�, and does without the assumption that pz − c�z; y� is increasing in z.

Example 3.3.10 is a special case of Example 3.3.9.

Example 3.3.10. A firm produces a single product of quality q, which it sells
for price p. The demand µ�p; q� is decreasing with price p and increasing with
quality q. The demand µ�p; q� is supermodular in �p; q�, indicating that price
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and quality are substitute attributes in the market; that is, quality improve-
ment has a greater impact at higher prices and a price reduction has a greater
impact given lower quality. The cost of producting an amount z with quality
q is c�z; q�, which is supermodular in �z; q�. This supermodularity means that
the marginal cost of producing additional product is greater for product of
higher quality. Furthermore, the operating profit from sales z, pz− c�z; q�, is
increasing in z, and c�z; q� is convex in z so the marginal cost of production
is increasing for any given quality q. If the market would only accept prod-
uct of a given quality q, so quality is a variable parameter, and if price is a
decision variable, then by part (c) of Theorem 3.3.5 the firm’s optimal price
increases with that quality. This property contrasts with Example 3.3.2 where,
under the rather different hypotheses of the modified Milgrom and Roberts
[1990b] model, optimal price decreases with quality. As another version of this
example, if price p is a variable parameter determined by the market or by
a regulator and if quality is a decision variable, then by part (c) of Theorem
3.3.5 optimal quality for the firm’s product increases with that price. As a third
version, suppose that both price and quality are decision variables, that time τ
is a variable parameter, and that there is a capital cost k�q; τ� associated with
being able to produce product of quality q at time τ. Suppose that k�q; τ�
is submodular in �q; τ�, so the marginal capital needed to produce a higher
quality product decreases as time goes on. By part (c) of Theorem 3.3.5, price
and quality both increase with time.

3.3.3 Necessary Conditions

With the particular exception of the log-supermodularity assumption of Theo-
rem 3.3.2 (which is addressed with Theorem 3.3.7), Theorem 3.3.6 shows that
hypotheses of Subsection 3.3.2 are necessary for the firm’s decision problems
to have increasing optimal solutions. (In relating the conditions of Theorem
3.3.6 with those of Subsection 3.3.2, recall the convention of Subsection 3.3.2
that all statements of hypotheses yielding increasing optimal solutions based
on Theorem 2.8.2 are required to hold only for each subset of variable pa-
rameters that is a chain.) Part (a), part (b), part (c), part (d), and part (e) of
Theorem 3.3.6 establish the necessity of hypotheses made throughout Subsec-
tion 3.3.2 that the cost function k�x; t� is submodular in x and has decreasing
differences in �x; t�; that the demand function µ�p; x; t� is supermodular in
x, has increasing differences in �x; t�, and is increasing in �x; t�; and that the
production cost function c�z; x; t� is submodular in x and has decreasing dif-
ferences in �x; t�. Part (c) and part (d) of Theorem 3.3.6 establish the necessity
of µ�p; x; t� having increasing differences in �p; x� and in �p; t� for the third
and fifth models of Subsection 3.3.2. Part (f) of Theorem 3.3.6 establishes the
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necessity of the concavity of c�z; x; t� in z for the first model of Subsection
3.3.2.

Theorem 3.3.6. Consider the model summarized in the profit function of �3:3:1�.
(a) Suppose that c�z; x; t� = cz for a constant parameter c with c 6= p and
µ�p; x; t� = µ′�p; t� + q · x where q in Rn is a constant parameter, so

5�p; x; t� = �p− c�µ′�p; t� + �p− c�q · x− k�x; t�:

If argmaxx∈X 5�p; x; t� is increasing in �t;X� for each q in Rn, then k�x; t� is
submodular in x and has decreasing differences in �x; t�.
(b) Suppose that c�z; x; t� = cz for a constant parameter c with c < p and
k�x; t� = k′�t� + q · x where q in Rn is a constant parameter, so

5�p; x; t� = �p− c�µ�p; x; t� − k′�t� − q · x:

If argmaxx∈X 5�p; x; t� is increasing in �t;X� for each q in Rn, then µ�p; x; t�
is supermodular in x and has increasing differences in �x; t�.
(c) Suppose that c�z; x; t� = cz for a constant parameter c with c ≤ p and
k�x; t� = k′�t� + q · x where q in Rn is a constant parameter, so

5�p; x; t� = �p− c�µ�p; x; t� − k′�t� − q · x:

If argmaxx∈X 5�p; x; t� is increasing in p for each X, for each q in Rn, and
for each c with c ≤ p, then µ�p; x; t� is increasing in x and has increasing
differences in �p; x�.
(d) Suppose that c�z; x; t� = cz for a constant parameter c with c ≤ p and
µ�p; x; t� = µ′�p; x; t� + q where q in R1 is a constant parameter, so

5�p; x; t� = �p− c�µ′�p; x; t� + qp− qc − k�x; t�:

If argmaxp∈P 5�p; x; t� is increasing in t for each P , for each q in R1, and for
each c with c ≤ p, then µ′�p; x; t� is increasing in t and has increasing differences
in �p; t�.
(e) Suppose that µ�p; x; t� = u where u in R1 is a constant parameter and
k�x; t� = k′�t� + q · x where q in Rn is a constant parameter, so

5�p; x; t� = pu− c�u; x; t� − k′�t� − q · x:

If argmaxx∈X 5�p; x; t� is increasing in �t;X� for each q in Rn, then c�u; x; t�
is submodular in x and has decreasing differences in �x; t�.
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(f) Suppose that µ�p; x; t� is linear and strictly increasing in �x; t�, n ≥ 1, m ≥ 1,
c�z; x; t� = c�z� where c�z� is continuous, and k�x; t� = k′�t� + q · x where q
in Rn is a constant parameter, so

5�p; x; t� = pµ�p; x; t� − c�µ�p; x; t�� − k′�t� − q · x:
If argmaxx∈X 5�p; x; t� is increasing in t for each nonempty sublattice X and
for each q in Rn, then c�z� is concave in z.

Proof. Part (a), part (b), and part (e) follow directly from Theorem 2.8.10 and
Theorem 2.8.11.

Under the hypotheses of part (c), Theorem 2.8.11 implies that �p− c�µ�p;
x; t� has increasing differences in �p; x�. Pick p′′, p′, x′′, and x′ with
p′′ > p′ and x′′ > x′. Because �p − c�µ�p; x; t� has increasing differences in
�p; x�,

0 ≤ �p′′ − c��µ�p′′; x′′; t� − µ�p′′; x′; t��
− �p′ − c��µ�p′; x′′; t� − µ�p′; x′; t��

= �p′ − c���µ�p′′; x′′; t� − µ�p′′; x′; t�� (3.3.9)

− �µ�p′; x′′; t� − µ�p′; x′; t���
+ �p′′ − p′��µ�p′′; x′′; t� − µ�p′′; x′; t��:

Letting c = p′, (3.3.9) implies that µ�p; x; t� is increasing in x. Letting c be
sufficiently small, (3.3.9) implies that µ�p; x; t� has increasing differences in
�p; x�.

Under the hypotheses of part (d), Theorem 2.8.11 implies that �p− c�µ′�p;
x; t� has increasing differences in �p; t�. It now follows as in the proof of
part (c) that µ′�p; x; t� is increasing in t and has increasing differences in
�p; t�.

Under the hypotheses of part (f), Theorem 2.8.11 implies that c�µ�p; x; t��
has decreasing differences in �x; t�. Because c�µ�p; x; t�� has decreasing dif-
ferences in �x; t�, c�z� is continuous, µ�p; x; t� is linear and strictly increasing
in �x; t�, n ≥ 1, and m ≥ 1, c�z� is concave in z by part (c) of Lemma 2.6.2.

Theorem 3.3.7 shows that if T is a chain then the log-supermodularity of
the demand function in �−p; t�, as assumed in Theorem 3.3.2 and in Corol-
lary 3.3.2, is necessary for the firm’s decision problem in Example 3.3.3 and
in Example 3.3.4 to have optimal solutions where price decreases with the
parameter t.
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Theorem 3.3.7. If T is a chain, P is a subset of R1, µ�p; t� is positive and
decreasing in p on P for each t in T , and argmaxp∈P ′ �p−c�µ�p; t� is decreasing
in t on T for each real c and for each subset P ′ of P , then µ�p; t� is log-
supermodular in �−p; t� on �−P� × T �where −P = �−p x p ∈ P��.

Proof. Suppose that µ�p; t� is not log-supermodular in �−p; t�. Then there
exist p′, p′′, t ′, and t ′′ such that p′′ > p′, t ′′ > t ′, and

logµ�p′′; t ′� + logµ�p′; t ′′� < logµ�p′′; t ′′� + logµ�p′; t ′�:

Therefore,

µ�p′′; t ′�µ�p′; t ′′� < µ�p′′; t ′′�µ�p′; t ′�;

and so, using the property that µ�p; t� is decreasing in p,

1 ≤ µ�p′; t ′′�/µ�p′′; t ′′� < µ�p′; t ′�/µ�p′′; t ′�: (3.3.10)

By (3.3.10), one can pick c′ < p′ such that

µ�p′; t ′′�/µ�p′′; t ′′� < �p′′ − c′�/�p′ − c′� < µ�p′; t ′�/µ�p′′; t ′�: (3.3.11)

By (3.3.11),

�p′ − c′�µ�p′; t ′′� < �p′′ − c′�µ�p′′; t ′′� (3.3.12)

and

�p′′ − c′�µ�p′′; t ′� < �p′ − c′�µ�p′; t ′�: (3.3.13)

Let P ′ = �p′; p′′�. By (3.3.12),

argmaxp∈P ′ �p− c′�µ�p; t ′′� = �p′′�: (3.3.14)

By (3.3.13),

argmaxp∈P ′ �p− c′�µ�p; t ′� = �p′�: (3.3.15)

Because p′′ > p′ and t ′′ > t ′, (3.3.14) and (3.3.15) show that
argmaxp∈P ′ �p− c′�µ�p; t� is not decreasing in t.
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3.4 Transportation and Transshipment Problems

Subsection 3.4.1 uses general properties for maximizing a supermodular func-
tion on a lattice to examine the structure of the transportation problem, with
the parameters taken to be the capacities at the factories and the demands
of the customers (or the set of operating factories and the set of customers
in the market). Complementarity and substitutability properties hold, and the
optimal dual variables are monotone with respect to problem parameters. Sub-
section 3.4.2 gives examples showing that seemingly natural extensions of these
complementarity and substitutability properties fail to hold in general for the
two-stage transshipment problem.

3.4.1 Transportation Problem

Consider the transportation problem, where a firm produces a single product
at each of a finite set of factories I to satisfy the demand of each of a finite
set of customers K. The maximum production capacity at factory i is Si ≥ 0.
The demand of customer k is Dk ≥ 0. The product can be shipped from any
factory to any customer. There is a unit transportation cost ci;k for shipping
the product from factory i to customer k. The objective of the firm is to
satisfy all customer demand from production at its factories in such a way
as to minimize total shipping costs. Assume that

∑
i∈I Si ≥

∑
k∈K Dk, so that

the problem of the firm is feasible and an optimal solution exists. Let xi;k be
the amount shipped from factory i to customer k. The problem of the firm
is to

minimize
∑
i∈I
∑
k∈K ci;kxi;k

subject to

−∑k∈K xi;k ≥ −Si for each i in I,∑
i∈I xi;k ≥ Dk for each k in K,

and

xi;k ≥ 0 for all i in I and k in K:

For the (primal) transportation problem stated above, the dual (Dantzig
[1963]) is to

maximize
∑
i∈I�−Si�wi +

∑
k∈K Dkvk

subject to

vk −wi ≤ ci;k for all i in I and k in K;

wi ≥ 0 for each i in I;
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and

vk ≥ 0 for each k in K:

Two related sets of parameters are of interest here. The first set of param-
eters consists of the collection of all capacities Si and demands Dk, where
the sets of factories I and customers K are constant. Fix the set of factories
I and the set of customers K, and let S = �Si x i ∈ I�, D = �Dk x k ∈ K�,
w = �wi x i ∈ I�, and v = �vk x k ∈ K�. For any vectors of supplies S and
demands D, let g�S;D� be the optimal value of the objective function in the
transportation problem and let Y �S;D� be the collection of all optimal so-
lutions �w; v� for the dual of the transportation problem. The second set of
parameters consists of the set I of open factories and the set K of customers
in the market, where the capacities and demands for potentially open facto-
ries and potentially available customers are constant. For this second case,
suppose that there are a set I ′ of factories that may potentially be operat-
ing and a set K′ of customers who may potentially be in the market, with
S′ = �Si x i ∈ I ′� and D′ = �Dk x k ∈ K′�. The sets I ′ and K′ are treated as
constants, and the set I of operating factories and the set K of customers in
the market are subsets of I ′ and K′, respectively. For any subsets I and K of I ′

and K′, respectively, let h�I;K� be the optimal value of the objective function
in the transportation problem with a set of factories I and a set of customers
K and let Z�I;K� be the collection of all optimal solutions �w; v� for the dual
of the transportation problem. The first set of parameters (S and D) is more
general because adding a new factory i corresponds to increasing its capacity
from 0 to its operating capacity Si and adding a new customer k corresponds
to increasing that customer’s demand from 0 to its actual demand Dk. For
this reason, the proof for Theorem 3.4.1 below only gives the proof for the
first set of parameters (S and D). Nevertheless, results involving the sets of
factories I and customers K as parameters are of direct interest, so results for
these are also stated explicitly in Theorem 3.4.1.

The results of Theorem 3.4.1 have interpretations in terms of complements
and substitutes. Part (a) of Theorem 3.4.1 establishes the supermodularity
of the optimal cost function g�S;D� in �−S;D� for the transportation prob-
lem. Theorem 2.6.1 then implies that this optimal cost function has increasing
differences as a function of the capacities of any two factories, increasing dif-
ferences as a function of the demands of any two customers, and decreasing
differences as a function of the capacity of any factory and the demand of
any customer. Therefore, the capacities of any two factories are substitutes,
the demands of any two customers are substitutes, and the capacity of any
factory and the demand of any customer are complements. That is, the cost
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decrease due to greater capacity at any factory decreases with the capacities
of the other factories and increases with the demands of the customers, and
the cost increase due to greater demand from any customer decreases with
the capacities of the factories and increases with the demands of the other
customers. It likewise follows from the supermodularity of the optimal cost
h�I;K� in �I ′ \ I;K�, as in part (a) of Theorem 3.4.1, that any two factories
are substitutes, any two customers are substitutes, and any factory and any
customer are complements. That is, the cost decrease due to opening a new
factory decreases with the set of other open factories and increases with the
set of customers in the market, and the cost increase due to an additional cus-
tomer decreases with the set of open factories and increases with the set of
other customers in the market. Part (b) and part (c) of Theorem 3.4.1 establish
the monotonicity of the optimal dual variables with respect to the parameters
in the transportation problem. Because dual variables represent the marginal
change in the optimal primal objective function value with respect to changes
in the elements on the right-hand side of the primal inequality constraints,
interpretations of part (b) and part (c) of Theorem 3.4.1 in terms of substi-
tutability and complementarity are similar to the preceding interpretation of
part (a).

Samuelson [1952] asserts a version of part (b) of Theorem 3.4.1 with −S as
the parameter. Shapley [1962] considers complements and substitutes in the
assignment problem, which is a transportation problem with each factory’s
supply and each customer’s demand equal to 1. Shapley [1962] shows that the
optimal cost function has increasing differences with respect to any two facto-
ries (so any two factories are substitutes), increasing differences with respect
to any two customers (so any two customers are substitutes), and decreas-
ing differences with respect to any factory and any customer (so any factory
and any customer are complements). Shapley [1962] further comments that
these results for the assignment problem could be extended to the transporta-
tion problem. Erlenkotter [1969] establishes that if �−S′;D′� ≤ �−S′′;D′′�
and �w′; v′� is in Y �S′;D′�, then there exists �w′′; v′′� in Y �S′′;D′′� such that
�w′; v′� ≤ �w′′; v′′�. Part (b) of Theorem 3.4.1 phrases a monotonicity result for
the optimal dual solutions more generally in terms of the induced set ordering
v and provides a more succinct proof based on the underlying structure of the
problem. Erlenkotter [1969] uses the monotonicity of the optimal dual solu-
tions to extend the results of Shapley [1962] from the assignment problem to
the transportation problem. By Theorem 2.6.1 and Corollary 2.6.1, this exten-
sion is equivalent to part (a) of Theorem 3.4.1. Akinc and Khumawala [1977]
use the property that factories are substitutes in the transportation problem
as a basis for an efficient algorithm for locating factories in a transportation
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network. Gale and Politof [1981] give a version of part (a) of Theorem 3.4.1
for more general networks.

Theorem 3.4.1. Consider the transportation problem with S ≥ 0, D ≥ 0, and∑
i∈I Si ≥

∑
k∈K Dk. Then

(a) the optimal cost g�S;D� �h�I;K�� is supermodular in �−S;D� ��I ′ \ I;K��y
(b) the set of optimal dual solutions Y �S;D� �Z�I;K�� is increasing in �−S;D�
��I ′ \ I;K��y and
(c) the set of optimal dual solutions Y �S;D� (Z�I;K�) has a least element, and
the least element of Y �D;S� �Z�I;K�� is increasing in �−S;D� ��I ′ \ I;K��.
Proof. The transportation problem has a feasible solution because

∑
i∈I Si ≥∑

k∈K Dk, and the feasible region for the transportation problem is bounded
because

∑
k∈K xi;k ≤ Si for each i in I and xi;k ≥ 0 for all i in I and k in

K. Therefore, some optimal solution exists for the dual of the transportation
problem and Y �S;D� is nonempty (Dantzig [1963]). The objective function
for the dual problem is supermodular in �w; v;−S;D� by part (d) of Example
2.6.2 and part (b) of Lemma 2.6.1. The set of feasible variables �w; v� for the
dual problem is a sublattice of R�I�+�K� as in part (b) of Example 2.2.7 and
does not depend on �−S;D�. Part (a) follows from applying Theorem 2.7.6
to the dual problem. Part (b) follows from Theorem 2.8.2. By Theorem 2.7.1,
Y �S;D� is a sublattice of R�I�+�K�. Because the dual variables are constrained
to be nonnegative, Y �S;D� is bounded below. By Corollary 2.3.1, Y �S;D� has
a least element. Therefore, part (c) follows from part (b) and Lemma 2.4.2.

Establishing the results of Theorem 3.4.1 relies on two transformations. One
is the multiplication by −1 and the reversal of the inequality of the constraints
(
∑
k∈K xi;k ≤ Si for each i in I) having to do with limited supplies at factories

before expressing these inequalities as the first set of inequality constraints
(−∑k∈K xi;k ≥ −Si for each i in I) in the formulation of the transporta-
tion problem. The other is the transformation from the primal transportation
problem to its dual. The general results of Chapter 2 for maximizing a su-
permodular function on a lattice do not apply to any version of the primal
problem, even though the result of part (a) of Theorem 3.4.1 is a property
of the primal problem. Furthermore, the application in Theorem 3.4.1 of the
results of Chapter 2 to the dual problem depends on the form of the dual,
which in turn depends on the form of the primal. The transformation multi-
plying the inequalities (

∑
k∈K xi;k ≤ Si for each i in I) by −1 (and reversing

the inequality) in the primal problem has the effect of multiplying the corre-
sponding dual variables and their coefficients by −1, and the set of feasible
solutions for the dual would not be a sublattice without this.
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The generalized transportation problem (Ahuja, Magnanti, and Orlin
[1993]) is similar to the transportation problem except that for each factory i
and customer k there is a positive constant γi;k such that if xi;k units of the
product are shipped from factory i to customer k then γi;kxi;k units of the
product arrive at customer k. A version of Theorem 3.4.1 holds for the gen-
eralized transportation problem, with an analysis very similar to that given
for the transportation problem. (The dual of the generalized transportation
problem is a sublattice of R�I�+�K� by part (b) of Example 2.2.7.)

3.4.2 Transshipment Problem

Now consider a single product two-stage transshipment problem with a finite
set of factories I, a finite set of warehouses J, and a finite set of customers K.
Factory i has capacity Si ≥ 0. Customer k has demand Dk ≥ 0. The product
can be shipped from any factory to any warehouse and from any warehouse
to any customer, but not between any other ordered pair of locations. The
total amount of the product shipped into each warehouse must equal the to-
tal amount of the product shipped out of that warehouse. The unit cost of
shipping the product from factory i to warehouse j is ai;j . The unit cost
of shipping the product from warehouse j to customer k is bj;k. The objective
of the firm is to satisfy all customer demand from production at its factories
so that total shipping costs are minimized.

Let yi;j be the amount shipped from factory i to warehouse j, and let zj;k
be the amount shipped from warehouse j to customer k.

The problem of the firm is to

minimize
∑
i∈I
∑
j∈J ai;jyi;j +

∑
j∈J
∑
k∈K bj;kzj;k

subject to

−∑j∈J yi;j ≥ −Si for each i in I;∑
i∈I yi;j −

∑
k∈K zj;k = 0 for each j in J;∑

j∈J zj;k ≥ Dk for each k in K;

yi;j ≥ 0 for all i in I and j in J;

and

zj;k ≥ 0 for all j in J and k in K:

If the collection of warehouses J is held fixed, then the two-stage transship-
ment problem is equivalent to a transportation problem with a set of factories
I and a set of customers K and a unit cost minj∈J�ai;j + bj;k� for shipping
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from factory i to customer k. This is so because in an optimal solution for
the two-stage transshipment problem any product produced at factory i that
eventually satisfies some of the demand of customer k travels from factory i
to some warehouse j′ and then from warehouse j′ to customer k, where j′

minimizes ai;j + bj;k over all j in J. Therefore, relationships among pairs of
elements taken from the set of all factories and all customers are the same
in the two-stage transshipment problem as the relationships indicated by part
(a) of Theorem 3.4.1 for the transportation problem. That is, any two facto-
ries are substitutes, any two customers are substitutes, and any factory and any
customer are complements.

Stated more abstractly, a conclusion of Theorem 3.4.1 is that for the trans-
portation problem any two elements of the same type are substitutes and any
two elements of different types are complements. This would likewise seem
to be a plausible property for the two-stage transshipment problem, and, in-
deed, the preceding paragraph notes that this generalization is valid for pairs
of elements not including any warehouse. However, as in Topkis [1984b], Ex-
ample 3.4.1, Example 3.4.2, and Example 3.4.3 show, respectively, that for the
two-stage transshipment problem two warehouses need not be substitutes, a
warehouse and a customer need not be complements, and a factory and a
warehouse need not be complements. The generalization of complementarity
and substitutability properties for the transportation problem to the two-stage
transshipment problem does not follow from a similar proof based on general
properties of a supermodular function on a sublattice because if the two-stage
transshipment problem is reformulated to include an upper bound on the flow
of the product through each warehouse then the dual feasible set is not a sub-
lattice. While the precise technical conditions of Theorem 2.7.6 and Theorem
2.8.2 are not necessary for all manifestations of complementarity, recogniz-
ing when any of these conditions fails to hold may lead to identifying unex-
pected anomalies as for the two-stage transshipment problem. Nagelhout and
Thompson [1981] use the supposition of the substitutability of warehouses in
the two-stage transshipment problem as a basis for concluding the validity of
an algorithm for locating warehouses, similar to the algorithm of Akinc and
Khumawala [1977] for locating factories in a transportation network. Example
3.4.1 shows that this supposition of the substitutability of warehouses is not
correct, and an example of Topkis [1984b] shows that the algorithm of Nagel-
hout and Thompson [1981] need not locate warehouses optimally as claimed.

Example 3.4.1. Consider the two-stage transshipment problem with
I = �i1; i2; i3�, J = �j1; j2; j3; j4�, K = �k1; k2; k3�, Si1 = Si3 = Dk1

=
Dk2
= Dk3

= 1, Si2 = 2, ai1;j1 = ai2;j2 = ai2;j3 = ai3;j4 = bj2;k1
= bj3;k2

=
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bj3;k3
= bj4;k3

= 0, bj1;k1
= 1, and all other ai;j and bj;k taking on arbitrar-

ily large values. Suppose that all factories, warehouses, and customers are
present and held fixed with the possible exception of warehouses j2 and j4,
and let T be the subset of �j2; j4� that is present. Let F�T � be the mini-
mum cost in the two-stage transshipment problem viewed as a function of T .
Then, F�∅� = 1, F��j2�� = 1, F��j4�� = 1, and F��j2; j4�� = 0. Therefore,
F��j2�� + F��j4�� = 2 > 1 = F��j2; j4�� + F�∅�, and so warehouses j2 and j4
are not substitutes.

Example 3.4.2. Consider the two-stage transshipment problem with
I = �i1; i2�, J = �j1; j2; j3�, K = �k1; k2; k3�, Si1 = Dk1

= Dk2
= Dk3

= 1,
Si2 = 2, ai1;j1 = ai2;j2 = ai2;j3 = bj2;k1

= bj3;k2
= bj3;k3

= 0, bj1;k1
= 1, and all

other ai;j and bj;k taking on arbitrarily large values. Suppose that all factories,
warehouses, and customers are present and held fixed with the possible excep-
tion of warehouse j2 and customer k3, and let T be the subset of �j2; k3� that
is present. Let F(T) be the minimum cost in the two-stage transshipment prob-
lem viewed as a function of T . Then, F�∅� = 1, F��j2�� = 0, F��k3�� = 1, and
F��j2; k3�� = 1. Therefore, F��j2�� + F��k3�� = 1 < 2 = F��j2; k3�� + F�∅�,
and so warehouse j2 and customer k3 are not complements.

Example 3.4.3. Consider the two-stage transshipment problem with
I = �i1; i2; i3�, J = �j1; j2; j3�, K = �k1�, Si1 = Si2 = Si3 = Dk1

= 1,
ai1;j1 = ai2;j2 = ai3;j3 = bj2;k1

= bj3;k1
= 0, bj1;k1

= 1, and all other ai;j taking
on arbitrarily large values. Suppose that all factories, warehouses, and cus-
tomers are present and held fixed with the possible exception of factory i3
and warehouse j2, and let T be the subset of �i3; j2� that is present. Let F�T �
be the minimum cost in the two-stage transshipment problem viewed as a
function of T . Then, F�∅� = 1, F��i3�� = 0, F��j2�� = 0, and F��i3; j2�� = 0.
Therefore, F��i3�� + F��j2�� = 0 < 1 = F��i3; j2�� + F�∅�, and so factory i3
and warehouse j2 are not complements.

3.5 Dynamic Economic Lot Size Production Models, Acyclic
Networks

This section consists of two related subsections. Subsection 3.5.1 considers
submodularity and increasing optimal solutions for the problem of finding
minimum cost paths from one node to all other nodes in an acyclic network.
Special use is made of the dynamic programming formulation for this problem.
Subsection 3.5.2 applies the results of Subsection 3.5.1 to dynamic economic
lot size production models (Eppen, Gould, and Pashigian [1969]; Wagner and
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Whitin [1958]; Zangwill [1969]), clarifying the role of submodularity in mono-
tonicity and planning horizon results for this class of problems.

3.5.1 Acyclic Networks

A (directed) network consists of a finite collection of nodes and a set of
directed edges, where each edge joins an ordered pair of nodes and at most
one edge joins any particular ordered pair of nodes. An edge from node i′

to node i′′ is denoted �i′; i′′�. A (directed) path from node i′ to node i′′ con-
sists of a sequence of nodes �i1; i2; : : : ; ik′ � such that �ik; ik+1� is an edge for
k = 1; : : : ; k′ −1, i1 = i′, and ik′ = i′′. If there is a cost c�i′; i′′� associated with
each edge �i′; i′′�, then the cost associated with any path is the sum of all costs
associated with all edges on the path. A network is acyclic if the nodes can be
represented �1; : : : ; n� and there is an edge from node i′ to node i′′ if and only
if i′ < i′′; that is, the set of edges is ��i′; i′′� x 1 ≤ i′ < i′′ ≤ n; i′ and i′′ integer�.
As in part (d) of Example 2.2.7, this set of edges is a sublattice of R2. (The
present definition of an acyclic network is a simplification, for convenience, of
a more general definition that would permit the set of edges to be any subset
of ��i′; i′′� x 1 ≤ i′ < i′′ ≤ n; i′ and i′′ integer�. Using that more general defi-
nition would require the additional assumption for Theorem 3.5.1 below that
the set of edges is a sublattice, as this property would no longer be implied by
part (d) of Example 2.2.7.)

Consider an acyclic network with nodes �1; : : : ; n�, edges ��i′; i′′� x 1 ≤ i′ <
i′′ ≤ n, i′ and i′′ integer�, and a cost c�i′; i′′� associated with each edge �i′; i′′�.
One is interested in finding minimum cost paths and in determining properties
of such paths from node 1 to each other node i. For i = 1; : : : ; n, let f �i� be
the cost of a minimum cost path from node 1 to node i. The values f �i� may
be found from the well-known dynamic programming recursion

f �i� = min�ix1≤i′≤i−1��f �i′� + c�i′; i�� for each i > 1; f �1� = 0: (3.5.1)

One begins with f �1� = 0 and, given f �1�; : : : ; f �i−1� for any i with 1 < i ≤ n,
the value of f �i� is computed directly from (3.5.1). This process continues until
f �n� is computed. For i = 2; : : : ; n, let J�i� be the set of all i′ that are optimal
given i in (3.5.1). It follows inductively that f �i� as computed from (3.5.1) is
indeed the cost of a minimum cost path from node 1 to node i, and that the
minimum cost paths from node 1 to node i may be constructed by taking any
node i′ in J�i�, proceeding from node 1 to node i′ on a minimum cost path,
and then adding the edge �i′; i� to that path. More precisely, a minimum cost
path from node 1 to node i can be constructed tracing backwards by letting
the last node on the path be i; letting the node before i on the path be any
element j�i� of J�i�; letting the node before j�i� on the path be any element
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j�j�i�� of J�j�i��; and continuing in this manner until node 1 is included in
the path.

Theorem 3.5.1 develops structural properties when the cost function c�i′; i′′�
is submodular in �i′; i′′�. Then, the penultimate node on a minimum cost path
from node 1 to node i is increasing in i, and this property may be used to
reduce the computation required in (3.5.1). Furthermore, if a minimum cost
path from node 1 to some node i passes through node i − 1, then for each
i′ > i there exists a minimum cost path from node 1 to node i′ that passes
through node i− 1. This last property is a planning horizon result (in a sense
that is perhaps more meaningful in a temporal context as in Subsection 3.5.2),
since observing a node i with i− 1 in J�i� yields the initial part (from node 1
through node i− 1) of a minimum cost path from node 1 to any node i′ with
i′ > i without considering the particular values of c�i′′; i′′′� for any i′′ and i′′′

with i < i′′′. The application of general properties of submodular functions in
Theorem 3.5.1 is facilitated by the transformation of the minimum cost path
problem into the dynamic programming formulation of (3.5.1).

Theorem 3.5.1. Suppose that c�i′; i′′� is submodular in �i′; i′′� on the sublattice
��i′; i′′� x 1 ≤ i′ < i′′ ≤ n, i′ and i′′ integer� of R2.
(a) The set J�i� of i′ optimal given i in �3:5:1� is increasing in i for i in
�2; : : : ; n�.
(b) If j�i− 1� is any element of J�i− 1� for i in �3; : : : ; n�, then the recursion

f �i� = min�i′ xj�i−1�≤i′≤i−1��f �i′� + c�i′; i�� for each i > 1; f �1� = 0

can replace �3:5:1�.
(c) If j�i� is the greatest (least) element of J�i�, then j�i� is increasing in i for i
in �2; : : : ; n�.
(d) If i − 1 is in J�i� for some node i, then for each integer i′ with i ≤ i′ ≤ n
there exists a minimum cost path from node 1 to node i′ that passes through node
i− 1.

Proof. Part (a) follows from Theorem 2.8.2.
If j�i − 1� is in J�i − 1�, then for any i′ in J�i� the node j�i − 1� ∨ i′ is in

J�i� by part (a). Consequently, �i′ x j�i − 1� ≤ i′ ≤ i − 1� ∩ J�i� is nonempty
and part (b) follows because one may optimize over �i′ x j�i− 1� ≤ i′ ≤ i− 1�
instead of over �i′ x 1 ≤ i′ ≤ i− 1� in (3.5.1).

Part (c) follows from part (a) of Theorem 2.8.3.
Let j�i� be the greatest element of J�i� for each node i. Suppose that i− 1

is in J�i� for some node i > 1, so j�i� = i− 1. Pick any node i′ with i ≤ i′ ≤ n.
Construct a minimum cost path from node 1 to node i′ as follows. The last
node on the path is i′. Beginning with the last node i′, construct the nodes on
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the path in backwards order so that if node i′′ is on the path for i′′ > 1 then
the node preceding i′′ on the path is j�i′′�. Continue this construction until
node 1 is included in the path. This path is a minimum cost path from node
1 to node i′ by (3.5.1) and the definition of J�i�. Let i′′′ be the least element
of �i; i + 1; : : : ; i′� on the path. Then j�i′′′� is on the path and j�i′′′� ≤ i − 1.
However, i − 1 = j�i� ≤ j�i′′′� by part (c). Therefore, j�i′′′� = i − 1 and node
i− 1 is on this minimum cost path from node 1 to node i′.

3.5.2 Dynamic Economic Lot Size Production Models

A firm produces a single product in each of n periods denoted i = 1; : : : ; n.
The known demand in period i is di > 0. The firm must satisfy demand in
each period with stock on hand at that time. Let xi be the amount produced
in period i, and let zi be the inventory on hand at the end of period i (and
beginning of period i + 1). Assume that there is no inventory on hand at the
beginning of period 1 (so z0 = 0) and that there is no inventory remaining
at the end of the last period (so zn = 0). There is a production cost gi�xi�
for producing xi in period i and a holding cost hi�zi� for inventory zi held
at the end of period i. The problem of the firm is to determine the level
of production in each period so that total cost is minimized subject to the
requirements that demand be satisfied in each period and no inventory remain
after period n. The problem of the firm is to

minimize
∑n
i=1 gi�xi� +

∑n
i=1 hi�zi�

subject to

zi = zi−1 + xi − di = z0 +
∑i
j=1 xj −

∑i
j=1 dj for i = 1; : : : ; n;

z0 = zn = 0;

zi ≥ 0 for i = 1; : : : ; n− 1;

and

xi ≥ 0 for i = 1; : : : ; n:

When the firm’s cost functions are concave, Theorem 3.5.2 establishes the
structure of optimal production vectors and shows how a suitable application
of the recursion (3.5.1) can be used for the construction of optimal production
vectors. Theorem 3.5.2 is based on Wagner and Whitin [1958] and Zangwill
[1969]. For an n period problem, let x = �x1; : : : ; xn� denote a vector of pro-
duction levels in each period and let z = �z1; : : : ; zn� denote the correspond-
ing vector of inventory levels at the end of each period. For i = 1; : : : ; n+ 1,
let f �i� be the minimum total cost for the firm to engage in an i − 1 period
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production problem with no inventory remaining at the end of period i − 1
(that is, zi−1 = 0). For 1 ≤ i′ < i′′ ≤ n+ 1, let c�i′; i′′� be the total cost in pe-
riods i′; : : : ; i′′ − 1 given that zi′−1 = zi′′−1 = 0, xi′ =

∑i′′−1
i=i′ di, and xi = 0 for

i = i′ + 1; : : : ; i′′ − 1; that is,

c�i′; i′′� = gi′
(∑i′′−1

i=i′ di
)+∑i′′−1

i=i′+1 gi�0� +
∑i′′−1
i=i′ hi

(∑i′′−1
j=i+1 dj

)
: (3.5.2)

For i = 2; : : : ; n + 1, let J�i� be the set of all i′ that are optimal given i

in (3.5.1) and given the particular values for c�i′; i′′� as defined in (3.5.2).
For i = 1; : : : ; n, construct a production vector x = �x1; : : : ; xi� for the i

period problem as follows. Pick any j�i + 1� in J�i + 1�, and set xj�i+1� =∑i
j=j�i+1� dj and xj = 0 for j = j�i + 1� + 1; : : : ; i. If j�i + 1� > 1, then pick

any j�j�i+ 1�� in J�j�i+ 1��, and set xj�j�i+1�� =
∑j�i+1�−1
j=j�j�i+1�� dj and xj = 0 for

j = j�j�i + 1�� + 1; : : : ; j�i + 1� − 1. Continue this procedure until a value is
assigned to x1.

An extreme point of a subset X of Rn is an element x′ of X for which
there do not exist distinct x′′ and x′′′ in X and α with 0 < α < 1 such that
x′ = αx′′ + �1− α�x′′′.
Theorem 3.5.2. Suppose that each function gi�xi� and hi�zi� is concave for i =
1; : : : ; n.
(a) A feasible production vector x is an extreme point of the set of feasible pro-
duction vectors if and only if xi > 0 for any i implies that zi−1 = 0 and that
xi =

∑i′
j=i dj for some i′ with i ≤ i′ ≤ n.

(b) There exists an optimal production vector that is an extreme point of the set of
all feasible production vectors, and each such optimal production vector satisfies
the conditions of part (a).
(c) The value of each f �i� can be computed from �3:5:1� with c�i′; i′′� defined
as in �3:5:2�.
(d) For i = 1; : : : ; n, the production vector whose construction is based on
�3:5:1� for the i period problem is optimal for the i period problem.
(e) For i = 1; : : : ; n, J�i+ 1� is the set of all i′ such that there exists an optimal
production vector �an optimal production vector that is an extreme point� for the
i period problem, where i′ is the last period having a positive production level.

Proof. Let x be an extreme point of the set of feasible production vectors.
Pick any i with xi > 0. Suppose that zi−1 > 0, and let i′ be the last period
before period i in which production is positive. Let x′ (respectively, x′′) be
a production vector that is identical to x except that xi is replaced by xi + ε
(respectively, xi−ε) and xi′ is replaced by xi′ −ε (respectively, xi′ +ε) for some
ε with 0 < ε ≤ min�xi; xi′; zi−1�. Then x = �1/2�x′ + �1/2�x′′ and both x′ and
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x′′ are feasible production vectors. But this contradicts x being an extreme
point, so zi−1 = 0. Now pick i′′ such that period i′′ + 1 is the first period after
period i in which production is positive if any such period exists and i′′ = n
otherwise. Thus, xj = 0 for j = i + 1; : : : ; i′′. Just as zi−1 = 0 above, zi′′ = 0.
Therefore,

0 = zi′′ = zi−1 +
∑i′′
j=i xj −

∑i′′
j=i dj = xi −

∑i′′
j=i dj;

and so xi =
∑i′′
j=i dj .

Let x be a feasible production vector for which xi > 0 for any i implies
that zi−1 = 0 and that xi =

∑i′
j=i dj for some i′ with i ≤ i′ ≤ n, where z is

the vector of inventory levels corresponding to x. Suppose that x is not an
extreme point of the set of feasible production vectors, so there exist distinct
feasible production vectors x′ and x′′ and α with 0 < α < 1 such that x =
αx′ + �1−α�x′′. Let z′ and z′′ be the vectors of inventory levels corresponding
to x′ and x′′, respectively. Pick any i with xi > 0. Let i′ be the smallest j ≥ i
with xj+1 > 0 if such j exists, and let i′ = n otherwise. Then zi−1 = zi′ =
xi+1 = : : : = xi′ = 0. Therefore, z′i−1 = z′i′ = x′i+1 = : : : = x′i′ = 0 and z′′i−1 =
z′′i′ = x′′i+1 = : : : = x′′i′ = 0. Consequently, x′i = x′′i =

∑i′
j=i dj = xi and so

x′ = x′′ = x, which is a contradiction. Hence, x is an extreme point of the set
of all feasible production vectors, completing the proof of part (a).

The problem of the firm here involves minimizing a concave function over
a nonempty compact convex set, and so there exists an optimal production
vector that is an extreme point of the set of feasible production vectors
(Rockafellar [1970]). This, together with part (a), implies part (b).

Now consider an i period production problem for 1 ≤ i ≤ n with the re-
quirement that zi = 0. Consider some optimal production vector satisfying (by
part (b)) the structure of part (a), and let i′ be the last period in which produc-
tion is positive. By part (a), zi′−1 = 0. The cost in periods 1; : : : ; i′ − 1 is f �i′�.
The cost in periods i′; : : : ; i is c�i′; i+ 1�. Hence, f �i+ 1� = f �i′�+ c�i′; i+ 1�.
Furthermore, for any i′′ with 1 ≤ i′′ ≤ i there exists a feasible production
vector with a cost f �i′′� + c�i′′; i + 1� and so f �i + 1� ≤ f �i′′� + c�i′′; i + 1�,
concluding the proof of part (c).

The proof of part (d) proceeds by induction on i. The statement of part (d)
holds for i = 1. Suppose that for some i′ with 1 < i′ ≤ n the statement of part
(d) holds for i = 1; : : : ; i′ − 1. It suffices to show that the statement of part
(d) holds for i = i′. Let �x1; : : : ; xi′ � be the production vector based on (3.5.1)
for the i′ period problem. By the induction hypothesis, �x1; : : : ; xj�i′+1�−1�
is optimal for the j�i′ + 1� − 1 period problem and so the cost in periods
1; : : : ; j�i′ + 1� − 1 given the production vector �x1; : : : ; xi′ � is f �j�i′ + 1��.
By construction, zj�i′+1�−1 = zi′ = 0, �x1; : : : ; xi′ � is feasible for the i′ period
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problem, and the cost in periods j�i′ + 1�; : : : ; i′ given the production vector
�x1; : : : ; xi′ � is c�j�i′ + 1�; i′ + 1�. Therefore, the cost in periods 1; : : : ; i′ given
the production vector �x1; : : : ; xi′ � is f �j�i′ + 1�� + c�j�i′ + 1�; i′ + 1�, which
equals f �i′ + 1� by part (c). This completes the proof of part (d).

By part (a) and part (d), if i′ is in J�i + 1� then there exists an optimal
production vector that is an extreme point for the i period problem where i′

is the last period having a positive production level. By part (a) and part (c),
if there exists an optimal production vector that is an extreme point for the i
period problem where i′ is the last period having a positive production level
then i′ is in J�i + 1�. Because the problem of the firm involves minimizing
a concave function over a nonempty compact convex set, it follows that if
there exists an optimal production vector for the i period problem where i′ is
the last period having a positive production level then there exists an optimal
production vector that is an extreme point for the i period problem where i′

is the last period having a positive production level. This completes the proof
of part (e).

Corollary 3.5.1 combines results of Theorem 3.5.1 and Theorem 3.5.2 to
elucidate the role of submodularity in structural properties of the dynamic
economic lot size production model. In addition to the concavity assumptions
of Theorem 3.5.2, Corollary 3.5.1 also assumes that the function c�i′; i′′� as
defined in (3.5.2) is submodular in �i′; i′′�. Corollary 3.5.1 extends versions
of results of Eppen, Gould, and Pashigian [1969], Wagner and Whitin [1958],
and Zangwill [1969], who assume specific forms for the holding and produc-
tion cost functions that implicitly imply that c�i′; i′′� is submodular. The hy-
potheses of Corollary 3.5.1 hold if the inventory holding cost function hi�zi� is
concave and increasing in zi for each period i and if the production cost func-
tion gi�xi� consists of a fixed set-up cost ai incurred whenever xi > 0 plus a
linear term bixi where ai is nonnegative and bi is decreasing in i. Under the
hypotheses of Corollary 3.5.1, the last period in which it is optimal to have a
positive level of production for an i period problem is increasing with i, and
this property may be used to reduce the effort in computing optimal produc-
tion vectors. Furthermore, the result gives sufficient conditions for a planning
horizon, where if it is optimal to produce a positive amount in period i of an
i period problem (that is, if i is in J�i+ 1�), then optimal production levels in
periods 1; : : : ; i−1 of the i period problem are optimal in periods 1; : : : ; i−1
of the i′ period problem for each i′ ≥ i regardless of the specific values of the
costs in periods i+ 1; : : : ; i′.

Corollary 3.5.1. Suppose that each function gi�xi� and hi�zi� is concave for
i = 1; : : : ; n and that c�i′; i′′� is submodular in �i′; i′′� on the sublattice ��i′; i′′� x
1 ≤ i′ < i′′ ≤ n+ 1, i′ and i′′ integer� of R2.
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(a) The set J�i+1�, consisting of all periods i′ such that there exists some optimal
production vector for the i period problem for which period i′ is the last period
with a positive level of production, is increasing in i for i in �1; : : : ; n�.
(b) If there exists an optimal production vector for the i− 2 period problem such
that j�i−1� is the last period with a positive level of production �that is, if j�i−1�
is in J�i − 1��, then the domain of minimization �i′ x 1 ≤ i′ ≤ i− 1� in �3:5:1�
for the i − 1 period problem can be reduced to �i′ x j�i− 1� ≤ i′ ≤ i− 1� �that
is, there exists j�i� in J�i� with j�i− 1� ≤ j�i��.
(c) If j�i+ 1� is the latest �or earliest� period for which it is ever optimal to have
a positive level of production for the last time in an i period problem �that is, if
j�i+ 1� is the greatest �or least� element of J�i+ 1��, then j�i+ 1� is increasing
in i for i in �1; : : : ; n�.
(d) If for any period i there exists an optimal production vector for the i period
problem such that there is a positive level of production in period i �that is, if
i is in J�i + 1��, then for each period i′ with i < i′ ≤ n there exists an optimal
production vector for the i′ period problem such that the level of production in
each of periods 1; : : : ; i − 1 is the same as in any optimal production vector for
the i− 1 period problem.

Proof. Part (a) follows from part (a) of Theorem 3.5.1 and part (e) of Theorem
3.5.2.

Part (b) follows from part (b) of Theorem 3.5.1 and part (c) of Theorem
3.5.2.

Part (c) follows from part (c) of Theorem 3.5.1 and part (e) of Theorem
3.5.2.

Part (d) follows from part (d) of Theorem 3.5.1 and part (c), part (d), and
part (e) of Theorem 3.5.2.

3.6 Production Planning

This section examines parametric properties of a deterministic multiperiod
multiproduct production planning problem with respect to cumulative
demands and with respect to bounds on the net inventory levels. Results
give conditions for optimal cumulative production levels to increase with the
parameters and for components of the parameters to be complementary.
An earlier version of parts of this section is in Topkis [1968].

A firm produces m products j = 1; : : : ;m in each of n consecutive periods
i = 1; : : : ; n. For each period i and each product j, di;j is the known demand
for product j in period i. The firm determines the net production xi;j for
each product j in each period i. There are an upper bound bi;j and a lower
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bound ai;j on the net production xi;j of product j in period i. Some xi;j may
be negative (if ai;j < 0), indicating that −xi;j units of product j inventory
are disposed of (in some way other than to satisfy demand) in period i. The
cumulative production of product j in the first i periods is required to be
in a set 8i;j . This last constraint could be used to model a requirement that
product j can only be produced in multiples of some γj > 0 by letting 8i;j be
a subset of �0; γj; 2γj; : : : �. Any demand that is not satisfied in some period
is backlogged to the next period. No stock is held in inventory for any given
product as long as some demand for that product is still unsatisfied. Assume,
for convenience, that there exists neither any backlogged demand nor any
stock on hand at the beginning of period 1. The net inventory level for product
j at the end of period i is zi;j =

∑i
k=1 xk;j−

∑i
k=1 dk;j , where zi;j ≥ 0 indicates

an inventory level of zi;j and no backlogged demand for product j at the end
of period i and where zi;j ≤ 0 indicates −zi;j units of backlogged demand
and no inventory on hand for product j at the end of period i. There are an
upper bound ui;j and a lower bound vi;j on the net inventory level zi;j for
product j at the end of period i. (If vi;j ≥ 0, then no backlogging of demand
for product j is permitted at the end of period i.) There is a production cost
ci;j�xi;j� for a net production of xi;j units of product j in period i. There is
a cost hi�zi;1; : : : ; zi;m� for ending period i with an m-vector of net inventory
levels �zi;1; : : : ; zi;m�, where product j generates a holding cost for zi;j units of
inventory if zi;j ≥ 0 and a penalty cost for −zi;j units of backlogged demand
if zi;j ≤ 0.

The objective of the firm is to determine a production plan for all products
in all periods so as to minimize the sum of all costs over all feasible production
plans. This problem is to

minimize
∑m
j=1

∑n
i=1 ci;j�xi;j� +

∑n
i=1 hi�zi;1; : : : ; zi;m�

subject to

zi;j =
∑i
k=1 xk;j −

∑i
k=1 dk;j for i = 1; : : : ; n and j = 1; : : : ;m;

ai;j ≤ xi;j ≤ bi;j for i = 1; : : : ; n and j = 1; : : : ;m;

vi;j ≤ zi;j ≤ ui;j for i = 1; : : : ; n and j = 1; : : : ;m;

and ∑i
k=1 xk;j ∈ 8i;j for i = 1; : : : ; n and j = 1; : : : ;m:

It is convenient to explicitly consider cumulative production and cumu-
lative demand and to express this and other notation more concisely. Let
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xi = �xi;1; : : : ; xi;m�, di = �di;1; : : : ; di;m�, and zi = �zi;1; : : : ; zi;m� be the m-
vectors of production levels, demands, and inventory levels, respectively, for
the m products in period i. The m-vector of cumulative demand for the prod-
ucts in the first i periods is Di =

∑i
k=1 dk. Let D = �D1; : : : ;Dn� be the matrix

consisting of the nm cumulative demands Di;j . The cumulative production of
product j in the first i periods is Xi;j =

∑i
k=1 xk;j and the m-vector of cumu-

lative production for the products in the first i periods is Xi =
∑i
k=1 xk. Let

the m-vector X0 = 0. The net production xi;j of product j in period i is Xi;j −
Xi−1;j . Let X = �X1; : : : ;Xn� be the matrix consisting of the nm cumulative
production levels Xi;j , and let 8 = ×ni=1 ×mj=1 8i;j be the direct product of the
nm constraint sets for the cumulative production levels. Because 8 is a prod-
uct set in Rnm, it is a sublattice of Rnm. The net inventory level zi;j for product
j at the end of period i is Xi;j −Di;j , and zi = Xi −Di. Denote the m-vectors
of upper bounds and lower bounds on production and inventory in each pe-
riod i as bi = �bi;1; : : : ; bi;m�, ai = �ai;1; : : : ; ai;m�, ui = �ui;1; : : : ; ui;m�, and
vi = �vi;1; : : : ; vi;m�. Let u = �u1; : : : ; un� and v = �v1; : : : ; vn�.

The set Su;v;D of matrices X of cumulative production levels that are feasible
given u, v, and D is

Su;v;D = �X x X ∈ 8; ai ≤ Xi −Xi−1 ≤ bi for i = 1; : : : ; n;

v +D ≤ X ≤ u+D�:
Given X in Su;v;D, the total cost for the firm is

f �X;D� =∑m
j=1

∑n
i=1 ci;j�Xi;j −Xi−1;j� +

∑n
i=1 hi�Xi −Di�:

The firm’s problem of minimizing the sum of all costs over all feasible pro-
duction plans is to

minimize f �X;D� subject to X in Su;v;D:

Theorem 3.6.1 treats the cumulative demand vector D as fixed and gives
conditions on the production cost functions ci;j�xi;j� and the combined holding
and penalty cost functions hi�zi� such that the optimal cumulative production
levels X are increasing in the upper and lower bounds �u; v� on the inventory
levels and such that (invoking Theorem 2.6.1) the components of the bounds
�u; v� are complements with respect to the minimum total cost for the firm
after optimizing over its cumulative production levels.

Theorem 3.6.1. Suppose that the production cost function ci;j�xi;j� is convex and
continuous in xi;j for all i and j, the combined holding and penalty cost function
hi�zi� is submodular and lower semicontinuous in zi for each i, 8i;j is closed for
all i and j, and the matrix D of cumulative demands is fixed.
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(a) The set argminX∈Su;v;D f �X;D� of optimal cumulative production plans is
increasing in �u; v� on ��u; v� x Su;v;D is nonempty�.
(b) The optimal cost for the firm minX∈Su;v;D f �X;D� is submodular in �u; v� on
��u; v� x Su;v;D is nonempty�.
Proof. By Lemma 2.2.2 and part (b) of Example 2.2.7, ��X;u; v� x X ∈ Su;v;D�
is a sublattice of R3nm. By part (b) of Lemma 2.6.2 and part (b) of Lemma
2.6.1, f �X;D� is submodular in X. Then part (a) follows from Theorem 2.8.2
and part (b) follows from Theorem 2.7.6.

The following is an example for the submodular combined holding and
penalty cost function hi�zi� as in Theorem 3.6.1.

Example 3.6.1. Each product j has a volume wj per unit held in inventory.
In each period i there is a holding cost Hi�yi� that depends on the total
volume yi =

∑m
j=1wj�zi;j ∨ 0� of inventory held at the end of period i. The

inventory holding cost function Hi�yi� is concave on �0;∞�, so there is a
decreasing marginal cost for the volume of inventory held. (This concavity
would permit a positive fixed charge to be associated with any positive volume
of inventory held.) Furthermore, in each period i there is a unit penalty cost
pi;j for each unit of backlogged demand of each product j. Then hi�zi� =∑m
j=1 pi;j��−zi;j� ∨ 0� +Hi�

∑m
j=1wj�zi;j ∨ 0�� is submodular in zi by part (b)

of Lemma 2.6.1 and part (a) of Lemma 2.6.2.

Theorem 3.6.2 considers parametric properties with the cumulative demand
vector D. With the assumptions that m = 1 and that each combined holding
and penalty cost function hi�zi� is convex added to the hypotheses of Theo-
rem 3.6.1, Theorem 3.6.2 shows that the optimal cumulative production levels
X are increasing in the cumulative demands D and that (invoking Theorem
2.6.1), for all distinct periods i′ and i′′, the demand Di′;1 and the demand
Di′′;1 are complements, the upper bound ui′;1 and the demand Di′′;1 are com-
plements, and the lower bound vi′;1 and the demand Di′′;1 are complements.
Using other methods, Veinott [1964] establishes a version of part (a) of The-
orem 3.6.2 with a more restrictive ordering property.

Theorem 3.6.2. Suppose that there is one product �m = 1�, the production cost
function ci;1�xi;1� is convex and continuous in xi;1 for each i, the combined
holding and penalty cost function hi�zi� is convex and continuous in zi = zi;1 for
each i, and 8i;1 is closed for each i.
(a) The set argminX∈Su;v;D f �X;D� of optimal cumulative production plans is
increasing in D on �D x Su;v;D is nonempty�.
(b) The optimal cost for the firm minX∈Su;v;D f �X;D� is submodular in D on
�D x Su;v;D is nonempty� and submodular in �ui′; vi′;Di′′ � = �ui′;1; vi′;1;Di′′;1�
on ��ui′; vi′;Di′′ � x Su;v;D is nonempty� for all distinct periods i′ and i′′.
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Proof. By Lemma 2.2.2 and part (b) of Example 2.2.7, ��X;D� x X ∈ Su;v;D�
is a sublattice of R2n for fixed �u; v�. By part (b) of Lemma 2.6.2 and part (b)
of Lemma 2.6.1, f �X;D� is submodular in �X;D�. Then part (a) follows from
Theorem 2.8.2 and the first part of part (b) follows from Theorem 2.7.6.

Now pick any distinct integers i′ and i′′ with 1 ≤ i′ ≤ n and 1 ≤ i′′ ≤
n. Consider as variables the components �ui′;1; vi′;1;Di′′;1� of �u; v;D�, and
keep all other components of �u; v;D� fixed. By part (b) of Example 2.2.7,
��X;ui′;1; vi′;1;Di′′;1� x X ∈ Su;v;D� is a sublattice of Rn+3 where the remaining
3n − 3 components of �u; v;D� are fixed. By part (b) of Lemma 2.6.2 and
part (b) of Lemma 2.6.1, f �X;D� is submodular in �X;ui′;1; vi′;1;Di′′;1� on
��X;ui′;1; vi′;1;Di′′;1� x X ∈ Su;v;D�. Then the second part of part (b) follows
from Theorem 2.7.6.

A proof similar to that of part (b) of Theorem 3.6.2 cannot be used to
show for m = 1 that either ui and Di or vi and Di are either complements
or substitutes (that is, that the optimal cost minX∈Su;v;D f �X;D� is submod-
ular in �ui;Di�, in �vi;Di�, in �ui;−Di�, or in �vi;−Di�) because Lemma
2.2.7 shows that neither ��X;ui;Di� x X ∈ Su;v;D�, ��X; vi;Di� x X ∈ Su;v;D�,
��X;ui;−Di� x X ∈ Su;v;D�, nor ��X; vi;−Di� x X ∈ Su;v;D� is generally a
sublattice of Rn+2 and so the sublattice hypothesis of Theorem 2.7.6 is not
satisfied.

If each production cost function ci;j�xi;j� and each combined holding and
penalty cost function hi�zi� is convex and each set 8i;j is a convex set, then the
property that the minimization operation preserves convexity (Dantzig [1955])
implies that the optimal cost minX∈Su;v;D f �X;D� is convex in �u; v;D� for any
number of products m. Thus, the firm realizes increasing marginal costs with
respect to each component of �u; v;D�.

3.7 Minimum Cuts, Maximum Closures, and the Selection
Problem

This section is concerned with a problem of optimally selecting activities for
a firm. First, Subsection 3.7.1 and Subsection 3.7.2 analyze complementari-
ties and monotone comparative statics for two related network problems, the
minimum cut problem and the maximum closure problem, respectively. Cer-
tain combinatorial decision problems can be modeled with formulations that
are cases of these network problems, and efficient algorithms are available
for finding optimal solutions. Subsection 3.7.3 uses results from Subsection
3.7.1 and Subsection 3.7.2 to analyze the selection problem of a firm, where
each activity selected yields an intrinsic (nonnegative or nonpositive) return
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and where the presence of shared fixed costs may make it costly to select cer-
tain activities without also selecting certain other activities. The activities and
their returns are shown to be complementary, and optimal selections of activi-
ties increase with the individual returns and with the set of available activities.
Subsection 3.7.4 shows that the collections of solutions for the minimum cut
problem and the maximum closure problem are structurally not different, in
general, from an arbitrary sublattice of the power set of a finite set or from
the set of maxima of an arbitrary supermodular function on a sublattice of the
power set of a finite set.

3.7.1 Minimum Cut Problem

Consider a directed network, consisting of a finite set N of nodes and a di-
rected edge joining each ordered pair of nodes. There is a nonnegative real-
valued capacity c�x′; x′′� on the edge from any node x′ to any node x′′. This is
a capacitated network. (There is no loss of generality in assuming that there is
an edge joining each ordered pair of nodes, because an edge can be effectively
eliminated by setting its capacity to 0.) Two specific distinct nodes s and t in
N are designated the source and sink, respectively. If X is a subset of nodes
containing the source but not the sink, then X is a cut. The union and the
intersection of any two cuts are also cuts, so the collection of all cuts is a sub-
lattice of the power set 0�N� of the set of nodes N and is itself a lattice. (The
power set 0�N� consisting of all subsets of the set of nodes N is taken to have
the set inclusion ordering relation ⊆.) If X ′ and X ′′ are sets of nodes, then
let �X ′;X ′′� = ��x′; x′′� x x′ ∈ X ′; x′′ ∈ X ′′� denote the collection of all edges
from some node in X ′ to some node in X ′′. (A cut is sometimes defined as the
set of edges �X;N \X� where X is a cut as defined above, but herein a cut
refers to a set of nodes rather than the corresponding set of edges.) For sub-
sets X ′ and X ′′ of N , let c�X ′;X ′′� = ∑x′∈X ′;x′′∈X ′′ c�x′; x′′� be the sum of all
capacities on all edges of �X ′;X ′′�. For any cut X, let f �X� = c�X;N \X�.
The function f �X� is the cut capacity function, as it measures the capacity
leaving any cut X. (One could define f �X� for each X in 0�N� and Lemma
3.7.1 would hold on this larger domain, but problems of present interest in-
volve properties of f �X� on the collection of all cuts.)

The minimum cut problem is to minimize f �X� subject to X being a cut.
An optimal solution for this problem is a minimum cut. The minimum cut
problem is the dual of the maximum flow problem for which efficient algo-
rithms are available, and after finding a maximum flow it is a simple matter
to find the least minimum cut and the greatest minimum cut (Ahuja, Mag-
nanti, and Orlin [1993]; Ford and Fulkerson [1962]). Lemma 3.7.1 shows the
well-known property that the cut capacity function is submodular.
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Lemma 3.7.1. The cut capacity function f �X� is submodular in X for X being
a cut.

Proof. Pick any cuts X ′ and X ′′. Then

f �X ′� + f �X ′′� − f �X ′ ∪X ′′� − f �X ′ ∩X ′′�
= c�X ′;N \X ′� + c�X ′′;N \X ′′� − c�X ′ ∪X ′′;N \ �X ′ ∪X ′′��
− c�X ′ ∩X ′′;N \ �X ′ ∩X ′′��
= c�X ′;N \X ′� + c�X ′′;N \X ′′�
− c�X ′;N \ �X ′ ∪X ′′�� − c�X ′′;N \ �X ′ ∪X ′′��
+ c�X ′ ∩X ′′;N \ �X ′ ∪X ′′�� − c�X ′ ∩X ′′;N \ �X ′ ∩X ′′��
= c�X ′;X ′′ \X ′� + c�X ′′;X ′ \X ′′�
− c�X ′ ∩X ′′;X ′′ \X ′� − c�X ′ ∩X ′′;X ′ \X ′′�
= c�X ′ \X ′′;X ′′ \X ′� + c�X ′′ \X ′;X ′ \X ′′� ≥ 0:

Ford and Fulkerson [1962] and Shapley [1961] show that the union and the
intersection of any two minimum cuts in a capacitated network are also min-
imum cuts. That conclusion also follows as a direct consequence of applying
Theorem 2.7.1 to Lemma 3.7.1. Furthermore, by part (a) of Corollary 2.7.1,
there are a greatest minimum cut and a least minimum cut.

Let c�s� = �c�s; x� x x ∈ N� and c�t� = �c�x; t� x x ∈ N� denote, respec-
tively, the vector of capacities of all edges leaving the source s and the vector
of capacities of all edges entering the sink t. Subsequent issues involve how
minimum cuts and the optimal value of the objective function in the minimum
cut problem depend on the capacities c�s� and c�t�. Define the parameterized
cut capacity function f �X; c�s�; c�t�� to be the value of the cut capacity func-
tion f �X� for any cut X where the function depends explicitly on the capacity
vectors c�s� and c�t� as parameters. Lemma 3.7.2 extends Lemma 3.7.1 by
showing that the parameterized cut capacity function f �X; c�s�; c�t�� is sub-
modular in �X; c�s�;−c�t��.

Lemma 3.7.2. The parameterized cut capacity function f �X; c�s�; c�t�� is sub-
modular in �X; c�s�;−c�t�� for X being a cut, c�s� ≥ 0, and c�t� ≥ 0.

Proof. The proof is based on applying Theorem 2.6.2. Using the observation
of part (d) of Example 2.2.1, the domain of the parameterized cut capacity
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function f �X; c�s�; c�t�� can be taken as the direct product of 3�N� chains.
Because

f �X; c�s�; c�t�� = c�X;N \X�
= c��s�;N \X� + c�X \ �s�;N \ �X ∪ �t���
+ c�X \ �s�; �t��

= c��s�;N� − c��s�;X� + c�X \ �s�;N \ �X ∪ �t���
+ c�X \ �s�; �t��;

f �X; c�s�; c�t�� has decreasing differences in �X; c�s�� and decreasing dif-
ferences in �X;−c�t�� where X is restricted to be a cut. Furthermore,
f �X; c�s�; c�t�� is submodular in X by Lemma 3.7.1 and f �X; c�s�; c�t�� is
separable (and hence submodular) in the components of �c�s�;−c�t��. There-
fore, the conditions of Theorem 2.6.2 hold and f �X; c�s�; c�t�� is submodular
in �X; c�s�;−c�t��.

The statement of Theorem 3.7.1, that the minimum cut capacity in the min-
imum cut problem is submodular in �c�s�;−c�t��, follows from Lemma 3.7.2
and Theorem 2.7.6. Consequences of Theorem 3.7.1 together with Theorem
2.6.1 are that the capacities on any two edges leaving the source are substi-
tutes, the capacities on any two edges entering the sink are substitutes, and the
capacities on any edge leaving the source and on any edge entering the sink
are complements. (The definitions of “complement” and “substitute” from
Subsection 2.6 are here interpreted in terms of the dual maximization prob-
lem, the maximum flow problem, rather than the minimization problem, the
minimum cut problem.) Shapley [1961] shows these substitutability and com-
plementarity properties by other methods.

Theorem 3.7.1. The optimal value of the objective function in the minimum cut
problem �that is, the minimum of f �X; c�s�; c�t�� over all cuts X) is submodular
in �c�s�;−c�t��.

Theorem 3.7.2 follows from Lemma 3.7.2 and Theorem 2.8.2. By Theorem
3.7.2, minimum cuts increase with larger capacities on edges leaving the source
s and with smaller capacities on edges entering the sink t.

Theorem 3.7.2. The collection of minimum cuts argmin�XxX is a cut� f �X;
c�s�; c�t�� is increasing in c�s� and decreasing in c�t� for c�s� and c�t�
nonnegative.
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Theorem 3.7.2 implicitly shows how minimum cuts may vary as nodes with
certain properties are added to or deleted from a capacitated network, as
noted in Corollary 3.7.1. In particular, Corollary 3.7.1 applies to parametrically
adding or deleting a node directly following the source or directly preceding
the sink in an acyclic network.

Corollary 3.7.1. Consider a capacitated network.
(a) If x′ is a node other than the source or the sink and c�x; x′� = 0 for each
node x other than the source, then the collection of minimum cuts decreases as
x′ is deleted from the network.
(b) If x′ is a node other than the source or the sink and c�x′; x� = 0 for each
node x other than the sink, then the collection of minimum cuts increases as x′

is deleted from the network.

Proof. Instead of deleting node x′ as in part (a), consider increasing the edge
capacity c�x′; t� from its actual value to a value larger than the sum of all other
edge capacities. With this change, the node x′ is not in any minimum cut and
the collection of minimum cuts is the same as in the capacitated network
with x′ deleted because c�x; x′� = 0 for each node x other than the source.
Furthermore, the increase in c�x′; t� decreases the collection of minimum cuts
by Theorem 3.7.2, completing the proof of part (a).

Instead of deleting node x′ as in part (b), consider increasing the edge
capacity c�s; x′� from its actual value to a value larger than the sum of all other
edge capacities. With this change, the node x′ is included in every minimum
cut and the collection of minimum cuts modified by the deletion of x′ from
each minimum cut is the same as in the capacitated network with x′ deleted
because c�x′; x� = 0 for each node x other than the sink. Furthermore, the
increase in c�s; x′� increases the collection of minimum cuts by Theorem 3.7.2,
completing the proof of part (b).

3.7.2 Maximum Closure Problem

Consider a directed network with a set of nodes N ′, a set of directed edges
A that is a subset of N ′ × N ′, and a real weight w�x� associated with each
node x. A closure is a subset X of the nodes N ′ such that if x′ is in X and
the edge �x′; x′′� is in A then x′′ is in X. The union and the intersection of
any two closures are also closures, and so the collection of all closures is a
sublattice of the power set 0�N ′�. For each subset X of the nodes N ′, let
w�X� = ∑x∈X w�x� be the sum of the weights associated with the nodes in
X. The maximum closure problem is to maximize w�X� over all closures X.
An optimal solution for this problem is a maximum closure.
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Picard [1976] shows that the maximum closure problem can be solved by
solving a corresponding minimum cut problem, as follows. Suppose that one
is given a maximum closure problem with nodes N ′, directed edges A, and a
weight function w�x� on N ′. Let γ be any real number with

∑
x∈N ′ �w�x�� < γ.

Construct a corresponding capacitated network with nodes N = N ′ ∪ �s; t�
where s is the source and t is the sink, with a directed edge joining each
ordered pair of nodes, and with edge capacities on N ×N such that c�s; x� =
w�x� if x is in N ′ and w�x� > 0, c�x; t� = −w�x� if x is in N ′ and w�x� < 0,
c�x′; x′′� = γ if �x′; x′′� is in A, and each other edge capacity is 0. Lemma
3.7.3, from Picard [1976], establishes direct connections between solutions for
the maximum closure problem and solutions for the minimum cut problem in
the corresponding capacitated network.

Lemma 3.7.3. Suppose that X is a subset of N ′.
(a) The set X is a closure if and only if the capacity of the cut X ∪ �s� is less
than γ (that is, c�X ∪�s�;N \ �X ∪�s��� < γ) in the corresponding capacitated
network.
(b) If X is a closure, then c�X ∪ �s�;N \ �X ∪ �s��� =∑�xxx∈N ′;w�x�>0�w�x� −
w�X�.
(c) The set X is a maximum closure if and only if X ∪ �s� is a minimum cut in
the corresponding capacitated network.

Proof. The sum of all those edge capacities that are strictly less than γ is∑
x∈N ′ �w�x�� < γ, and c�x′; x′′� = γ if and only if �x′; x′′� is in A. Therefore,

c�X ∪ �s�;N \ �X ∪ �s��� < γ if and only if there is no �x′; x′′� in A with x′

in X and x′′ not in X. The latter condition is equivalent to X being a closure,
which completes the proof of part (a).

If X is a closure, then

c�X ∪ �s�;N \ �X ∪ �s��� = c��s�;N ′ \X� + c�X; �t��
=∑�xxx∈N ′\X;w�x�>0�w�x� +

∑
�xxx∈X;w�x�<0��−w�x��

=∑�xxx∈N ′;w�x�>0�w�x� −w�X�
and so part (b) holds.

Part (c) follows from part (a) and part (b).

Theorem 3.7.3 follows from Theorem 3.7.1 and part (b) of Lemma 3.7.3.
By Theorem 3.7.3 together with Theorem 2.6.1, the components of �w�x� x
x ∈ N ′� are complements; that is, the increase in the total weight of a max-
imum closure due to an increase in the value of any particular node weight
increases with the values of the weights of the other nodes.
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Theorem 3.7.3. The maximum value of the weight function w�X� over all clo-
sures X is supermodular as a function of the vector of weights �w�x� x x ∈ N ′�.

Theorem 3.7.4 follows from Theorem 3.7.2 and part (c) of Lemma 3.7.3.
Maximum closures increase with the node weights.

Theorem 3.7.4. The collection of maximum closures is increasing with the vector
of weights �w�x� x x ∈ N ′�.

3.7.3 Selection Problem

Consider a firm that has a finite set N ′ of activities in which it may engage.
The firm must decide which subset of the activities N ′ to select. For each
activity x in N ′, the firm receives a net return r�x� if it selects activity x. If
r�x� > 0, then activity x is itself profitable for the firm. If r�x� < 0, then activ-
ity x is itself costly for the firm. Engaging in some activities may be facilitated
if the firm also engages in certain other activities, and this is reflected in there
being a cost b�x′; x′′� ≥ 0 if the firm selects activity x′ but does not select ac-
tivity x′′ for any x′ and x′′ in N ′. The firm wants to select a subset of activities
to maximize its profit. The problem of the firm is then to

maximize F�X� =∑x∈X r�x� −
∑
x′∈X;x′′∈N ′\X b�x′; x′′� subject to X ⊆ N ′;

where X is the set of activities that the firm selects from N ′. This is the
selection problem.

The selection problem has features of both the maximum closure problem
(a value associated with each element that is selected) and the minimum cut
problem (a nonnegative cost associated with any ordered pair of elements
if the first element is selected and the second element is not selected). The
selection problem can be modeled as a corresponding minimum cut problem
as follows. The network has a node x associated with each activity x in N ′ as
well as an additional source node s and an additional sink node t. There is a
directed edge joining each ordered pair of nodes from N ′ ∪ �s; t�, and there is
a nonnegative capacity defined on each edge. The capacity on the edge from
the source s to any node x in N ′ with r�x� > 0 is r�x�. The capacity on the
edge from any node x in N ′ with r�x� < 0 to the sink t is −r�x�. The capacity
on the edge from any node x′ in N ′ to any node x′′ in N ′ is b�x′; x′′�. All
other edges have capacity 0. For any subset X of N ′, the capacity of the cut
X ∪ �s� is∑

�xxx∈N ′\X;r�x�>0� r�x�
+∑�xxx∈X;r�x�<0��−r�x�� +

∑
x′∈X;x′′∈N ′\X b�x′; x′′�

=∑�xxx∈N ′;r�x�>0� r�x� − F�X�:
(3.7.1)
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Equation (3.7.1) together with Lemma 3.7.1 implies that F(X) is supermodular
in X, as in Lemma 3.7.4, so the activities are complementary by Theorem
2.6.1. Adding any activity to a selection causes a greater net increase in the
firm’s profit if the selection is initially modified by the addition of any other
activity. Equation (3.7.1) also yields Lemma 3.7.5, which relates solutions for
the selection problem and for the corresponding minimum cut problem.

Lemma 3.7.4. The profit function F�X� of the firm for the selection problem is
supermodular in X for X being a subset of N ′.

Lemma 3.7.5. If X is any subset of the activities N ′, then X is an optimal
selection for the firm if and only if X ∪ �s� is a minimum cut in the corre-
sponding capacitated network. Furthermore, the optimal profit for the firm equals∑
�xxx∈N ′;r�x�>0� r�x� minus the capacity of the minimum capacity cut in the cor-

responding capacitated network.

Theorem 3.7.5 follows from Lemma 3.7.5 and Theorem 3.7.1, showing by
Theorem 2.6.1 that the net returns of the various activities are complements.
That is, the increase in the optimal profit to the firm resulting from an increase
in the return r�x′� for any activity x′ increases with the return r�x′′� for any
other activity x′′.

Theorem 3.7.5. The maximum profit for the firm is a supermodular function of
the vector �r�x� x x ∈ N ′� of returns for selecting the individual activities in N ′.

Theorem 3.7.6 follows from Lemma 3.7.5 and Theorem 3.7.2, showing that
the sets of activities optimal for the firm increase with each component of
�r�x� x x ∈ N ′�.
Theorem 3.7.6. The collection of optimal selections for the firm
argmaxX⊆N ′ F�X� is increasing in �r�x� x x ∈ N ′�.

If the set of feasible activities for the firm is limited to some subset N ′′

of N ′, then the optimal profit for the firm maxX⊆N ′′ F�X� is a supermodular
function of N ′′ for subsets N ′′ of N ′ by Lemma 3.7.4 and Theorem 2.7.6 and
the collection of optimal selections for the firm argmaxX⊆N ′′ F�X� is increasing
in N ′′ for subsets N ′′ of N ′ by Lemma 3.7.4 and Theorem 2.8.1.

The selection problem may also include requirements, similar to the max-
imum closure problem, that certain activities can be selected only if certain
other activities are also selected. This requirement can be represented by a
subset W of N ′ ×N ′, where if �x′; x′′� is in W then the firm can select activ-
ity x′ only if it also selects activity x′′. Such requirements can be incorporated
into the above selection problem by giving the cost b�x′; x′′� a value strictly
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greater than
∑
�xxx∈N ′;r�x�>0� r�x� for each �x′; x′′� in W . The revised selection

problem with these modified values of b�x′; x′′� for �x′; x′′� in W is equiva-
lent to the original selection problem with the additional requirement that the
selection of x′ requires the selection of x′′ for each �x′; x′′� in W .

A special case of this latter problem is studied by Balinski [1970] and Rhys
[1970], who consider a version of the selection problem where each activity is
either a project to be carried out or a facility which may be needed for one
or more projects. Each project is in itself profitable, so the net return r�x�
from each project x is nonnegative. Each facility is in itself costly, so the net
return r�x� (that is, minus the cost) from each facility x is nonpositive. Activity
x′′ is required for activity x′ (that is, �x′; x′′� is in W ) only if activity x′ is a
project and activity x′′ is a facility. The set of facilities required in order to
carry out project x′ is �x x �x′; x� ∈ W �. The problem is to choose a set of
facilities to maximize the value of the projects realizable with those facilities
minus the cost of the facilities. The corresponding capacitated network without
the source and sink is bipartite, since the nodes can be partitioned into two
disjoint sets and any edge with positive capacity must be directed from a node
in the first set (whose elements are associated with the projects) to a node
in the second set (whose elements are associated with the facilities). Picard
[1976] notes that this special case of the selection problem can be expressed
as a maximum closure problem, and Picard’s [1976] solution of the maximum
closure problem as a minimum cut problem is a generalization of the result
of Balinski [1970] and Rhys [1970] that one can find solutions for this special
case of the selection problem by solving a minimum cut problem.

3.7.4 Equivalent Combinatorial Structures

Theorem 3.7.7 shows structural equivalences between a sublattice of the power
set of a finite set, the collection of maximizers of a supermodular function
on a sublattice of the power set of a finite set, the collection of minimum
cuts in a capacitated network, and the collection of maximum closures in
a network. This statement is from Monma and Topkis [1982]. Most of the
implications constituting the proof of Theorem 3.7.7 have long been known,
but the overall equivalence does not seem to have been stated previously.
Gusfield and Irving [1989] examine related structural properties.

Theorem 3.7.7. Suppose that N is a finite set with �N� ≥ 2 and 8 is a collection
of subsets of N . The following are equivalent.
(a) The collection 8 is a nonempty sublattice of 0�N�.
(b) There is a supermodular function f �X� on 0�N� such that 8 =
argmaxX∈0�N� f �X�.
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(c) There is a capacitated network with a source s, a sink t, and other nodes N
such that 8 is the collection of all minimum cuts with the source s deleted from
each.
(d) There is maximum closure problem in a network with nodes N such that 8

is the collection of maximum closures.

Proof. By Theorem 2.7.1, if (b) holds then (a) holds. By Lemma 3.7.1, if (c)
holds then (b) holds. By part (c) of Lemma 3.7.3, if (d) holds then (c) holds.

To complete the proof, it suffices to show that (a) implies (d). Suppose that
8 is a nonempty sublattice of 0�N�. For each x in ∪X∈8X, define B�x� =
∩�X x X ∈ 8; x ∈ X�. Because 8 is a nonempty sublattice of 0�N�, ∪X∈8X
is in 8, ∩X∈8X is in 8, and B�x� is in 8 for each x in ∪X∈8X. Construct
a maximum closure problem as a network with a set of nodes N , a directed
edge from node x′ to node x′′ if x′ is in ∪X∈8X and x′′ is in B�x′� \ �x′�, a
weight w�x� = 1 associated with each node x in ∩X∈8X, a weight w�x� = −1
associated with each node x in N \�∪X∈8X), and a weight w�x� = 0 associated
with each node x in �∪X∈8X� \ �∩X∈8X�. Observe that ∩X∈8X is a closure in
the network and the total weight of any maximum closure is �∩X∈8X�. Pick any
X ′ in 8. By construction, X ′ is a closure in the network and its total weight is
w�X ′� = � ∩X∈8 X� and so X ′ is a maximum closure. Now pick any maximum
closure X ′′. Because X ′′ is a maximum closure, its weight is � ∩X∈8 X� and
so ∩X∈8X is a subset of X ′′ and X ′′ is a subset of ∪X∈8X. Because X ′′ is
a closure, B�x� is subset of X ′′ for each x in X ′′ and so ∪x∈X ′′B�x� is a
subset of X ′′. But X ′′ is a subset of ∪x∈X ′′B�x�, so X ′′ = ∪x∈X ′′B�x�. Because
B�x� is in 8 for each x in ∪X∈8X, 8 being a sublattice of 0�N� implies that
X ′′ = ∪x∈X ′′B�x� is in 8. Therefore, the collection 8 is identical with the
collection of maximum closures.

3.8 Myopic Decisions

A firm engaged in a series of activities over multiple time periods may choose
to myopically optimize its decisions in each individual period (that is, to maxi-
mize the net profit attributable to each period alone over the feasible decision
variables for that period), without carefully taking into account the impact
on net profits in subsequent periods of decisions made for any given period.
Myopic decisions for a firm may be motivated by bounded rationality (e.g.,
the difficulty of accurately estimating parameters for future periods and the
difficulty of optimizing over multiple time periods), by intrinsic separations
between the effects of decisions in successive periods (as with a manufactur-
ing system designed to maintain low inventory levels so production decisions
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in one period do not significantly impact the next period by the quantity of
inventory held over), or by theoretical considerations (as discussed in this sec-
tion) indicating that myopic decisions for the current period are optimal for
the multiperiod problem. Subsection 3.8.1 develops general conditions under
which myopic decisions for a firm are optimal in the long run. Some of the
main ideas for the present conditions are implicit in the approach of Karlin
[1960] for a single product stochastic inventory problem. Veinott [1965], with
a correction attributed to Lowell Anderson (Veinott [1970]), considers myopic
decisions for more general stochastic inventory problems. Heyman and Sobel
[1984] discuss a variety of models having optimal myopic decisions. Subsection
3.8.2 gives conditions for the existence of optimal myopic solutions in a dy-
namic version of the selection problem and for these optimal myopic solutions
to be increasing from period to period.

Assume throughout this section that, when needed, all real-valued functions
are Borel measurable and integrable with respect to appropriate distribution
functions.

3.8.1 General Conditions

A firm seeks to maximize the present value of its total profits over m succes-
sive periods i = 1; : : : ;m. The firm’s decision variable in each period i is an
n-vector xi which is constrained to be in a subset Xi of Rn. A second con-
straint is that in each period i = 2; : : : ;m a lower bound for the decision
variable xi is the realization of a random variable zi�xi−1� that depends on
the decision variable xi−1 determined for period i − 1. An initial condition is
a given lower bound z1 for the decision variable x1 in period 1. If the firm
makes a feasible decision xi in period i, then it receives an undiscounted (ex-
pected) net profit fi�xi� in that period. There is a discount factor αi ≥ 0 in
each period i such that each unit of undiscounted net profit in that period has
a value αi in period 1. (One could state this model without explicitly includ-
ing αi, by replacing fi�xi� with αifi�xi� so that fi�xi� would then represent the
(discounted) present value in period 1 of the net profit in period i. However,
this would be inconvenient for stating the conditions of Theorem 3.8.1 below
because the supermodularity of fi�x� in �x; i� does not imply the supermodu-
larity of αifi�x� in �x; i� and only the former condition is needed. Nevertheless,
the dynamic selection problem example of Subsection 3.8.2 shows that even
with the present model the discount factors may impact the functions fi�xi�
in formulations of particular problems.)

To formulate the problem of the firm as an m period dynamic programming
problem, let gi�xi� be the maximum (expected) present value in period 1 of
total profits in periods i; : : : ;m given the decision xi in period i. The values
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for each gi�xi� can be computed recursively from

gi�xi� = αifi�xi� + E�max�gi+1�xi+1� x xi+1 ∈ Xi+1; zi+1�xi� ≤ xi+1��
for i = 1; : : : ;m− 1

and

gm�xm� = αmfm�xm�;
where the expectation is taken with respect to the random variable
zi+1�xi� given xi. The collection of optimal decisions xi given zi�xi−1� is
argmax�xixxi∈Xi;zi�xi−1�≤xi� gi�xi� for i = 2; : : : ;m, and the collection of optimal
decisions x1 is argmax�x1xx1∈X1;z1≤x1� g1�x1�. If each lower bound zi�xi−1� is
deterministic given xi−1, then the problem of the firm is to

maximize
∑m
i=1 αifi�xi�

subject to xi in Xi for i = 1; : : : ;m;

zi�xi−1� ≤ xi for i = 2; : : : ;m; and z1 ≤ x1:

Decisions for the firm are myopic if in each period the decision variables
for that period are determined by optimizing the profits in that period alone
as a single period problem without regard for how the decision in that pe-
riod may impact profits in any subsequent period; that is, x1; : : : ; xm repre-
sent myopic decisions for the firm if xi is in argmaxx∈Xi fi�x� for each i. The
issue considered here involves the possibility of myopic decisions being op-
timal for the firm. Because no feasible decision in any period can result in
a greater profit for that period than a myopic decision, myopic decisions are
optimal if they are feasible. The issue now involves conditions for myopic de-
cisions to be feasible. Decisions for the firm in different periods are linked
only through the lower bound constraints zi�xi−1� ≤ xi for i = 2; : : : ;m as
well as z1 ≤ x1 (which links the decision in period 1 with the initial condi-
tion z1, and is categorized with the other lower bound constraints because
it is exogenous to the period 1 problem). Thus myopic decisions x1; : : : ; xm
are optimal if and only if z1 ≤ x1 and zi�xi−1� ≤ xi for i = 2; : : : ;m and
each realization of the random variable zi�xi−1�. The first of these conditions
calls for �z1;∞�∩argmaxx∈X1

f1�x� to be nonempty, and the second condition
calls for �zi�xi−1�;∞� ∩ argmaxx∈Xi fi�x� to be nonempty for i = 2; : : : ;m
and each possible realization of zi�xi−1�. The latter property would hold if
zi�xi−1� ≤ xi−1 for i = 2; : : : ;m and each possible realization of zi�xi−1� and
if �xi−1;∞�∩argmaxx∈Xi fi�x� is nonempty for i = 2; : : : ;m. This last property
would hold if argmaxx∈Xi fi�x� is increasing in i for i = 1; : : : ;m, which corre-
sponds to the conclusion of the statement of Theorem 2.8.2 and leads to the
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hypotheses and proof of Theorem 3.8.1. The additional regularity conditions
(nonemptiness and either finiteness or compactness and upper semicontinuity)
are included so that myopic decisions exist, part (a) of Theorem 2.8.3 applies,
and there exist greatest myopic decisions in each period. By Theorem 2.4.5,
the assumption of Theorem 3.8.1 that Xi is increasing in i for i = 1; : : : ;m is
equivalent to assuming that ��x; i� x x ∈ Xi and i = 1; : : : ;m� is a sublattice
of Rn+1 and that each Xi is nonempty.

Theorem 3.8.1. If �z1;∞� ∩ argmaxx∈X1
f1�x� is nonempty, zi�xi−1� ≤ xi−1 for

each xi−1 in Xi−1 and each possible realization of zi�xi−1� for i = 2; : : : ;m, Xi

is increasing in i for i = 1; : : : ;m, fi�x� is supermodular in �x; i� on ��x; i� x
x ∈ Xi and i = 1; : : : ;m�, and either Xi is finite for each i or Xi is compact
and fi�x� is upper semicontinuous in x on Xi for each i, then optimal myopic
decisions exist for the firm. In particular, there exists a greatest myopic decision
for each period, and these decisions are optimal for the firm.

Proof. By part (a) of Theorem 2.8.3, there exists a greatest myopic deci-
sion x′i (that is, a greatest element of argmaxx∈Xi fi�x�) for i = 1; : : : ;m
with x′i increasing in i. Let x′′1; : : : ; x

′′
m be feasible decisions for the firm

given the lower bound z1 and any possible realizations for the lower bounds
z2�x′′1�; : : : ; zm�x′′m−1�. Because x′i is in argmaxx∈Xi fi�x� and x′′i is in Xi,
fi�x′′i � ≤ fi�x′i� for i = 1; : : :m and

∑m
i=1 αifi�x′′i � ≤

∑m
i=1 αifi�x′i�. Therefore,

the myopic decisions x′1; : : : ; x
′
m are optimal if they are feasible. By hypothesis,

z1 ≤ x′1. By hypothesis and because x′i is increasing in i, zi�x′i−1� ≤ x′i−1 ≤ x′i
for each possible realization of zi�x′i−1� for i = 2; : : : ;m. The greatest myopic
decisions are therefore feasible and hence optimal.

While greatest myopic decisions for each period are optimal for the firm
under the hypotheses of Theorem 3.8.1, the least myopic decisions may not
be optimal because the lower bound z1 in period 1 could cause infeasibility.
When the least optimal decision in period 1 satisfies the lower bound z1, the
least myopic decisions for each period are also optimal for the firm.

Instead of defining myopic decisions as above (as any xi in argmaxx∈Xi fi�x�
for each period i), one could instead use a dynamic definition of myopic de-
cisions where in each period the firm picks the myopic single period optimal
decision with the added constraint that the lower bound resulting from the
decision in the previous period must also be satisfied. With this definition,
x1; : : : ; xm are myopic decisions if x1 is in argmax�xxz1≤x;x∈X1� f1�x� and xi is
in argmax�xxzi�xi−1�≤x;x∈Xi� fi�x� for i = 2; : : : ;m. With this definition, any my-
opic decisions xi for periods i = 1; : : : ;m must be feasible and hence would be
optimal for the m period problem if xi is in argmaxx∈Xi fi�x� for i = 1; : : : ;m.
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(With the earlier definition of myopic decisions, a sequence of myopic de-
cisions for each period may not be feasible for the m period problem even
when some feasible myopic solution exists.) With this definition, the state-
ment of Theorem 3.8.1 still holds.

Theorem 3.8.1 permits a firm to make a decision in the first period of
an m period problem that is optimal for the m period problem even when
information relevant for subsequent periods is not specifically known. Suppose
that a firm knows z1, X1, and f1�x1� and also knows that the general conditions
of Theorem 3.8.1 having to do with periods i = 1; : : :m hold, but the firm does
not know the actual specifications of zi�xi−1�, Xi, and fi�xi� for i = 2; : : : ;m.
Then the firm has enough information to determine and carry out a myopic
decision x′1 for period 1 with z1 ≤ x′1, and having carried out the decision x′1 in
period 1 there exist some decisions x′2; : : : ; x

′
m for periods i = 2; : : : ;m such

that the decisions x′1; : : : ; x
′
m are optimal for the m period problem.

Finding optimal decisions for all periods of an m period problem requires
less computation when it is known that optimal myopic decisions exist, because
then one need only solve m single-period problems instead of an m period
dynamic programming problem.

3.8.2 Dynamic Selection Problem

Consider a dynamic version of the selection problem of Subsection 3.7.3. A
firm operates in m successive periods. In each period, the firm selects some
set of activities in which to engage. There is a finite set Ni of activities that
may be undertaken in each period i. If an activity is available in a particular
period then it is available is all subsequent periods, so Ni is a subset of Ni+1

for i = 1; : : : ;m − 1. Any particular activity can be selected at most once, so
in each period i the firm can select any subset of activities from Ni that have
not been selected in any previous period. Let Xi be the set of all activities
selected in any of the first i periods and X0 = ∅, so in each period i the firm
can select any subset of Ni \Xi−1 and Xi \Xi−1 is the set of activities selected
in that period. For each activity x in Ni, the firm receives an undiscounted
net return ri�x� for selecting activity x in period i. The activities are related
such that certain activities can be selected in some period only if certain other
activities have also been selected no later than that period. This requirement
is represented by a subset W of Nm × Nm, where for �x′; x′′� in W the firm
can select activity x′ in period i (that is, x′ is in Xi \ Xi−1) only if activity
x′′ is selected in one of the first i periods (that is, x′′ is in Xi). One case of
such a requirement would be where each activity is either a profitable project
with ri�x� nonnegative or a costly facility with ri�x� nonpositive, each project
can be performed at most once, performing a project in a period requires the
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use of a particular set of facilities at that time, and each facility can be used
for projects in the period when the facility is acquired and in all subsequent
periods. Assume that if x′ is in Ni and �x′; x′′� is in W then x′′ is in Ni.
(Otherwise, it would never be possible to select activity x′ in period i.) A
subset X of Ni is a feasible cumulative selection for period i with respect to
the requirements represented by W if and only if X is a closure in the network
with nodes corresponding to the elements in Nm and a directed edge �x′; x′′�
corresponding to each �x′; x′′� in W . Let 8 be the collection of all subsets X
of Nm such that X is a feasible cumulative selection for period m with respect
to the requirements of W . Then 8 is a sublattice of the power set of Nm (with
the set inclusion ordering relation) because the collection of all closures is a
sublattice as noted in Subsection 3.7.2. Let 8i be those elements of 8 that are
subsets of Ni, so 8i is the collection of all feasible cumulative selections for
period i. For i = 1; : : : ;m, 8i is a sublattice of the power set of Ni. There
is a discount rate β in �0; 1� such that, defining γ = 1/�1 + β�, each unit
of undiscounted net profit in any period i has a value γi−1 in period 1. The
objective of the firm is to select feasible activities Xi \ Xi−1 in each period
i = 1; : : : ;m so as to maximize the total present value of its net profit. The
problem of the firm, the dynamic selection problem, is to

maximize
∑m
i=1 γ

i−1∑
x∈Xi\Xi−1

ri�x� (3.8.1)

subject to Xi in 8i for i = 1; : : : ;m;

Xi−1 ⊆ Xi for i = 2; : : : ;m; and X0 = ∅:
Now the task is to transform the firm’s objective function in (3.8.1) into

a form for which Theorem 3.8.1 can be applied. (The present formulation
already anticipates the model of Subsection 3.8.1 by taking the decision vari-
ables as the cumulative selections X1; : : : ;Xm up to and including each period
rather than the selections X1 \X0; : : : ;Xm \Xm−1 in each period.) Define

r ′i�x� = ri�x� − γri+1�x� for each x in Ni and i = 1; : : :m− 1;

and
r ′m�x� = �1− γ�rm�x� for each x in Nm:

The return r ′i�x� for i < m takes the actual return from selecting activity x in
period i and reduces it by the discounted value of the return from selecting
the same activity in the next period (that is, by the loss from not being able
to select that activity in the next period). Let

fi�Xi� =
∑
x∈Xi r

′
i�x� for Xi ⊆ Ni and i = 1; : : :m:

The function fi�Xi� is the net profit for choosing a (single period) selection
of activities Xi from Ni for a selection problem with a net return r ′i�x� from
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selecting any activity x in Ni. The firm’s objective function in (3.8.1) can be
transformed into the present value of the new net profit functions for the m
single period selection problems since∑m

i=1 γ
i−1∑

x∈Xi\Xi−1
ri�x�

=∑m−1
i=1

(
γi−1∑

x∈Xi ri�x� − γi
∑
x∈Xi ri+1�x�

)+ γm−1∑
x∈Xm rm�x�

=∑m−1
i=1 γ

i−1∑
x∈Xi r

′
i�x� + �γm−1/�1− γ��∑x∈Xm r

′
m�x�

=∑m−1
i=1 γ

i−1fi�Xi� + �γm−1/�1− γ��fm�Xm�:
The dynamic selection problem thus becomes

maximize
∑m−1
i=1 γ

i−1fi�Xi� + �γm−1/�1− γ��fm�Xm�
subject to Xi in 8i for i = 1; : : : ;m;

Xi−1 ⊆ Xi for i = 2; : : : ;m; and X0 = ∅:
Using the observation of part (d) of Example 2.2.1, the domain 8i of each

single period net profit function fi�Xi� can be taken as a sublattice of R�Ni�.
Therefore, the present formulation of the dynamic selection problem fits the
form considered in Subsection 3.8.1. Theorem 3.8.2 gives conditions for the
existence of optimal myopic decisions. A real-valued function g�y� on a set
Y of consecutive integers is concave if g�y + 1� − g�y� is decreasing in y

on Y .

Theorem 3.8.2. If ri�x� is increasing and concave in i for each activity x, then
optimal myopic decisions exist for the firm. In particular, a greatest myopic selec-
tion decision �that is, the greatest element of argmaxX∈8i fi�X�� exists for each
period i, and these myopic selection decisions are optimal.

Proof. Because 8i is the intersection of the power set 0�Ni� with the collection
of all closures in Nm, 0�Ni� is increasing in i (since N1 ⊆ N2 ⊆ : : : ⊆ Nm),
and the collection of all closures in Nm is a sublattice, 8i is increasing in
i by Theorem 2.4.2. By Theorem 3.8.1, it now suffices to show that fi�X�
is supermodular in �X; i� on ��X; i� x X ∈ 8i and i = 1; : : : ;m�. Pick any
�X ′; i′� and �X ′′; i′′� with X ′ in 8i′ and X ′′ in 8i′′ . Without loss of generality,
suppose that i′ ≤ i′′. Then

fi′′ �X ′ ∪X ′′� + fi′ �X ′ ∩X ′′� − fi′ �X ′� − fi′′ �X ′′�
=∑x∈X ′∪X ′′ r

′
i′′ �x� +

∑
x∈X ′∩X ′′ r

′
i′ �x�

−∑x∈X ′ r
′
i′ �x� −

∑
x∈X ′′ r

′
i′′ �x�

=∑x∈X ′\X ′′ r
′
i′′ �x� −

∑
x∈X ′\X ′′ r

′
i′ �x�:

(3.8.2)
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If i′′ < m,∑
x∈X ′\X ′′ r

′
i′′ �x� −

∑
x∈X ′\X ′′ r

′
i′ �x�

=∑x∈X ′\X ′′ �ri′′ �x� − γri′′+1�x� − ri′ �x� + γri′+1�x��
=∑x∈X ′\X ′′ ��1− γ��ri′′ �x� − ri′ �x��

+ γ�ri′′ �x� − ri′′+1�x� − ri′ �x� + ri′+1�x���
≥ 0

(3.8.3)

because ri�x� is increasing and concave in i for each x.
If i′ < i′′ = m,∑

x∈X ′\X ′′ r
′
i′′ �x� −

∑
x∈X ′\X ′′ r

′
i′ �x�

=∑x∈X ′\X ′′ ��1− γ�rm�x� − ri′ �x� + γri′+1�x��
=∑x∈X ′\X ′′ ��1− γ��rm�x� − ri′ �x�� + γ�ri′+1�x� − ri′ �x��
≥ 0

(3.8.4)

because ri�x� is increasing in i for each x.
The proof is complete by (3.8.2), (3.8.3), (3.8.4), and the observation that

the expression in (3.8.2) equals 0 if i′ = i′′.
Because each single period problem of maximizing fi�Xi� over Xi in 8i is

a maximum closure problem, one can solve the dynamic selection problem
under the hypotheses of Theorem 3.8.2 by solving m minimum cut problems
as in Subsection 3.7.2.

3.9 Markov Decision Processes and Property-Inducing
Stochastic Transformations

Subsection 3.9.2 studies Markov decision processes with the state in each pe-
riod considered as a parameter. Conditions are given for optimal decisions to
increase with the state in each period and for the components of the parameter
to be complementary. Examples involve advertising, pricing, and the mainte-
nance of an unreliable system. Subsection 3.9.1 develops properties of certain
property-inducing stochastic transformations, which are used in the analysis
of Subsection 3.9.2. This section is based on material in Topkis [1968]. Hey-
man and Sobel [1984] consider the present conditions for increasing optimal
solutions in Markov decision processes and exhibit a number of examples.
Serfozo [1976] gives other conditions, also with a supermodularity property,
for increasing optimal solutions in Markov decision processes. White [1980]
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develops related conditions for increasing optimal solutions in partially ob-
served Markov decision processes. Glasserman and Yao [1994], Heyman and
Sobel [1984], and references therein give further theory and applications hav-
ing to do with increasing optimal solutions and the role of supermodularity in
stochastic optimization problems.

Assume throughout this section that, when needed, all sets are Borel sets
and all real-valued functions are Borel measurable and integrable with respect
to appropriate distribution functions.

3.9.1 Property-Inducing Stochastic Transformations

This subsection considers conditions under which taking the expected value
of any increasing function with respect to each distribution function in a pa-
rameterized collection of distribution functions induces certain properties on
the resulting function of the parameter. Lehmann [1955] gives such conditions
where the property induced is that the function is increasing (or decreasing).
Similar conditions are given here where all functions having the property form
a closed convex cone. Supermodularity (or submodularity) and convexity (or
concavity) are additional properties satisfying this general condition.

Let �Ft�w� x t ∈ T� be a collection of distribution functions on Rn that
are indexed by a parameter t, with t contained in a subset T of Rm. For
a subset S of Rn and t in T , let

∫
S dFt�w� be the probability measure of

S with respect to the distribution function Ft�w�. For a real-valued function
h�w� on Rn and t in T ,

∫
h�w�dFt�w� is the expected value of h�w� with

respect to Ft�w�. If
∫
S dFt�w� is an increasing (decreasing) function of t on

T for each increasing set S in Rn, then Ft�w� is stochastically increasing
(stochastically decreasing) in t on T . If T = �1; 2� and Ft�w� is stochastically
increasing in t on T , then F2�w� is stochastically larger than F1�w�. If T is a
sublattice of Rm and

∫
S dFt�w� is a supermodular (submodular) function of t

on T for each increasing set S in Rn, then Ft�w� is stochastically supermodular
(stochastically submodular) in t on T . If T is a convex set and

∫
S dFt�w� is

a convex (concave) function of t on T for each increasing set S in Rn, then
Ft�w� is stochastically convex (stochastically concave) in t on T .

Lehmann [1955] establishes part (a) of Corollary 3.9.1, giving necessary and
sufficient conditions for a collection of distribution functions to be stochasti-
cally increasing (decreasing). Theorem 3.9.1 generalizes this result from the
increasing property (for the expectation) to any property where the set of all
functions having the property is a closed convex cone. Athey [1995] gives a
more general characterization result, where the particular limitation of the
Theorem 3.9.1 characterization that the integrated function h�w� be increas-
ing is extended to let h�w� be in any closed convex cone, and further shows
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that there is no stronger characterization than that developed in Athey [1995].
Corollary 3.9.1 follows as special cases of Theorem 3.9.1, yielding Lehmann’s
[1955] result as well as analogous results for stochastic supermodularity (sub-
modularity) and stochastic convexity (concavity). Part (b) of Corollary 3.9.1
further relies on Lemma 2.6.1.

Theorem 3.9.1. Suppose that T is a subset of Rm, �Ft�w� x t ∈ T� is a collection
of distribution functions on Rn, and & is a closed �in the topology of pointwise
convergence� convex cone of real-valued functions on T . Then

∫
S dFt�w� is in

& for each increasing set S in Rn if and only if
∫
h�w�dFt�w� is in & for each

increasing real-valued function h�w� on Rn.

Proof. Let I�wy S� be the indicator function of any subset S of Rn, so I�wy S�
is defined on Rn × 0�Rn� such that I�wy S� = 1 if w is in S and I�wy S� = 0 if
w is not in S.

Sufficiency follows because
∫
S dFt�w� =

∫
I�wy S�dFt�w� and the indicator

function I�wy S� of any increasing set S is increasing in w.
Now suppose that

∫
S dFt�w� is in & for each increasing set S in Rn. It

suffices to prove the necessity part of the result for h�w� nonnegative, be-
cause the proof for nonpositive h�w� is similar and one can express an
arbitrary function h�w� as the sum of a nonnegative function and a nonposi-
tive function as h�w� = h�w� ∨ 0+ h�w� ∧ 0. Pick any nonnegative increasing
function h�w�. For k = 1; 2; : : : , let i�k� = k2k + 1. For i = 1; : : : ; i�k� − 1
and k = 1; 2; : : : , let S�i; k� = �w x �i − 1�/2k ≤ h�w� < i/2k� and
ai;k = �i − 1�/2k. Let S�i�k�; k� = �w x �i�k� − 1�/2k ≤ h�w�� and

ai�k�;k = �i�k� − 1�/2k. Define hk�w� =
∑i�k�
i=1 ai;kI�wy Si;k� for w in Rn

and k = 1; 2; : : : . The functions �hk�w� x k = 1; 2; : : : � converge up-
wards to h�w�. Then

∫
hk�w�dFt�w� =

∑i�k�
i=1 ai;k

∫
I�wy Si;k�dFt�w� =∑i�k�

i=2 ai;k
∫
I�wy Si;k�dFt�w� =

∑i�k�
i=2 �ai;k − ai−1;k��

∑i�k�
j=i

∫
I�wy Sj;k�dFt�w�� =∑i�k�

i=2 �ai;k − ai−1;k�
∫
I�wy ∪i�k�j=i Sj;k�dFt�w� is in & for each k because∫

I�wy ∪i�k�j=i Sj;k�dFt�w� =
∫
∪i�k�j=i Sj;k

dFt�w� is in & for all i and k by hypo-

thesis (since ∪i�k�j=i Sj;k is an increasing set), ai;k is increasing in i for each k,
and & is a convex cone. By the monotone convergence theorem (Billingsley
[1979]),

∫
h�w�dFt�w� = limk→∞

∫
hk�w�dFt�w� for each t in T and so∫

h�w�dFt�w� is in & because & is closed in the topology of pointwise
convergence.

Corollary 3.9.1. Suppose that T is a subset of Rm and �Ft�w� x t ∈ T� is a
collection of distribution functions on Rn.
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(a) Ft�w� is stochastically increasing �decreasing� in t on T if and only if∫
h�w�dFt�w� is increasing �decreasing� in t on T for each increasing real-

valued function h�w� on Rn.
(b) If T is a sublattice of Rm, then Ft�w� is stochastically supermodu-
lar �submodular� in t on T if and only if

∫
h�w�dFt�w� is supermodular

�submodular� in t on T for each increasing real-valued function h�w� on Rn.
(c) If T is a convex subset of Rm, then Ft�w� is stochastically convex �concave�
in t on T if and only if

∫
h�w�dFt�w� is convex �concave� in t on T for each

increasing real-valued function h�w� on Rn.

It is well-known that a collection of distribution functions �Ft�w� x t ∈ T� on
R1 is stochastically increasing in t on a subset T of Rm if and only if 1−Ft�w�
is increasing in t on T for each w in R1. This result, restated in part (b) of
Lemma 3.9.1, is generalized in part (a) of Lemma 3.9.1 and has analogs for
stochastic supermodularity and stochastic convexity as given in part (c) and
part (d) of Lemma 3.9.1.

Lemma 3.9.1. Suppose that T is a subset of Rm and �Ft�w� x t ∈ T� is a collec-
tion of distribution functions on R1.
(a) If & is a closed (in the topology of pointwise convergence) subset of the
collection of all real-valued functions on T , then

∫
S dFt�w� is in & for each

increasing set S in R1 if and only if 1− Ft�w� is in & for each w in R1.
(b) The collection of distribution functions Ft�w� is stochastically increasing
�decreasing� in t on T if and only if 1 − Ft�w� is increasing �decreasing� in
t on T for each w in R1.
(c) If T is a sublattice of Rm, then Ft�w� is stochastically supermodular
�submodular� in t on T if and only if 1− Ft�w� is supermodular �submodular�
in t on T for each w in R1.
(d) If T is convex, then Ft�w� is stochastically convex �concave� in t on T if and
only if 1− Ft�w� is convex �concave� in t on T for each w in R1.

Proof. A proof is given for part (a). Part (b), part (c), and part (d) follow
directly from part (a).

If
∫
S dFt�w� is in & for each increasing set S in R1 and w′ is in R1, then

1−Ft�w′� =
∫
�w′;∞� dFt�w� is in & because �w′;∞� is an increasing set in Rn.

Suppose that 1− Ft�w� is in & for each w in R1. Each increasing set in R1,
other than R1 itself and the empty set, is of the form �w;∞� or �w;∞� for
some w in R1. For w′ in R1,

∫
�w′;∞� dFt�w� = 1−Ft�w′� is in & by hypothesis.

For w′ in R1,
∫
�w′;∞� dFt�w� = limz→w′;z<w′

∫
�z;∞� dFt�w� = limz→w′;z<w′ �1 −

Ft�z��, which is in & by hypothesis and because & is closed.
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Example 3.9.1 gives some common families of distribution functions on R1

that, by part (b) and part (d) of Lemma 3.9.1, are stochastically decreasing
and stochastically convex.

Example 3.9.1. Each of the following collections of distribution functions on
R1 is stochastically decreasing and stochastically convex in the parameter t.
(a) For t in T = �0;∞� and any fixed α > 0, the Weibull distribution has the
distribution function Ft�w� = 0 if w ≤ 0 and Ft�w� = 1− e−twα if w ≥ 0. The
special case for α = 1 is the exponential distribution.
(b) For t in T = �0;∞� and any fixed real α, the uniform distribution has the
distribution function Ft�w� = 0 if w ≤ α, Ft�w� = t�w−α� if α ≤ w ≤ α+1/t,
and Ft�w� = 1 if α+ 1/t ≤ w.
(c) For t in T = �0; 1�, the Bernoulli distribution has the distribution function
Ft�w� = 0 if w < 0, Ft�w� = t if 0 ≤ w < 1, and Ft�w� = 1 if 1 ≤ w.

While it is well-known that a random vector composed of two indepen-
dent stochastically increasing random vectors is itself stochastically increas-
ing (Shaked and Shanthikumar [1994]), the analogous result is not true for
stochastically convex random vectors. As the following example shows, the sum
of two independent, identically distributed, stochastically convex, real random
variables need not be stochastically convex.

Example 3.9.2. Let Gt�w� be the distribution function for the sum of two
(stochastically decreasing and stochastically convex) independent Bernoulli
random variables, each with the Bernoulli distribution function Ft�w� as in
part (c) of Example 3.9.1. For t in T = �0; 1�, Gt�w� = 0 if w < 0, Gt�w� = t2
if 0 ≤ w < 1, Gt�w� = 2t − t2 if 1 ≤ w < 2, and Gt�w� = 1 if 2 ≤ w. By part
(d) of Lemma 3.9.1, this is not stochastically convex because 1−Gt�w� = 1−t2
for 0 ≤ w < 1 is not convex in t on �0; 1�.

Lemma 3.9.2 shows that a stochastically decreasing and stochastically convex
collection of distribution functions (as in each part of Example 3.9.1) can
be used to generate a stochastically supermodular collection of distribution
functions.

Lemma 3.9.2. Suppose that T is a convex subset of R1, �Ft�w� x t ∈ T� is a
collection of distribution functions on Rn that is stochastically decreasing and
stochastically convex in t on T , Z is a sublattice of Rm, and t�z� is an increasing
submodular function from Z into T . Then Ft�z��w� is stochastically supermodular
in z on Z.

Proof. Let S be any increasing set in Rn. Because Ft�w� is stochastically de-
creasing and stochastically convex,

∫
S dFt�w� is decreasing and convex in t.
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Then
∫
S dFt�z��w� is supermodular in z on Z by Lemma 2.6.4 because a de-

creasing convex function of an increasing submodular function is supermodu-
lar. Therefore, Ft�z��w� is stochastically supermodular in z on Z.

Lemma 3.9.3 identifies a collection of stochastically supermodular distribu-
tion functions that is useful for the maintenance application in Example 3.9.5.

Lemma 3.9.3. If Z1 and Z2 are subsets of R1, Z1 v Z2, Fz;1�w� is a distribution
function on Rn for each z in Z1 such that Fz;1�w� does not depend on z, and
Fz;2�w� is a distribution function on Rn for each z in Z2 such that Fz;2�w� is
stochastically increasing in z on Z2, then Fz;i�w� is stochastically supermodular
in �z; i� on �Z1 × �1�� ∪ �Z2 × �2��.
Proof. Let S be any increasing set in Rn. Because Z1 v Z2, �Z1 × �1�� ∪
�Z2 × �2�� is a sublattice of R2 by part (b) of Theorem 2.4.5. Pick any �z′; i′�
and �z′′; i′′� in �Z1 × �1�� ∪ �Z2 × �2��. Without loss of generality, suppose
that i′ ≤ i′′.

If i′ = i′′, then∫
S
dF�z′;i′�∨�z′′;i′′��w� +

∫
S
dF�z′;i′�∧�z′′;i′′��w� −

∫
S
dFz′;i′ �w� −

∫
S
dFz′′;i′′ �w�

=
∫
S
dFz′∨z′′;i′ �w� +

∫
S
dFz′∧z′′;i′ �w� −

∫
S
dFz′;i′ �w� −

∫
S
dFz′′;i′ �w� = 0

because Z1 and Z2 being subsets of R1 implies that �z′; z′′� = �z′ ∨z′′; z′ ∧z′′�.
If i′ < i′′, then 1 = i′ < i′′ = 2 and∫
S
dF�z′;i′�∨�z′′;i′′��w� +

∫
S
dF�z′;i′�∧�z′′;i′′��w� −

∫
S
dFz′;i′ �w� −

∫
S
dFz′′;i′′ �w�

=
∫
S
dFz′∨z′′;2�w� +

∫
S
dFz′∧z′′;1�w� −

∫
S
dFz′;1�w� −

∫
S
dFz′′;2�w�

=
∫
S
dFz′∨z′′;2�w� −

∫
S
dFz′′;2�w� ≥ 0;

where the second equality follows because Fz;1�w� does not depend on z and
the inequality follows because Fz;2�w� is stochastically increasing in z.

3.9.2 Markov Decision Processes

Consider a nonstationary discounted finite horizon discrete time Markov
decision process with periods i = 1; : : : ; k. Let t and x denote the state and
decision, respectively, in a given period. The collection of all possible states
in period i is a subset Ti of Rm. In state t and period i the decision x is
restricted to a finite nonempty subset Xt;i of Rn. Let Si = ��x; t� x t ∈ Ti;
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x ∈ Xt;i�. The (expected) net return resulting from being in state t and mak-
ing decision x in period i is ri�x; t�, where ri�x; t� is bounded on Si for each
i. There is a discount rate β in �0; 1� such that, defining γ = 1/�1+ β�, each
unit of undiscounted net return in any period i has a value γi−1 in period 1.
The distribution function for the state w in period i + 1 given the state t
and decision x in period i is Fx;t;i�w�. The objective is to maximize the total
expected present value of all returns.

Let fi�t� be the maximum over all decisions for all states in periods i; : : : ; k
of the present value in period i of all expected returns in periods i; : : : ; k,
given that the state in period i is t. Let gi�x; t� be the maximum over all
decisions for all states in periods i+ 1; : : : ; k of the present value in period i
of all expected returns in periods i; : : : ; k, given that the state in period i is t
and the decision in period i is x in Xt;i. Starting with gk�x; t� = rk�x; t�, one
can compute fi�t� and gi�x; t� recursively for each i from

fi�t� = max�gi�x; t� x x ∈ Xt;i� for 1 ≤ i ≤ k; (3.9.1)

and

gi�x; t� = ri�x; t� + γ
∫
fi+1�w�dFx;t;i�w� for 1 ≤ i ≤ k− 1: (3.9.2)

Because each ri�x; t� is bounded, each gi�x; t� and fi�t� is bounded. Because
each Xt;i is finite and nonempty, the maximum in (3.9.1) is always attained
and each set of optimal decisions argmaxx∈Xt;i gi�x; t� is nonempty.

Lemma 3.9.4 gives conditions for fi�t� to be an increasing function of the
state t for each period i.

Lemma 3.9.4. If Xt ′;i is a subset of Xt ′′;i for each period i and all states t ′ and
t ′′ in Ti with t ′ ≤ t ′′, ri�x; t� is increasing in t on the section of Si at x for all x
and i, and Fx;t;i�w� is stochastically increasing in t on the section of Si at x for
all x and i, then fi�t� is increasing in t on Ti for each i.

Proof. If gi�x; t� is increasing in t for each x, then fi�t� is increasing in t by
(3.9.1) and the hypothesis that Xt ′;i is a subset of Xt ′′;i for all t ′ and t ′′ in Ti
with t ′ ≤ t ′′. Hence, it suffices to show that gi�x; t� is increasing in t for all
x and i. Pick any i with 1 ≤ i < k, and suppose that gi+1�x; t� is increasing
in t given x. This statement is true for i = k− 1, so for the proof to follow by
induction it suffices to show that gi�x; t� is increasing in t. Pick t ′ and t ′′ in Ti
with t ′ ≤ t ′′ and pick any x′ in Xt ′;i. Then

gi�x′; t ′� = ri�x′; t ′� + γ
∫
fi+1�w�dFx′;t ′;i�w�

≤ ri�x′; t ′′� + γ
∫
fi+1�w�dFx′;t ′′;i�w� = gi�x′; t ′′�;
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where the inequality follows by part (a) of Corollary 3.9.1 and because Xt ′;i
is a subset of Xt ′′;i, ri�x′; t� is increasing in t on the section of Si at x′, and
Fx′;t;i�w� is stochastically increasing in t on the section of Si at x′. Thus gi�x; t�
is increasing in t.

Theorem 3.9.2 uses Lemma 3.9.4 to establish conditions under which, in
each period, the components of the state are complementary (with respect to
the optimal return function fi�t� by Theorem 2.6.1) and optimal decisions in-
crease with the state. The proof for Theorem 3.9.2 involves using Theorem
2.7.6 (the preservation of supermodularity under the maximization operation)
to establish the supermodularity of the optimal return function with this prop-
erty being maintained from period to period and then using Theorem 2.8.2
(increasing optimal solutions) to establish that optimal decisions increase with
the state. An analogous approach is used for corresponding results in differ-
ent dynamic programming models (Amir [1996]; Amir, Mirman, and Perkins
[1991]; and Subsection 3.10.2).

Theorem 3.9.2. Suppose that Si is a sublattice of Rn+m for each i, Xt ′;i is a
subset of Xt ′′;i for each period i and all states t ′ and t ′′ in Ti with t ′ ≤ t ′′, ri�x; t�
is increasing in t on the section of Si at x for all x and i and is supermodular
in �x; t� on Si for each i, and Fx;t;i�w� is stochastically increasing in t on the
section of Si at x for all x and i and is stochastically supermodular in �x; t� on
Si for each i. For each period i,
(a) gi�x; t� is supermodular in �x; t� on Si;
(b) fi�t� is supermodular in t on Ti;
(c) the set of optimal decisions argmaxx∈Xt;i gi�x; t� is increasing in the state t
on Ti; and
(d) there is a greatest �least� optimal decision for each state t and this greatest
�least� optimal decision is increasing in t.

Proof. Part (a) holds for i = k by hypothesis. Pick any i with 1 ≤ i < k.
By Lemma 3.9.4, fi+1�t� is increasing in t on Ti+1. Because Si is a sub-
lattice of Rn+m and Fx;t;i�w� is stochastically supermodular in �x; t� on Si,∫
fi+1�w�dFx;t;i�w� is supermodular in �x; t� on Si by part (b) of Corollary

3.9.1. Then part (a) holds by (3.9.2) and part (a) and part (b) of Lemma 2.6.1
and because ri�x; t� is supermodular in �x; t�. Part (b) follows from part (a),
(3.9.1), and Theorem 2.7.6. Part (c) follows from part (a) and Theorem 2.8.2.
Part (d) follows from part (a) and Theorem 2.8.3.

Now consider the infinite period stationary discounted version of this
Markov decision process with the additional assumptions that γ is in �0; 1�
and that each constraint set Xt;i does not depend on the state t. Drop the
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subscript t from Xt;i. Drop the subscript i indicating dependency on the
period i where stationarity makes it no longer necessary. Denote the depen-
dence of fi�t� on the total number of periods k as fi;k�t�. Equation (3.9.1)
and equation (3.9.2) together with fi;k�t� = fi+1;k+1�t� yield

f1;k�t� = max�r�x; t� + γ ∫ f1;k−1�w�dFx;t�w� x x ∈ X�: (3.9.3)

Because r�x; t� is bounded on S, f1;k�t� converges uniformly on T as k goes
to∞ to some real-valued function f �t�. By (3.9.3), f �t� satisfies the optimality
equation

f �t� = max�r�x; t� + γ ∫ f �w�dFx;t�w� x x ∈ X� (3.9.4)

for t in T . Because f �t� satisfies the optimality equation (3.9.4), it follows from
a result of Blackwell [1965] that f �t� is the maximum present value in period 1
of all expected returns from beginning in state t in period 1. If the hypotheses
of Theorem 3.9.2 hold, then each f1;k�t� is increasing and supermodular on T
by Lemma 3.9.4 and part (b) of Theorem 3.9.2 and so f �t� is increasing and
supermodular on S by part (c) of Lemma 2.6.1. Let

g�x; t� = r�x; t� + γ ∫ f �w�dFx;t�w� (3.9.5)

for �x; t� in S. The set of optimal decisions argmaxx∈X g�x; t� in each period
given that one is in state t can be determined from (3.9.4) if f �t� is known.
If the hypotheses of Theorem 3.9.2 hold, then, as with the proof of Theo-
rem 3.9.2, the set of optimal decisions argmaxx∈X g�x; t� is increasing in the
state t on T and greatest and least optimal decisions exist for each t and are
increasing in t.

The results of this subsection generalize to the case in which any possible
state in any period consists of a pair �t1; t2�, where the first component t1 is
generated through time as a Markov process. Then t1 may be thought of as
representing an uncontrollable random environment and t2 would represent
that portion of the state vector that may be partially controlled by the choice
of decisions. Versions of Lemma 3.9.4 and Theorem 3.9.2 hold if the assump-
tions are restated for each fixed t1 with only t2 and x allowed to vary and if
the stochastically increasing and stochastically supermodular assumptions are
stated in terms of conditional distributions of t2 given t1. Here, the set of
optimal decisions argmaxx∈X g�x; t� is increasing in t2 for each fixed t1. Jor-
genson, McCall, and Radner [1967] include such an environmental variable in
a maintenance model for which they establish monotone optimal solutions.

Following are three examples of Markov decision processes for which the
monotonicity result of Theorem 3.9.2 or of the infinite horizon discounted
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model discussed thereafter is applicable. These examples consider optimal ad-
vertising (Example 3.9.3), optimal pricing (Example 3.9.4), and optimal main-
tenance of an unreliable system (Example 3.9.5). Example 3.9.5 generalizes an
example of Jorgenson, McCall, and Radner [1967]. In these examples, assume
without further mention the general structure of the above decision model
together with the appropriate regularity conditions. The emphasis is on the
characteristics of an individual period and establishing the conditions of The-
orem 3.9.2. These examples use the above notation except that the subscript i
is omitted.

Example 3.9.3. Consider a firm that markets a single product and chooses
its advertising budget in each period based on the level of sales in the pre-
vious period. After observing the sales t in the last period, the firm decides
on its advertising budget −x for the present period where x (the negative
of the advertising budget) is taken from a nonempty finite set of possibili-
ties X. If the sales level in the current period is w, then the net return (to-
tal revenue minus total cost) exclusive of advertising expenditures from such
sales is v�w�. Assume that higher sales are always more desirable, so v�w�
is increasing in w. Given sales t in the preceding period and an advertising
budget −x in the present period, the distribution function for sales in the
present period is Fx;t�w� and the expected net return in the present period is
r�x; t� = x+ ∫ v�w�dFx;t�w�. Suppose that Fx;t�w� is stochastically increasing
in t and stochastically supermodular in �x; t�. This means that higher sales in
one period increase the probability of higher sales in the following period and
that a marginal amount of additional advertising expenditure is more effective
the lower sales were in the preceding period. The assumption that Fx;t�w� is
stochastically increasing in t may reflect consumer loyalty and habit. The as-
sumption that Fx;t�w� is stochastically supermodular in �x; t� may reflect there
being more potential new customers to be influenced by additional advertis-
ing for lower prior sales. Because Fx;t�w� is stochastically increasing in t and
stochastically supermodular in �x; t� and v�w� is increasing in w, part (a) and
part (b) of Corollary 3.9.1 imply that r�x; t� = x + ∫ v�w�dFx;t�w� is increas-
ing in t and supermodular in �x; t�. Thus, the assumptions of Theorem 3.9.2
hold and optimal advertising expenditures in each period decrease with the
sales in the preceding period. As sales decrease, it is optimal to put greater
effort into building them back up through advertising.

Example 3.9.4. Consider a firm that markets a single product and chooses its
price x in each period based on the level of sales t in the previous period. The
price x must be chosen from a nonempty finite set X. There is a unit pro-
duction cost c. The product is never priced below marginal cost, so x ≥ c for
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each x in X. There is an upper bound u on production, and in each period
the firm satisfies as much of that period’s demand as possible with production
in that period. Any demand that cannot be satisfied in the period in which it
arrives is lost. No inventory is held from one period to the next. The distri-
bution function for demand in any period is Fx;t�w�. Then the expected net
return in any period is r�x; t� = �x−c� ∫ �u∧w�dFx;t�w�. Assume that Fx;t�w�
is stochastically increasing in t and stochastically supermodular in �x; t�, with
the rationale for these assumptions being as in Example 3.9.3. Because Fx;t�w�
is stochastically increasing in t and �x − c��u ∧ w� is increasing in w, r�x; t�
is increasing in t by part (a) of Corollary 3.9.1. The return function r�x; t� is
supermodular in �x; t� because, for sales t ′ ≤ t ′′ and prices x′ ≤ x′′, the above
hypotheses together with part (b) of Corollary 3.9.1 imply that

r�x′′; t ′′� − r�x′′; t ′� − r�x′; t ′′� + r�x′; t ′�
= �x′′ − c�(∫ �u ∧w�dFx′′;t ′′ �w� − ∫ �u ∧w�dFx′′;t ′ �w�)
− �x′ − c�(∫ �u ∧w�dFx′;t ′′ �w� − ∫ �u ∧w�dFx′;t ′ �w�)
≥ �x′′ − c�(∫ �u ∧w�dFx′′;t ′′ �w� − ∫ �u ∧w�dFx′′;t ′ �w�)
− �x′ − c�(∫ �u ∧w�dFx′′;t ′′ �w� − ∫ �u ∧w�dFx′′;t ′ �w�)
= �x′′ − x′�(∫ �u ∧w�dFx′′;t ′′ �w� − ∫ �u ∧w�dFx′′;t ′ �w�) ≥ 0:

Thus, the assumptions of Theorem 3.9.2 hold and optimal prices in each pe-
riod increase with the sales in the preceding period.

Example 3.9.5. Consider a firm operating a system whose state is an m-
vector t. A higher value of t indicates a more desirable state, as is made more
precise below. The firm can partially control the system by choosing from
among decisions x = 1; : : : ; h, where h ≥ 2. Decision h is to do nothing to the
system. Decision 1 is to completely replace the system. Decisions 2; : : : ; h− 1
correspond to various overhaul operations on the system. Assume that the set
of allowable decisions Xt in state t is increasing in t, and Xt ′ is a subset of
Xt ′′ for t ′ ≤ t ′′. For instance, the firm may require that the system be either
overhauled or replaced in very low states but that any decision is feasible in
higher states. The replacement and overhaul operations are thorough enough
that the distribution function Fx;t�w� of the state in the next period does not
depend on the present state t if the firm makes a decision x with x ≤ h − 1.
If the firm makes decision h and does nothing to the system, then a higher
present state t makes it more likely that there is a higher state in the next
period. Therefore, the distribution function Fh;t�w� of the state in the next
period is stochastically increasing in the present state t. If m = 1, then Fx;t�w�
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is stochastically supermodular in �x; t� by Lemma 3.9.3 (but Fx;t�w� may not
be stochastically supermodular if m > 1). The firm receives the return r�x; t�
for making decision x in state t, and r�x; t� is increasing in the state t. Assume
that if t ′ ≤ t ′′ then r�x; t ′′�−r�x; t ′� is increasing in the decision x on Xt ′ . While
it need not be true that r�x; t� is supermodular or that Fx;t�w� is stochastically
supermodular if m > 1, one may use an alternative form of the hypotheses of
Theorem 3.9.2 corresponding to Theorem 2.8.1 to confirm that the conclusion
of part (c) of Theorem 3.9.2 still applies here. Thus optimal control decisions
increase with the state of the system.

3.10 Stochastic Inventory Problems and Supermodularity-
Preserving Stochastic Transformations

Subsection 3.10.2 considers multiperiod stochastic inventory problems with
the cost functions and demand distributions depending on a parameter and
gives conditions for optimal inventory decisions to increase with the param-
eter. Subsection 3.10.1 gives conditions under which certain parameterized
stochastic transformations of certain functions preserve supermodularity, and
these conditions are used in Subsection 3.10.2.

Assume throughout this section that, when needed, all real-valued functions
are Borel measurable and integrable with respect to appropriate distribution
functions.

3.10.1 Supermodularity-Preserving Stochastic Transformations

Theorem 3.10.1 provides general conditions for supermodularity to be pre-
served by parameterized stochastic transformations.

Theorem 3.10.1. If X is a sublattice of Rn, T is a subset of R1, �Ft�w� x t ∈ T�
is a stochastically increasing collection of distribution functions on Rm for t in
T , and f �x; t;w� is a real-valued function on X × T × Rm that has increasing
differences in �x;w� on X × Rm for fixed t in T and is supermodular in �x; t�
on X × T for fixed w in Rm, then g�x; t� = ∫ f �x; t;w�dFt�w� is supermodular
in �x; t� on X × T .

Proof. Pick any �x′; t ′� and �x′′; t ′′� in X × T . Suppose, without loss of gener-
ality, that t ′ ∧ t ′′ = t ′ ≤ t ′′ = t ′ ∨ t ′′. Then

g�x′; t ′� − g�x′ ∧ x′′; t ′� = ∫ �f �x′; t ′; w� − f �x′ ∧ x′′; t ′; w��dFt ′ �w�
≤ ∫ �f �x′ ∨ x′′; t ′′; w� − f �x′′; t ′′; w��dFt ′ �w�
≤ ∫ �f �x′ ∨ x′′; t ′′; w� − f �x′′; t ′′; w��dFt ′′ �w�
= g�x′ ∨ x′′; t ′′� − g�x′′; t ′′�;
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where the first inequality follows from the supermodularity of f �x; t;w� in
�x; t� together with Corollary 2.6.2 and the second inequality follows from
part (a) of Corollary 3.9.1 together with the assumptions that f �x; t;w� has
increasing differences in �x;w� and that Ft�w� is stochastically increasing
in t.

Corollary 3.10.1 follows as a special case of Theorem 3.10.1 by Theorem
2.6.1 and part (b) of Lemma 2.6.2. This result is used in the parametric inven-
tory application of Subsection 3.10.2.

Corollary 3.10.1. If T is a subset of R1, �Ft�w� x t ∈ T� is a stochastically
increasing collection of distribution functions on R1 for t in T , and f �z; t� is
supermodular in �z; t� on R1 × T and is concave in z on R1 for fixed t in T ,
then g�x; t� = ∫ f �x−w; t�dFt�w� is supermodular in �x; t� on R1 × T .

Corollary 3.10.2 follows as a special case of Theorem 3.10.1 by Theorem
2.6.1 and part (a) of Lemma 2.6.2.

Corollary 3.10.2. If T is a subset of R1, �Ft�w� x t ∈ T� is a stochastically
increasing collection of distribution functions on Rn for t in T , and f �z; t� is
supermodular in �z; t� on Rn × T and is convex in zi for i = 1; : : : ; n, then
g�x; t� = ∫ f �x+w; t�dFt�w� is supermodular in �x; t� on Rn × T .

3.10.2 Stochastic Inventory Problems

A firm produces n products in each of m successive time periods i = 1;
: : : ;m. A production decision in any time period is carried out without any
time lag. Demand arrives in a period after the production decision is made
for that period. All unsatisfied demand in one period is backlogged to the be-
ginning of the next period. When demand is observed in a period, as much as
possible of that demand and of any previously backlogged demand is imme-
diately satisfied with inventory on hand including the production in that same
period. A positive amount of demand for a product remains backlogged at the
beginning or end of some period only if there is no inventory on hand for that
product at that time. The net inventory level for each product is the differ-
ence between the stock on hand in inventory and the amount of backlogged
demand. If z is the net inventory level for some product at the beginning or
end of some period, then z nonnegative indicates z units of stock on hand and
no backlogged demand for that product and z nonpositive indicates no stock
on hand and −z units of backlogged demand for that product. There are no
bounds on the net inventory level. The only bound on the level of production
is that it be nonnegative. (The analysis below can easily be modified to in-
clude an upper bound on production. Bounds on the net inventory level may
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be problematic only in that they could impact feasibility.) Consider a collec-
tion of different problems, where each problem, its costs, and its distribution
functions are indexed with a parameter t contained in a parameter set T in
R1. The problem for a given t in T is problem t. The n-vector of demand
is generated according to a known distribution function Ft;i�w� in period i

of problem t. The cost of producing a nonnegative n-vector y of products in
period i of problem t is ci�y; t�. If the n-vector of net inventory levels after
production is z in period i of problem t, then there is a combined expected
holding and penalty cost Li�z; t�. There is a discount rate β in �0; 1� such
that, defining γ = 1/�1+β�, each unit of undiscounted cost in any period i is
equivalent to a cost γi−1 in period 1. Let fi�x; t� be the present value in pe-
riod i of the expected costs in periods i; : : : ;m of problem t, given that the
n-vector of net inventory levels before production in period i is x and that the
firm proceeds optimally in period i and thereafter. Assume that all minima
are attained. Then fi�x; t� can be calculated recursively from

fi�x; t� = min�zxz≥x��ci�z − x; t� + Li�z; t� + γ
∫
fi+1�z −w; t�dFt;i�w��

for 1 ≤ i ≤ m
(3.10.1)

and
fm+1�x; t� = 0:

Theorem 3.10.2, Theorem 3.10.3, and Theorem 3.10.4 give conditions for
the optimal net inventory levels after production in each period to increase
with the parameter t, where the production costs, the combined expected hold-
ing and penalty costs, and the demand distributions vary with t. These results
extend Karlin [1960], who establishes the monotonicity of optimal inventory
decisions with respect to variations in the distribution functions for demand
in a single product problem. It also falls out of the present proofs that the
optimal net inventory levels after production in each period increase with the
net inventory level before production. Theorem 3.10.2 and Theorem 3.10.3
consider the case of a single product, with the former result having a con-
vex production cost that does not depend on the parameter and the latter
result having a linear production cost that may depend on the parameter. The
standard convexity result stated in part (a) of Theorem 3.10.2 and part (a) of
Theorem 3.10.3 facilitates the application of Corollary 3.10.1. Theorem 3.10.4
considers the case where there can be multiple products. The hypotheses of
Theorem 3.10.3 and Theorem 3.10.4 are similar, except that the latter result
further requires that the distribution functions for demand in each period be
independent of the parameter and omits a convexity assumption on the com-
bined expected holding and penalty cost function.
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Theorem 3.10.2. Suppose that there is a single product �so m = 1�, the pro-
duction cost ci�y; t� is convex in the production level y and is independent of
the parameter t for each period i, the combined expected holding and penalty
cost function Li�z; t� is convex in the inventory level z after production and is
submodular in �z; t� for each period i, and the distribution function Ft;i�w� for
demand in period i of problem t is stochastically increasing in t on the parameter
set T for each period i. For each i,
(a) fi�x; t� is convex in x for each t;
(b) fi�x; t� is submodular in �x; t�; and
(c) argmin�zxz≥x��ci�z−x; t�+Li�z; t�+γ

∫
fi+1�z−w; t�dFt;i�w�� is increasing

in �x; t�.
Proof. Part (a) follows from (3.10.1), the assumptions that ci�y; t� and Li�z; t�
are convex in y and in z respectively for each �t; i�, the preservation of con-
vexity under the minimization operation (Dantzig [1955]), and induction.

Part (b) trivially holds for i = m + 1. Pick any integer i′ with 1 ≤ i′ ≤ m,
and suppose that part (b) holds for i = i′ + 1. To complete the proof by
induction, it suffices to show that part (b) and part (c) hold for i = i′. By part
(a), the induction hypothesis, and Corollary 3.10.1,

∫
fi′+1�z−w; t�dFt;i′ �w� is

submodular in �z; t� on R1×T . Because ci′ �y; t� is convex in y and independent
of t and Li′ �z; t� is submodular in �z; t� and by part (b) of Lemma 2.6.2 and
part (b) of Lemma 2.6.1, ci′ �z− x; t� +Li′ �z; t� + γ

∫
fi′+1�z−w; t�dFt;i′ �w� is

submodular in �z; x; t�. Part (b) for i = i′ follows from (3.10.1) and Theorem
2.7.6, and part (c) for i = i′ follows from Theorem 2.8.2.

For the rest of this subsection, suppose that the production cost is propor-
tional to the level of production so ci�y; t� = ct;i · y for some ct;i in Rm. Let
gi�x; t� = fi�x; t�+ ct;i ·x. Define gm+1�x; t� = 0 for each �x; t� and ct;m+1 = 0
for each t. Then (3.10.1) becomes

gi�x; t� = min�zxz≥x���ct;i − γct;i+1� · z + Li�z; t�
+ γ ∫ gi+1�z −w; t�dFt;i�w� (3.10.2)

+ γct;i+1 ·
∫
wdFt;i�w��:

Theorem 3.10.3. Suppose that there is a single product �so m = 1�, the unit
production cost satisfies ct;i − γct;i+1 decreasing in t for each i, the combined ex-
pected holding and penalty cost function Li�z; t� is convex in z and submodular
in �z; t� for each i, and the distribution function Ft;i�w� for demand is stochas-
tically increasing in t for each i. For each i,
(a) gt;i�x� is convex in x for each t;
(b) gt;i�x� is submodular in �x; t�; and
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(c) argmin�zxz≥x��ct;iz + Li�z; t� + γ
∫
fi+1�z − w; t�dFt;i�w�� is increasing

in �x; t�.

Proof. The proof of part (a) follows by induction as in the proof of part (a)
of Theorem 3.10.2.

The remainder of the proof proceeds inductively as in the proof of part (b)
and part (c) of Theorem 3.10.2, by supposing that part (b) holds for some
i = i′ + 1 and showing that this implies that �ct;i′ − γct;i′+1�z + Li′ �z; t� +
γ
∫
gi′+1�z−w; t�dFt;i′ �w� is submodular in �z; t� with the result then following

from Theorem 2.7.6 and Theorem 2.8.2. The only difference in the proof of
the present result is that the property of ct;i − γct;i+1 decreasing in t is used
to show that �ct;i′ − γct;i′+1�z is submodular in �z; t�.

Under the conditions of Theorem 3.10.3, it is well-known that there exist
critical levels x′t;i such that if the firm begins period i of problem t with x units
of inventory on hand then it is optimal to produce x∨ x′t;i − x units in period
i; that is, to produce enough so that the inventory level after production is
x∨x′t;i. The critical level x′t;i can be chosen as any element of argminz∈R1�ct;iz+
Li�z; t� + γ

∫
fi+1�z − w; t�dFt;i�w�� for each �t; i�. Under the hypotheses of

Theorem 3.10.3, these critical levels can be selected so that x′t;i is increasing
in the parameter t for each period i.

Lemma 3.10.1 gives a specific form of the combined expected holding and
penalty cost function Li�z; t� for which the hypotheses of Theorem 3.10.2 and
Theorem 3.10.3 hold. This Li�z; t� corresponds to an inventory problem with
a single product (so m = 1), a penalty cost pt;i for each unit of unsatisfied
demand at the end of period i of problem t, and a holding cost ht;i for each
unit of stock held at the end of period i of problem t.

Lemma 3.10.1. If z is in R1, pt;i is nonnegative and increasing in t, ht;i is non-
negative and decreasing in t, Ft;i�w� is stochastically increasing in t, and

Li�z; t� = pt;i
∫ ��w − z� ∨ 0�dFt;i�w� + ht;i

∫ ��z −w� ∨ 0�dFt;i�w�;

then Li�z; t� is convex in z and submodular in �z; t�.

Proof. The function Li�z; t� is convex in z because the maximum of two convex
functions is convex and the collection of convex functions on R1 is a closed
convex cone in the vector space of all real-valued functions on R1.

The submodularity of Li�z; t� in �z; t� follows from part (b) of Lemma 2.6.1
and from Corollary 3.10.1 because pt;i��−y�∨0� and ht;i�y∨0� are submodular
in �y; t� by Corollary 2.6.1 and are convex in z.
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Theorem 3.10.4. Suppose that the n-vector of unit production costs satisfies ct;i−
γct;i+1 decreasing in t for each i, the expected combined holding and penalty cost
function Li�z; t� is submodular in �z; t� for each i, and the distribution functions
Ft;i�w� of demand do not depend on t. For each i,
(a) gi�x; t� is submodular in �x; t�; and
(b) argmin�zxz≥x��ct;i · z + Li�z; t� + γ

∫
fi+1�z − w; t�dFt;i�w�� is increasing

in �x; t�.
Proof. Part (a) trivially holds for i = m + 1 because gm+1�x; t� = 0 for each
�x; t�. Pick any integer i′ with 1 ≤ i′ ≤ m and suppose that part (a) holds
for i = i′ + 1. To complete the proof by induction, it suffices to show that
part (a) and part (b) hold for i = i′. Because ct;i′ − γct;i′+1 is decreasing in
t, �ct;i′ − γct;i′+1� · z is submodular in �z; t� on Rn × T by Corollary 2.6.1.
Because Ft;i′ �w� does not depend on t and gi′+1�x; t� is submodular in �x; t�
by the induction hypothesis,

∫
gi′+1�z−w; t�dFt;i′ �w� is submodular in �z; t� by

Corollary 2.6.2. Furthermore, Li′ �z; t� is submodular in �z; t� by assumption.
Therefore, �ct;i′ − γct;i′+1� · z+Li′ �z; t� + γ

∫
gi′+1�z−w; t�dFt;i′ �w� + γct;i′+1 ·∫

wdFt;i′ �w� is submodular in �z; t� by part (b) of Lemma 2.6.1. Now part (a)
follows from Theorem 2.7.6 and part (b) follows from Theorem 2.8.2.
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Noncooperative Games

4.1 Introduction

This chapter considers the role of supermodularity and complementarity in
noncooperative games. The results primarily involve supermodular games,
where the payoff function of each player has properties of supermodularity
and increasing differences. This introductory section briefly summarizes sub-
sequent sections of this chapter and gives basic definitions and notation used
in later sections of this chapter.

Section 4.2 studies general properties of supermodular games. Under mod-
est regularity conditions, an equilibrium point exists. Certain parameterized
collections of supermodular games have the property that equilibrium points
for each game increase with the parameter. A consequence of the latter result
is that for certain supermodular games each player’s strategy in an equilibrium
point increases as more players are included in the game. The results of this
section rely on an equivalence between equilibrium points and fixed points,
on fixed point results of Section 2.5, and on properties of best responses in
supermodular games.

Section 4.3 gives two algorithms for seeking an equilibrium point in a su-
permodular game. The operation of the algorithms corresponds to versions
of fictitious play in certain dynamic games. Under conditions slightly stronger
than required for the existence result of Section 4.2, each algorithm gener-
ates a sequence of feasible joint strategies that converges monotonically to
an equilibrium point. Each algorithm has an inherent check that determines
whether or not an equilibrium point has been attained. When there are finitely
many feasible joint strategies, there are bounds on the number of iterations re-
quired by each algorithm to find an equilibrium point and these bounds show
the algorithms to be very efficient.

Section 4.4 gives examples of supermodular games. These involve a pric-
ing game with substitute products, a production game with complementary
products, a multimarket oligopoly, an arms race game, a trading partner
search game, an optimal consumption game involving multiple products and
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multiple consumers, a facility location game, and a noncooperative game
version of the minimum cut problem.

A noncooperative game is a triple (N;S; {fi : i ∈ N}) consisting of a
nonempty set of players N , a set S of feasible joint strategies, and a collection
of payoff functions �fi x i ∈ N� such that the payoff function fi�x� is defined
on S for each player i in N . Unless explicitly stated otherwise, the set of play-
ers N is assumed to be finite and to take the form N = �1; : : : ; n� where
n = �N�. (The case where N includes infinitely many players is sometimes
considered.) The strategy of player i is an mi-vector xi. Let m = ∑n

i=1mi. A
joint strategy is an m-vector x = �x1; : : : ; xn�, composed of the strategies xi
of each of the n players. For a more general set of players N , a joint strategy
takes the form �xi x i ∈ N� where xi is the strategy of player i. (More pre-
cisely, strategy and joint strategy as defined herein are a pure strategy and
a pure joint strategy. A mixed strategy involves a probability distribution on
the set of all strategies for a given player, where the player determines the
probability distribution and the ultimate strategy for that player is generated
randomly according to that probability distribution. A mixed joint strategy
involves a probability distribution on the set of all joint strategies, where the
ultimate joint strategy is generated randomly according to that probability
distribution. Only pure strategies and pure joint strategies are considered in
this chapter, and the terms “strategy” and “joint strategy” are taken to mean
pure strategy and pure joint strategy.) The set of feasible joint strategies is a
given subset S of Rm (or of ×i∈NRmi for a more general set of players N).
(The specification of S in any noncooperative game �N;S; �fi x i ∈ N�� is im-
plicitly taken to connote the division of each feasible joint strategy x into its
components xi for each player i in N .) The payoff function for each player
i in N is a real-valued function fi�x� defined on S such that for any feasible
joint strategy x player i receives the utility fi�x�.

For any joint strategy x and any player i, let x−i denote the vector of strate-
gies of all players in N except player i. For any joint strategy x, any player
i, and any mi-vector yi, let (yi; x−i) denote the joint strategy vector with the
strategy xi of player i replaced by yi in x and the other components of x left
unchanged. Then x = �xi; x−i� for any joint strategy x and any player i. The
set of feasible strategies for player i given strategies x−i for the other players
is denoted

Si�x−i� = �yi x �yi; x−i� ∈ S�y
that is, Si�x−i� is the section of S at x−i. The feasible strategies for any player
may depend upon the strategies of the other players. For any player i, let

S−i = �x−i x Si�x−i� is nonempty�
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be the collection of all vectors x−i of strategies for the players other that i such
that there is some strategy yi for player i with �yi; x−i� being a feasible joint
strategy; that is, S−i is the projection of S on the coordinates of the strategies
of all players except player i. For any player i, let

Si = ∪x−i∈S−i Si�x−i�
be the set of all strategies for player i that are a component of any feasible
joint strategy; that is, Si is the projection of S on the coordinates of the strategy
of player i. Note that x−i is in Rm−mi , �yi; x−i� is in Rm, Si�x−i� is a subset of
Rmi , S−i is a subset of Rm−mi , and Si is a subset of Rmi . For x in S, define

S�x� = �×i∈NSi�x−i�� ∩ S:
Note that S = ×i∈NSi if and only if S�x� = S for each x in S.

For each vector x−i in S−i, the best response correspondence for player i is
the set

Yi�x−i� = argmaxyi∈Si�x−i� fi�yi; x−i�
of all strategies that are optimal for player i given x−i. For x−i in S−i, an
element of Yi�x−i� is a best response given x−i. A best response function
for player i is any function on S−i that maps each x−i into Yi�x−i�. For each
feasible joint strategy x in S and each y in S�x�, define

g�y; x� =∑i∈N fi�yi; x−i�:
For each feasible joint strategy x in S, the best joint response correspondence
is the set

Y�x� = argmaxy∈S�x� g�y; x�
of all feasible joint strategies such that the strategy for each player i is feasible
given x−i and the sum of the payoffs to the n players is maximized given
that player i receives the payoff resulting from using the strategy for player
i instead of xi in x. An element of Y �x� for x in S is a best joint response
given x. A best joint response function is any function on S that maps each x
into Y �x�.

If S = ×i∈NSi for arbitrary N (finite or not), then the best joint response
correspondence is the direct product of the individual players’ best response
correspondences and a best joint response function is any function on S that
maps each feasible joint strategy into the direct product of the best response
correspondences for the individual players; that is,

Y�x� = ×i∈NYi�x−i� = ×i∈N argmaxyi∈Si fi�yi; x−i�
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for each x in S. These definitions are equivalent to those given in the preced-
ing paragraph when N is finite and S = ×i∈NSi. (The noncooperative game
model in this chapter permits the set of feasible strategies for some play-
ers to depend on the strategies chosen by the other players, so the set S of
feasible joint strategies is not limited to being the product set ×i∈NSi. This
generality in the form of S may come at a loss of generality in some other
respects, particularly because of the convenience of having the best joint re-
sponse correspondence equaling the direct product of the individual players’
best response correspondences when S = ×i∈NSi (for arbitrary N). For exam-
ple, a model with infinitely many players would be difficult to handle since
the function g�y; x� used in defining the best joint response correspondence
Y �x� may not then be real-valued or even well-defined because it would be
constructed as an infinite sum. The case where the set of feasible joint strate-
gies is the direct product of the individual players’ sets of feasible strategies
is more tractable with infinitely many players because the best joint response
correspondence is the direct product of the individual players’ best response
correspondences. Furthermore, the summation in the definition of g�y; x� fails
to preserve properties like quasisupermodularity and the single crossing prop-
erty from the individual payoff functions, although it does preserve supermod-
ularity and increasing differences. See part (b) of Lemma 2.6.1 and Theorem
2.6.5.) For the case S = ×i∈NSi, the next two sections briefly note extensions
of results (holding for more general S) from N being finite to N infinite and
from supermodular games to quasisupermodular games (defined below).

The notation x−i, Si�x−i�, S−i, Si, S�x�, Yi�x−i�, g�y; x�, and Y �x� are used
in later sections of this chapter as defined above.

A feasible joint strategy x is an equilibrium point if

fi�yi; x−i� ≤ fi�x� for each yi in Si�x−i� and each i in Ny
that is, if x is in S and xi is in the best response correspondence Yi�x−i� for
each i. Given an equilibrium point, there is no feasible way for any player
to strictly improve its utility if the strategies of all the other players remain
unchanged.

A noncooperative game �N;S; �fi x i ∈ N�� is a supermodular game if the
set S of feasible joint strategies is a sublattice of Rm (or of ×i∈NRmi), the
payoff function fi�yi; x−i� is supermodular in yi on Si for each x−i in S−i and
each player i, and fi�yi; x−i� has increasing differences in �yi; x−i� on Si × S−i
for each i. These hypotheses on the payoff function for each player i imply
that, by Theorem 2.6.1, from each player i’s point of view (that is, with respect
to that player’s payoff function) each pair of components of player i’s strategy
are complements and each component of player i’s strategy is complementary
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with each component of the strategy of each other player. The assumptions
on the payoff function fi�yi; x−i� for each player i in a supermodular game
correspond to the assumptions on the objective function in Theorem 2.8.1.
A noncooperative game is a quasisupermodular game if the set S of feasible
joint strategies is a sublattice of Rm (or of ×i∈NRmi), the payoff function
fi�yi; x−i� is quasisupermodular in yi on Si for each x−i in S−i and each player
i, and fi�yi; x−i� satisfies the single crossing property in �yi; x−i� on Si × S−i
for each i. The assumptions on the payoff function fi�yi; x−i� for each player i
in a quasisupermodular game correspond to the assumptions on the objective
function in Theorem 2.8.6.

4.2 Existence of an Equilibrium Point, Parametric Properties

This section establishes the existence of equilibrium points in supermodular
games with modest regularity conditions and gives conditions for equilibrium
points to increase with respect to the parameter in a parameterized collec-
tion of supermodular games. The penultimate paragraph of this section notes
extensions of these results to quasisupermodular games and games that may
have infinitely many players.

The following well-known result characterizes the equilibrium points of a
noncooperative game as the fixed points of the best joint response correspon-
dence.

Lemma 4.2.1. The set of all equilibrium points for a noncooperative game
�N;S; �fi x i ∈ N�� is identical to the set of fixed points for the best joint
response correspondence Y �x� for x in S.

Proof. Suppose that x′ is a fixed point of Y �x� on S. Pick any player i and any
yi in Si�x′−i�. Then �yi; x′−i� is in S�x′�, and so

0 ≤ g�x′; x′� − g��yi; x′−i�; x′� = fi�x′� − fi�yi; x′−i�
where the inequality holds because x′ is in Y �x′�. Therefore, x′ is an equilib-
rium point.

Now suppose that x′ is an equilibrium point. Pick any y in S�x′�, so yi is in
Si�x′−i� for each i. Because x′ is an equilibrium point, fi�yi; x′−i� ≤ fi�x′� for
each i and so

0 ≤ ∑i∈N�fi�x′� − fi�yi; x′−i�� =
∑
i∈N fi�x′� −

∑
i∈N fi�yi; x′−i�

= g�x′; x′� − g�y; x′�:
Therefore, x′ is a fixed point of Y �x� = argmaxy∈S�x� g�y; x�.



180 C HAPTER 4

For a supermodular game with certain regularity conditions, Lemma 4.2.2
shows that each set of best responses and each set of best joint responses is a
nonempty compact sublattice having a greatest element and a least element,
that the best response correspondences and the best joint response correspon-
dence are increasing with their arguments, and that the greatest and least el-
ements from each correspondence for each argument are also increasing with
the argument. These results for the best joint response correspondence are
from Topkis [1979].

Lemma 4.2.2. Consider a supermodular game �N;S; �fi x i ∈ N�� for which the
set S of feasible joint strategies is nonempty and compact and the payoff function
fi�yi; x−i� is upper semicontinuous in yi on Si�x−i� for each x−i in S−i and
each i.
(a) The set Yi�x−i� of best responses for each player i is a nonempty compact
sublattice of Rmi for each x−i in S−i.
(b) The set Y �x� of best joint responses is a nonempty compact sublattice of Rm

for each x in S.
(c) There exists a greatest and a least best response for each player i and each
x−i in S−i; that is, each Yi�x−i� has a greatest element and a least element.
(d) There exists a greatest and a least best joint response for each x in S; that is,
each Y �x� has a greatest element and a least element.
(e) The best response correspondence Yi�x−i� is increasing in x−i on S−i for each
player i.
(f) The best joint response correspondence Y �x� is increasing in x on S.
(g) The greatest �least� best response �that is, the greatest �least� element of
Yi�x−i�� is an increasing function from S−i into Si for each player i.
(h) The greatest �least� best joint response �that is, the greatest �least� element of
Y �x�� is an increasing function from S into S.

Proof. Since S is compact, its section Si�x−i� is a compact subset of Rmi for
each i and each x−i in S−i. If x−i is in S−i, then Si�x−i� is nonempty by the
definition of S−i. Therefore, Yi�x−i� = argmaxyi∈Si�x−i� fi�yi; x−i� is nonempty
and compact because it is the set of maxima of an upper semicontinuous
function on a nonempty compact set. Because S is a sublattice of Rm, its
section Si�x−i� is a sublattice of Rmi for each i and each x−i in S−i by part
(a) of Lemma 2.2.3. Part (a) and part (c) now follow from Corollary 2.7.1,
because fi�yi; x−i� is supermodular in yi on Si�x−i�.

Since S is compact, S�x� is a compact subset of Rm for each x in S. If
x is in S then x is in S�x�, so S�x� is nonempty for each x in S. Because
fi�yi; x−i� is upper semicontinuous in yi on Si�x−i� for each i and x−i, g�y; x� is
upper semicontinuous in y on S�x�. Therefore, Y �x� is nonempty and compact
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because it is the set of maxima of an upper semicontinuous function on a
nonempty compact set. Because S is a sublattice of Rm, S�x� is sublattice of
Rm for each x in S by part (a) of Lemma 2.2.3, part (d) of Example 2.2.5, and
Lemma 2.2.2. Because fi�yi; x−i� is supermodular in yi on Si for each x−i in
S−i, g�y; x� is supermodular in y on ×i∈NSi by part (b) of Lemma 2.6.1 and
hence is supermodular in y on S�x� for each x in S. Part (b) and part (d) now
follow from Corollary 2.7.1.

Because S is a sublattice of Rm, the section Si�x−i� is increasing in x−i on
the projection S−i for each i by part (a) of Theorem 2.4.5. Because fi�yi; x−i� is
supermodular in yi on Si and has increasing differences in �yi; x−i� on Si×S−i,
part (e) and part (g) follow from Theorem 2.8.1 and part (a) of Theorem 2.8.3.

Because S is a sublattice of Rm, S�x� is increasing in x on S by part (a)
of Theorem 2.4.5, Example 2.4.2, and Theorem 2.4.2. Because fi�yi; x−i� has
increasing differences in �yi; x−i� on Si×S−i, g�y; x� has increasing differences
in �y; x� on S × S. Recalling that g�y; x� is supermodular in y on ×i∈NSi and
hence on S for each x in S, part (f) and part (h) now follow from Theorem
2.8.1 and part (a) of Theorem 2.8.3.

Theorem 4.2.1 shows that the set of equilibrium points for a supermodu-
lar game with some regularity conditions is a nonempty complete lattice and
there exist a greatest and a least equilibrium point. Topkis [1979] gives the
part of this result establishing the existence of some equilibrium point and,
indeed, a greatest and a least equilibrium point. Zhou [1994] further shows
that the set of equilibrium points is a complete lattice. The proof of Theorem
4.2.1 is based on the property that the set Y �x� of best joint responses is in-
creasing in the joint strategy x by part (f) of Lemma 4.2.2, so the properties
of a supermodular game imply that the conditions of Theorem 2.5.1 hold and
one can apply Lemma 4.2.1. Algorithm 4.3.1 and Algorithm 4.3.2 in Section
4.3 use, respectively, the best response functions and the best joint response
function to constructively approximate the least (and the greatest) equilibrium
point of certain supermodular games, thereby proving the existence of a least
(and a greatest) equilibrium point. The proof of Theorem 4.2.1 is not con-
structive, but the regularity conditions among its hypotheses are more general
that those required to establish the validity of Algorithm 4.3.1 and Algorithm
4.3.2. Furthermore, Theorem 4.2.1 yields the additional result that the set of
equilibrium points is a complete lattice.

Theorem 4.2.1. If �N;S; �fi x i ∈ N�� is a supermodular game, the set S of fea-
sible joint strategies is nonempty and compact, and the payoff function fi�yi; x−i�
is upper semicontinuous in yi on Si�x−i� for each x−i in S−i and each i, then
the set of equilibrium points is a nonempty complete lattice and a greatest and a
least equilibrium point exist.
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Proof. By Theorem 2.3.1, S is a subcomplete sublattice of Rm and so S is a
complete lattice. By part (f) of Lemma 4.2.2, the best joint response correspon-
dence Y �x� is increasing from S into ,�S�. By part (b) of Lemma 4.2.2, Y �x�
is a compact sublattice of Rm for each x in S and so Y �x� is a subcomplete
sublattice of Rm by Theorem 2.3.1 and consequently Y �x� is a subcomplete
sublattice of S for each x in S. By part (b) of Theorem 2.5.1, the set of fixed
points of the best joint response correspondence Y �x� is a nonempty com-
plete lattice and has a greatest element and a least element. The result now
follows from Lemma 4.2.1 because the set of equilibrium points is identical to
the set of fixed points of Y �x� in S.

When n = 1, the set of equilibrium points is simply the set of all maxima
of f1�x� subject to x in S. If n = 1 and the hypotheses of Theorem 4.2.1 hold,
part (b) of Corollary 2.7.1 implies that the set of equilibrium points is a com-
pact sublattice of Rm. Example 4.2.1 and Example 4.2.2 show, however, that
when n > 1 and the hypotheses of Theorem 4.2.1 hold, the set of equilib-
rium points need not be compact and need not be a sublattice. (Even without
the supermodular game’s special assumptions about the set of feasible joint
strategies and the payoff functions, the set of equilibrium points is compact
under the other hypotheses stated in Theorem 4.3.2 by a proof similar to the
first paragraph of the proof of Theorem 4.3.2. In Example 4.2.1, Si�x−i� is
not a lower semicontinuous correspondence as required in the assumptions of
Theorem 4.3.2.)

Example 4.2.1. Consider a noncooperative game �N;S; �fi x i ∈ N�� with
n = 2, m1 = m2 = 1, S = �x x x1 = x2; x2 ∈ �0; 1�� ∪ ��1; 2� × �1; 2��,
f1�x� = x1, and f2�x� = x2. This is a supermodular game and the other
hypotheses of Theorem 4.2.1 are satisfied. The set of equilibrium points is
��z; z� x z ∈ �0; 1� ∪ �2��, which is not closed. (But as in Theorem 4.2.1, the
set of equilibrium points is a complete lattice. Indeed, it is a complete sublat-
tice of R2, but it is not subcomplete.)

Example 4.2.2. Consider a noncooperative game �N;S; �fi x i ∈ N�� with n =
3, m1 = m2 = m3 = 1, S = ×3

i=1�0; 1�, and f1�x� = f2�x� = f3�x� = x1x2x3.
This is a supermodular game, and the other hypotheses of Theorem 4.2.1 are
satisfied. The set of equilibrium points is ��z; 0; 0� x z ∈ �0; 1�� ∪ ��0; z; 0� x
z ∈ �0; 1�� ∪ ��0; 0; z� x z ∈ �0; 1�� ∪ ��1; 1; 1��, which is a lattice. But the
set of equilibrium points is not a sublattice of R3, since �1; 0; 0� and �0; 1; 0�
are equilibrium points but �1; 1; 0� = �1; 0; 0� ∨ �0; 1; 0� is not an equilibrium
point.

A feasible joint strategy x for a noncooperative game �N;S; �fi x i ∈ N�� is
a strong equilibrium point if there does not exist a subset N ′ of the players



N ON COOPERATIVE GAM ES 183

N such that the sum of the payoff functions to the players in N ′ can be
strictly increased with a different feasible joint strategy that leaves unchanged
the strategies of the players not in N ′. Example 4.2.3 shows that a strong
equilibrium point may not exist even for a supermodular game with n = 2,
m1 = m2 = 1, and each payoff function being concave.

Example 4.2.3. Consider a noncooperative game �N;S; �fi x i ∈ N�� with n =
2, m1 = m2 = 1, S = �0; 1� × �0; 1�, f1�x� = −x2

1 + x2, and f2�x� = −x2
2 + x1.

Then �0; 0� is the unique equilibrium point, but players 1 and 2 can strictly
increase the sum of their individual payoffs with the joint strategy �1/2; 1/2�.

Theorem 4.2.2 gives conditions on a parameterized collection of supermod-
ular games such that the greatest (least) equilibrium point for the game corre-
sponding to each particular parameter increases with the parameter. Milgrom
and Roberts [1990a] and Sobel [1988] independently establish versions of this
result, which is related to a more abstract approach of Lippman, Mamer, and
McCardle [1987].

Theorem 4.2.2. Suppose that T is a partially ordered set and �N;St; �f ti x
i ∈ N�� is a collection of supermodular games parameterized by t in T where in
game t the payoff function for each player i is f ti �x� and the set of feasible joint
strategies is St . The set St of feasible joint strategies is nonempty and compact
for each t in T and is increasing in t on T . Let St−i and Sti �x−i� denote the de-
pendence of S−i and Si�x−i� on the parameter t. For each player i and each x−i
in St−i, the payoff function f ti �yi; x−i� is upper semicontinuous in yi on Sti �x−i�
for each t in T and has increasing differences in �yi; t� on �∪t∈T Sti � × T . Then
there exists a greatest equilibrium point and a least equilibrium point for each
game t in T , and the greatest �least� equilibrium point for game t is increasing
in t on T .

Proof. For t in T and x in St , let Y �x; t� be the best joint response correspon-
dence for game t. By part (b) of Lemma 4.2.2, Y �x; t� is a nonempty compact
sublattice of Rm for all t in T and x in St . By Theorem 2.3.1, each Y �x; t� is a
subcomplete sublattice of Rm. By Theorem 2.8.1 (using also part (a) of The-
orem 2.4.5, Example 2.4.2, and Theorem 2.4.2), Y �x; t� is increasing in �x; t�
on ∪t∈T �St × �t��. (Part (f) of Lemma 4.2.2 already shows that Y �x; t� is in-
creasing in x on St for each t in T .) Part (a) and part (b) of Theorem 2.5.2
imply that Y �x; t� has a greatest (least) fixed point for each t in T and that
the greatest (least) fixed point is increasing in t on T . The result now follows
because the set of fixed points for Y �x; t� given t in T is identical to the set
of equilibrium points for game t by Lemma 4.2.1.
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Theorem 4.2.3 gives conditions such that the strategy of each player in the
greatest (least) equilibrium point of a supermodular game increases as addi-
tional players are included in the game.

Theorem 4.2.3. Suppose that �N;S; �fi x i ∈ N�� is a supermodular game, the
set S of feasible joint strategies is nonempty and compact, and the payoff function
fi�yi; x−i� is upper semicontinuous in yi on Si�x−i� for each player i and each x−i
in S−i. For each x in S and each subset N ′ of N , let xN ′ = �xi x i ∈ N ′�. Let x′ be
the least element of S. For each subset N ′ of N , let SN

′
be the section of S at x′N\N ′

�that is, the set of all xN ′ such that �xN ′; x′N\N ′ � is in S�: For each subset N ′ of N ,
each player i in N ′, and each xN ′ in SN

′
, let fN

′
i �xN ′ � = fi�xN ′; x′N\N ′ �. Consider

the collection of supermodular games �N ′; SN ′; �fN ′i x i ∈ N ′�� parameterized by
the nonempty subsets N ′ of N . Then there exists a greatest equilibrium point and
a least equilibrium point for each game N ′, and for each player i the strategy of
player i in the greatest �least� equilibrium point for game N ′ is increasing in N ′

where i is included in N ′.

Proof. The least element x′ of S exists by Corollary 2.3.2. For each nonempty
subset N ′ of N , the equilibrium points of the game �N ′; SN ′; �fN ′i x i ∈ N ′��
are the vectors of the strategies of the players N ′ from the equilibrium points
of the game �N; �x x x ∈ S; xN\N ′ = x′N\N ′ �; �fi x i ∈ N��. Because �x x x ∈ S;
xN\N ′ = x′N\N ′ � is increasing in N ′ by part (b) of Example 2.4.1, the result
follows from Theorem 4.2.2.

Now consider a noncooperative game �N;S; �fi x i ∈ N�� where the set S of
feasible joint strategies takes the form S = ×i∈NSi, so Y �x� = ×i∈NYi�x−i� =
×i∈Nargmaxyi∈Si fi�yi; x−i�. If the set of players N is arbitrary (that is, not
necessarily finite) and if the games are quasisupermodular games rather than
supermodular games, then versions of the parts of Lemma 4.2.2 for best joint
responses and for the best joint response correspondence hold (where the ex-
tension to quasisupermodular games involves using Theorem 2.7.2 and The-
orem 2.8.6 instead of Corollary 2.7.1, Theorem 2.8.1, and Theorem 2.8.3).
(Versions of the parts of Lemma 4.2.2 for best responses and for the best
response correspondences hold for infinitely many players and for quasisu-
permodular games even without the additional assumption that S = ×i∈NSi.)
Versions of Theorem 4.2.1 and Theorem 4.2.2 follow similarly as above from
the extended versions of Lemma 4.2.2 for games with infinitely many players
(as shown by Milgrom and Roberts [1990a]) and for quasisupermodular games
(as shown by Milgrom and Shannon [1994]). A version of Theorem 4.2.3 for
games with infinitely many players and for quasisupermodular games likewise
follows similarly.
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Other theory related to supermodular games is given in Fudenberg and
Tirole [1991], Kandori and Rob [1995], Milgrom and Roberts [1990a, 1991],
Milgrom and Shannon [1994], and Vives [1990].

4.3 Algorithms for Approximating an Equilibrium Point

Algorithm 4.3.1 and Algorithm 4.3.2 approximate an equilibrium point for a
supermodular game based on versions of fictitious play in sequential games
corresponding to natural behavioral processes. (Extensions to a quasisuper-
modular game and, for the second algorithm, to infinitely many players are
also noted.) Algorithm 4.3.1, considered in Subsection 4.3.1, corresponds to
the iterative decision-making process by which the n players take turns with
each player successively maximizing that player’s own payoff function with re-
spect to its own feasible strategies while the strategies of the other n−1 players
are held fixed; that is, each individual player proceeds in round-robin fashion
to update its own strategy by selecting a best response. Algorithm 4.3.2, consid-
ered in Subsection 4.3.2, corresponds to the iterative decision-making process
by which the n players concurrently pick a feasible joint strategy such that the
new strategy for each player is feasible given the previous strategies for the
other players and the sum of the payoff functions to the n players is maximized
where each player receives the payoff function resulting from replacing its pre-
vious strategy with its new strategy in the previous joint strategy; that is, the
new joint strategy is a best joint response to the previous joint strategy. (As
noted following the formal statement of Algorithm 4.3.2 in Subsection 4.3.2, if
each player’s set of feasible strategies is independent of the strategies of the
other players then this process reduces to having each player individually and
simultaneously select a best response to the previous joint strategy with the new
joint strategy composed of the new strategies for each of the players.)

Based on a suggestion of Brown [1951], Robinson [1951] proves that related
versions of fictitious play can be used to generate sequences of feasible (pure)
joint strategies for finite zero-sum two-player games such that the frequencies
of past strategies for each player yield feasible mixed joint strategies con-
verging to a (mixed joint strategy) equilibrium point. However, even for very
simple games the (pure) joint strategies generated by these processes need
not generally converge. The present section, based on results in Topkis [1979],
shows that versions of fictitious play have strong convergence properties for
approximating an equilibrium point in supermodular games.

4.3.1 Round-Robin Optimization

Algorithm 4.3.1 formally describes the procedure for round-robin optimization
by the players.
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Algorithm 4.3.1. Given a noncooperative game �N;S; �fi x i ∈ N��, proceed
as follows to generate a (finite or infinite) sequence of feasible joint strategies.
(a) If S has a least element inf�S�, set x0;0 = inf�S�. Otherwise, stop.
(b) Given xk;i in S for any nonnegative integers k and i with i < n, let
xk;i+1 = �xk;i+1

i+1 ; x
k;i
−�i+1�� where xk;i+1

i+1 is the least element of the best response
correspondence Yi+1�xk;i−�i+1�� if such an element exists. Otherwise, stop.
(c) Set i = i+ 1. If i = n so xk;n has been generated for some k, set xk+1;0 =
xk;n, set k = k+ 1, and set i = 0. Return to step (b) and continue.

Theorem 4.3.1 establishes monotonicity, stopping, and efficiency properties
for Algorithm 4.3.1 when applied to a supermodular game with certain reg-
ularity conditions. Part (a) of Theorem 4.3.1 shows that the sequence xk;i

generated by Algorithm 4.3.1 is increasing in k and i. This reduces the prob-
lem of finding xk;i+1 given xk;i for i < n in step (b) of Algorithm 4.3.1 from
a maximization problem over Si+1�xk;i−�i+1�� to a maximization problem over
Si+1�xk;i−�i+1�� ∩ �xk;ii+1;∞�. Part (b) of Theorem 4.3.1 shows that if a joint strat-
egy generated by step (b) of Algorithm 4.3.1 is identical with the joint strate-
gies generated by step (b) in each of the preceding n− 1 iterations, then this
joint strategy is an equilibrium point. This result can be incorporated into a
stopping rule whereby step (c) of Algorithm 4.3.1 would terminate the algo-
rithm after the same joint strategy has been generated n successive times by
step (b), as this joint strategy must be an equilibrium point. Furthermore, part
(c) of Theorem 4.3.1 shows that if Algorithm 4.3.1 ever generates an equilib-
rium point, then it continues to generate that same equilibrium point at all
subsequent iterations of step (b). Hence, a joint strategy generated in step (b)
of Algorithm 4.3.1 is an equilibrium point if and only if it is generated n suc-
cessive times in part (b). Part (d) of Theorem 4.3.1 indicates that Algorithm
4.3.1 is very efficient computationally when S is finite.

Theorem 4.3.1. Consider a supermodular game �N;S; �fi x i ∈ N�� for which
the set S of feasible joint strategies is nonempty and compact and the payoff
function fi�yi; x−i� is upper semicontinuous in yi on Si�x−i� for each x−i in S−i
and each i.
(a) Algorithm 4:3:1 never stops at step (a) or step (b) and Algorithm 4:3:1 gen-
erates an infinite sequence xk;i that is increasing in k and i for k = 0; 1; : : :
and i = 0; : : : ; n. Hence, there exists a feasible joint strategy x′ in S such that
limk→∞ xk;i = x′ for i = 0; : : : ; n.
(b) If a feasible joint strategy appears n successive times in the sequence �xk;i x
k ≥ 0; 1 ≤ i ≤ n� generated by step (b) of Algorithm 4:3:1, then it is an equilib-
rium point.
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(c) If Algorithm 4:3:1 generates an equilibrium point at some iteration, then
Algorithm 4:3:1 generates that same equilibrium point at each subsequent
iteration.
(d) If, in addition, S has a finite number of elements and qi is an upper bound
on the number of elements in any chain contained in Si for i = 1; : : : ; n, then
Algorithm 4:3:1 generates an equilibrium point in no more that �n−1��∑n

i=1 qi�−
n2 + n+ 1 iterations of step (b).

Proof. Algorithm 4.3.1 does not stop at step (a) because the nonempty com-
pact sublattice S has a least element by Corollary 2.3.2. Algorithm 4.3.1 does
not stop at step (b) by part (c) of Lemma 4.2.2. Therefore, step (a) and step
(b) of Algorithm 4.3.1 proceed without stopping, and Algorithm 4.3.1 gener-
ates an infinite sequence of feasible joint strategies.

Since x0;0 is the least element of the sublattice S, x0;i ≤ x0;i+1 for i =
0; : : : ; n − 1. Now suppose that integers k′ and i′ are such that 1 ≤ k′, 0 ≤
i′ ≤ n − 1, xk;i ≤ xk;i+1 for all k = 0; : : : ; k′ − 1 and i = 0; : : : ; n − 1, and
xk
′;i ≤ xk′;i+1 for i = 0; : : : ; i′ − 1. Since this supposition holds for k′ = 1 and

i′ = 0, it suffices to show that xk
′;i′ ≤ xk′;i′+1 for the proof of part (a) to follow

by induction. Because xk
′−1;i′+1
i′+1 is the least element of Yi′+1�xk

′−1;i′
−�i′+1��, xk

′;i′+1
i′+1

is the least element of Yi′+1�xk
′;i′
−�i′+1��, and xk

′−1;i′ ≤ xk′;i′ by the induction

hypothesis, part (g) of Lemma 4.2.2 implies that xk
′−1;i′+1
i′+1 ≤ xk′;i′+1

i′+1 and hence

xk
′;i′ = �xk′−1;i′+1

i′+1 ; x
k′;i′
−�i′+1�� ≤ �xk

′;i′+1
i′+1 ; x

k′;i′
−�i′+1�� = xk

′;i′+1:

The proof of part (a) is completed by noting that an increasing sequence has
a limit point in a compact set.

Part (b) follows directly from the definition of an equilibrium point.
Suppose xk;i is an equilibrium point and i < n. To establish part (c), it

suffices to show that xk;i+1 = xk;i or, equivalently, that xk;i+1
i+1 = xk;ii+1. Because

xk;i is an equilibrium point, xk;ii+1 is in Yi+1�xk;i−�i+1��. By step (b) of Algorithm
4.3.1, xk;i+1

i+1 is the least element of Yi+1�xk;i−�i+1�� and so xk;i+1
i+1 ≤ xk;ii+1. By part

(a), xk;ii+1 ≤ xk;i+1
i+1 . Hence, xk;i+1

i+1 = xk;ii+1 and part (c) holds.
Now include the additional hypotheses of part (d). By part (a), xk;ih is in-

creasing in k and i for k = 0; 1; : : : , i = 0; : : : ; n, and any fixed h = 1; : : : ; n.
Thus as Algorithm 4.3.1 proceeds, xk;ih can change its value no more than
qh − 1 times and xk;i can change its value no more than

∑n
h=1�qh − 1� times

and the sequence �xk;i� can contain no more than
∑n
h=1�qh − 1� + 1 distinct

elements. Since xk;i is increasing in k and i and S is finite, Algorithm 4.3.1
must eventually generate some feasible joint strategy at some iteration such
that the same feasible joint strategy is generated at all subsequent iterations.
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By part (b), that last distinct feasible joint strategy generated must be an equi-
librium point. Since xk;i is increasing in k and i all appearances of a feasible
joint strategy in this sequence must be consecutive, and by part (b) and part
(c) no feasible joint strategy except the last distinct one generated can appear
in �xk;i x k ≥ 0; 1 ≤ i ≤ n� more that n− 1 times. Thus Algorithm 4.3.1 must
attain an equilibrium point in no more than �n−1�∑n

h=1�qh−1�+1 iterations
of step (b).

Consider the efficiency implications of the bound in part (d) of Theorem
4.3.1. If S is finite, Si�x−i� = Si for each x−i in S−i and each i, and Si has
qi elements for i = 1; : : : ; n, then adding one element to Si′ for some player
i′ adds

∏
i 6=i′ qi elements to S but the bound on the number of iterations

required by Algorithm 4.3.1 only increases by either n − 1 or 0. If S is finite,
Si�x−i� = Si for each x−i in S−i and each i, and q is an upper bound on the
number of elements contained in any chain in Si for each i, then the bound
established in part (d) of Theorem 4.3.1 on the number of iterations required
by step (b) of Algorithm 4.3.1 is �n2 − n��q− 1� + 1, which increases with n2,
while the upper bound qn on the number of feasible joint strategies increases
exponentially with the number of players n. These observations and Example
4.3.1 illustrate the efficiency of Algorithm 4.3.1 for S finite.

Example 4.3.1. Consider a supermodular game �N;S; �fi x i ∈ N�� with
n = 20, Si = �1; : : : ; 10� for each i, and S = ×ni=1Si. For each i, let qi = 10 so
qi = �Si� is an upper bound on the number of elements in any chain in Si. The
set S contains

∏n
i=1 qi = 1020 feasible joint strategies. However, Algorithm

4.3.1 generates an equilibrium point in no more than �n− 1��∑n
i=1 qi� − n2 +

n + 1 = �19��20��10� − �20�2 + 20 + 1 = 3421 iterations of step (b) by part
(d) of Theorem 4.3.1. Since each iteration of step (b) requires looking at
no more than qi = 10 joint strategies (for some i) and making at most
qi − 1 = 9 comparisons (for some i), one can find an equilibrium point for
this noncooperative game with 1020 feasible joint strategies by looking at
no more than �10��3421� = 34; 210 joint strategies and making no more than
9�3421� = 30; 789 comparisons.

A correspondence Z�x� from a subset X of Rp into nonempty subsets of
Rr is a lower semicontinuous correspondence if for any sequence �xk x k =
1; 2; : : : � in X with limit point x′ in X and any z′ in Z�x′� there exists a
sequence �zk x k = 1; 2; : : : � with zk in Z�xk� for each k and having limit
point z′. For a noncooperative game �N;S; �fi x i ∈ N��, if the set of feasible
joint strategies S has a finite number of elements or if S = ×ni=1Si where Si
is contained in Rmi for each i (so that Si�x−i� = Si for each x−i in S−i and
each i), then Si�x−i� is a lower semicontinuous correspondence from S−i into
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subsets of Rmi for each i and S�x� is a lower semicontinuous correspondence
from S into subsets of Rm.

Theorem 4.3.2 gives conditions for the limit point of the sequence gener-
ated by Algorithm 4.3.1 to be an equilibrium point. Thus Theorem 4.3.2 con-
structively establishes the existence of an equilibrium point for supermodular
games (with certain regularity conditions), while the existence proof of Theo-
rem 4.2.1 is not constructive. However, the hypotheses of Theorem 4.3.2 are
stronger than those of Theorem 4.2.1 (and of Theorem 4.3.1). The additional
assumptions of Theorem 4.3.2 are that each Si�x−i� is a lower semicontinu-
ous correspondence and that each payoff function fi�x� is continuous in x on
S (rather than just being upper semicontinuous in xi given any x−i). Exam-
ple 4.3.2 and Example 4.3.3 show that these additional assumptions cannot be
dispensed with entirely.

Theorem 4.3.2. Consider a supermodular game �N;S; �fi x i ∈ N�� for which
the set S of feasible joint strategies is nonempty and compact, Si�x−i� is a lower
semicontinuous correspondence from S−i into subsets of Rmi for each i, and
the payoff function fi�x� is continuous in x on S for each i. The limit point
of the increasing sequence generated by Algorithm 4:3:1 is an equilibrium point.
Furthermore, it is the least equilibrium point.

Proof. Let �xk;i� be the sequence generated by Algorithm 4.3.1. By part (a) of
Theorem 4.3.1, this sequence is increasing in k and i and it converges to a limit
point x′. Pick any i with 1 ≤ i ≤ n and any y ′i in Si�x′−i�. Since limk→∞ xk;i =
x′ and Si�x−i� is a lower semicontinuous correspondence, there exists yki in
Si�xk;i−i � for k = 0; 1; : : : such that limk→∞ y

k
i = y ′i . By the construction of xk;ii

in step (b) of Algorithm 4.3.1, fi�yki ; xk;i−i � ≤ fi�xk;ii ; xk;i−i � = fi�xk;i� for each k.
By the continuity of fi�x�,

fi�y ′i ; x′−i� = limk→∞ fi�yki ; xk;i−i � ≤ limk→∞ fi�xk;i� = fi�x′�:
Hence, x′ is an equilibrium point.

Let x′′ be any equilibrium point. Since x0;0 is the least element of S by
step (a) of Algorithm 4.3.1, x0;0 ≤ x′′. Now suppose that xk;i ≤ x′′ for some
k ≥ 0 and 0 ≤ i < n. Since xk;i+1

i+1 is the least element of Yi+1�xk;i−�i+1�� by the
construction in step (b) of Algorithm 4.3.1, x′′i+1 is in Yi+1�x′′−�i+1�� because x′′

is an equilibrium point, and xk;i ≤ x′′, part (g) of Lemma 4.2.2 implies that
x
k;i+1
i+1 ≤ x′′i+1 and hence

xk;i+1 = �xk;i+1
i+1 ; x

k;i
−�i+1�� ≤ �x′′i+1; x

′′
−�i+1�� = x′′:

By induction, xk;i ≤ x′′ for all k and i and so limk→∞ xk;i ≤ x′′. Therefore,
the limit point of �xk;i� is the least equilibrium point.
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Example 4.3.2. Consider the noncooperative game �N;S; �fi x i ∈ N�� with
n = 2, m1 = m2 = 1, S = ��1 − 1/k; 1 − 1/k� x k = 1; 2; : : : � ∪ ��1 − 1/�k +
1�; 1 − 1/k� x k = 1; 2; : : : � ∪ ��1; 1�� ∪ ��1; 2��, f1�x� = x1, and f2�x� =
x2. The unique equilibrium point is �1; 2�. For this example, Algorithm 4.3.1
generates xk;0 = �1− 1/�k+ 1�; 1− 1/�k+ 1�� and xk;1 = �1− 1/�k+ 2�; 1−
1/�k+ 1�� for k = 0; 1; : : : . However, limk→∞ xk;0 = limk→∞ xk;1 = �1; 1� 6=
�1; 2�, so the sequence generated by Algorithm 4.3.1 does not approximate an
equilibrium point. This example satisfies the conditions of Theorem 4.2.1 and
Theorem 4.3.1, and it satisfies the conditions of Theorem 4.3.2 except for the
condition that S2�x−2� be a lower semicontinuous correspondence from S−2
into subsets of R1. To confirm this, let zk = 1−1/k for k = 1; 2; : : : and z′ =
1 so limk→∞ zk = z′ and 2 is in S2�z′� but S2�zk� = �1−1/k; 1−1/�k−1�� for
k ≥ 2 so there do not exist yk in S2�zk� for k = 1; 2; : : : with limk→∞ yk = 2.
Thus S2�x� is not a lower semicontinuous correspondence on S−2.

Example 4.3.3. Consider the noncooperative game �N;S; �fi x i ∈ N�� with
n = 2, m1 = m2 = 1, S = �−1; 0� × �−1; 1�, f1�x� = −�2x1 − x2�2 for x
in S, f2�x� = −�2x2 − x1�2 for x in S \ ��0� × �0; 1��, and f2�x� = x2

2 for
x in �0� × �0; 1�. The unique equilibrium point is �0; 1�. For this example,
Algorithm 4.3.1 generates x0;0 = �−1;−1�, xk;0 = �−�1/2�2k−1;−�1/2�2k� for
k = 1; 2; : : : , and xk;1 = �−�1/2�2k+1;−�1/2�2k� for k = 0; 1; : : : . However,
limk→∞ xk;0 = limk→∞ xk;1 = �0; 0� 6= �0; 1�, so the sequence generated by
Algorithm 4.3.1 does not approximate an equilibrium point. This example
satisfies the conditions of Theorem 4.2.1 and Theorem 4.3.1. (Note that f1�x�
and f2�x� are differentiable with respect to x2 on S for each x1 in �−1; 0�
and their derivatives with respect to x2 are an increasing function of x1.)
Furthermore, this example satisfies the conditions of Theorem 4.3.2 except for
the continuity of f2�x� (which is continuous in x2 and upper semicontinuous
in x, but not continuous in x1).

The properties shown in Theorem 4.3.1 and Theorem 4.3.2 for supermodu-
lar games also hold for quasisupermodular games. Establishing this extension
involves observing that part (c) and part (g) of Lemma 4.2.2, as used in The-
orem 4.3.1 and Theorem 4.3.2, hold for quasisupermodular games as well as
supermodular games.

4.3.2 Simultaneous Optimization

Algorithm 4.3.2 formally describes the procedure for simultaneous optimiza-
tion by the players.

Algorithm 4.3.2. Given a noncooperative game �N;S; �fi x i ∈ N��, proceed
as follows to generate a (finite or infinite) sequence of feasible joint strategies.
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(a) If S has a least element inf�S�, set x0 = inf�S�. Otherwise, stop.
(b) Given xk in S for any nonnegative integer k, let xk+1 be the least element
of the best joint response correspondence Y �xk� if such a joint strategy exists.
Otherwise, stop.
(c) Set k = k+ 1. Return to step (b) and continue.

In the case where each player’s set of feasible strategies is independent
of the strategies of the other players (that is, S = ×i∈NSi), Algorithm 4.3.2
corresponds to the iterative decision-making process by which each of the n
players concurrently and individually chooses its next strategy by maximizing
that player’s own payoff function under the assumption that the other n − 1
players hold their strategies unchanged. A new joint strategy is put together
by combining these n individually determined strategies, and the next iteration
then begins.

Theorem 4.3.3 establishes monotonicity, stopping, and efficiency proper-
ties for Algorithm 4.3.2 when applied to a supermodular game with certain
regularity conditions. Part (a) of Theorem 4.3.2 shows that the sequence xk

generated by Algorithm 4.3.2 is increasing in k. This reduces the problem
of finding xk+1 given xk in step (b) of Algorithm 4.3.2 from a maximiza-
tion problem over S�xk� to a maximization problem over S�xk� ∩ �xk;∞�.
Part (b) of Theorem 4.3.2 shows that if a joint strategy generated by step
(b) of Algorithm 4.3.1 is identical with the preceding joint strategy, then
this joint strategy is an equilibrium point. This result can be incorporated
into a stopping rule whereby step (c) of Algorithm 4.3.2 would terminate
the algorithm whenever step (b) leaves the joint strategy unchanged, as this
joint strategy must be an equilibrium point. Furthermore, part (c) of Theo-
rem 4.3.3 shows that if Algorithm 4.3.2 ever generates an equilibrium point,
then it continues to generate that same equilibrium point at all subsequent
iterations of step (b). Hence, a joint strategy generated in step (b) of Al-
gorithm 4.3.2 is an equilibrium point if and only if it is the same as the
previous joint strategy generated by Algorithm 4.3.2. Part (d) of Theorem
4.3.3 indicates that Algorithm 4.3.2 is very efficient computationally when S is
finite.

Theorem 4.3.3. Consider a supermodular game �N;S; �fi x i ∈ N�� for which
the set S of feasible joint strategies is nonempty and compact and the payoff
function fi�yi; x−i� is upper semicontinuous in yi on Si�x−i� for each x−i in S−i
and each i.
(a) Algorithm 4:3:2 never stops at step (a) or step (b) and Algorithm 4:3:2 gen-
erates an infinite sequence xk that is increasing in k for k = 0; 1; : : : . Hence,
there exists a feasible joint strategy x′ in S such that limk→∞ xk = x′.
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(b) If a feasible joint strategy appears two successive times in the sequence �xk x
k ≥ 0� generated by Algorithm 4:3:2, then it is an equilibrium point.
(c) If Algorithm 4:3:2 generates an equilibrium point at some iteration, then
Algorithm 4:3:2 generates that same equilibrium point at each subsequent
iteration.
(d) If, in addition, S has a finite number of elements and q is an upper bound
on the number of elements in any chain contained in S, then Algorithm 4:3:2
generates an equilibrium point in no more than q− 1 iterations of step (b).

Proof. Algorithm 4.3.2 does not stop at step (a) because the nonempty com-
pact sublattice S has a least element by Corollary 2.3.2. Algorithm 4.3.2 does
not stop at step (b) by part (d) of Lemma 4.2.2. Therefore, step (a) and step
(b) of Algorithm 4.3.2 proceed without stopping, and Algorithm 4.3.2 gener-
ates an infinite sequence of feasible joint strategies.

Since x0 is the least element of S, x0 ≤ x1. Now suppose that k′ is a positive
integer such that xk ≤ xk+1 for k = 0; : : : ; k′ − 1. Since this supposition holds
for k′ = 1, it suffices to show that xk

′ ≤ xk′+1 for the proof of part (a) to
follow by induction. Because xk

′
is the least element of Y �xk′−1�, xk′+1 is the

least element of Y �xk′ �, and xk
′−1 ≤ xk′ by the induction hypothesis, part (h)

of Lemma 4.2.2 implies that xk
′ ≤ xk′+1. The proof of part (a) is completed

by noting that an increasing sequence in a compact set has a limit point.
If xk

′ = xk′+1 for some k′ then xk
′ = xk′+1 is in Y �xk′ � by the construction

of step (b) of Algorithm 4.3.2 and xk
′

is a fixed point of Y �x�. Then xk
′

is an
equilibrium point by Lemma 4.2.1, and part (b) holds.

Suppose that xk
′

is an equilibrium point for some nonnegative integer k′.
To establish part (c), it suffices to show that xk

′+1 = xk′ . Because xk
′

is an
equilibrium point, xk

′
is in Y �xk′ � by Lemma 4.2.1 and so xk

′+1 ≤ xk′ because
step (b) of Algorithm 4.3.2 constructs xk

′+1 as the least element of Y �xk′ �. By
part (a), xk

′ ≤ xk′+1. Hence, xk
′ = xk′+1.

Now include the additional hypotheses of part (d). By part (a), xk is in-
creasing in k for k = 0; 1; : : : . Thus �xk x k ≥ 0� is a chain and has no more
than q distinct elements. Because xk is increasing and there are no more than
q distinct elements in �xk x k ≥ 0�, Algorithm 4.3.2 must eventually generate
some feasible joint strategy such that the same feasible joint strategy is gen-
erated at all subsequent iterations of step (b). By part (b), that last distinct
feasible joint strategy generated must be an equilibrium point. Since xk is in-
creasing in k all appearances of a feasible joint strategy in this sequence must
be consecutive, and by part (b) and part (c) no feasible joint strategy except
the last distinct one generated can appear more than once in the sequence
�xk x k ≥ 0�. Thus Algorithm 4.3.2 must attain an equilibrium point in no
more than q− 1 iterations of step (b), completing the proof of part (d).
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Consider efficiency implications of the bound in part (d) of Theorem 4.3.3.
If S is finite, Si�x−i� = Si for each x−i in S−i and each i, and Si has qi elements
for i = 1; : : : ; n, then adding one element to Si′ for some player i′ adds

∏
i 6=i′ qi

elements to S but the bound on the number of iterations required by Algo-
rithm 4.3.2 increases by either 0 or 1. If S is finite and q′i is an upper bound
on the number of elements in any chain contained in Si, then

∑n
i=1�q′i− 1�+ 1

is an upper bound on the number of elements in any chain contained in S
and so

∑n
i=1�q′i− 1� is an upper bound on the number of iterations of step (b)

required for Algorithm 4.3.2 to attain an equilibrium point by part (d) of The-
orem 4.3.3. This bound is proportional to the number of players when q′i does
not depend on i. If aj ≤ bj are integers for j = 1; : : : ;m and S is a subset of
�z x aj ≤ zj ≤ bj and zj integer for 1 ≤ j ≤ m�, then

∑m
j=1�bj − aj� + 1 is an

upper bound on the number of elements in any chain contained in S while
S may have as many as

∏m
j=1�bj − aj + 1� elements. Example 4.3.4, using the

same game as in Example 4.3.1, further illustrates the efficiency of Algorithm
4.3.2 for S finite.

Example 4.3.4. Consider a supermodular game �N;S; �fi x i ∈ N��
with n = 20, Si = �1; : : : ; 10� for each i, and S = ×ni=1Si. Let q =∑n
i=1��Si� − 1�+ 1 = �20��9�+ 1 = 181, so q is an upper bound on the number

of elements in any chain contained in S. The set S contains
∏n
i=1 �Si� = 1020

feasible joint strategies. However, Algorithm 4.3.2 generates an equilibrium
point in no more than q − 1 = 180 iterations of step (b) by part (d) of Theo-
rem 4.3.3. Since each iteration of step (b) in Algorithm 4.3.2 requires looking
at no more than q = �20��9� + 1 = 181 joint strategies and making at most
q − 1 = �20��9� = 180 comparisons, one can find an equilibrium point for
this noncooperative game with 1020 feasible joint strategies by looking at no
more than �180��181� = 32; 580 joint strategies and making no more than
�180��180� = 32; 400 comparisons.

Theorem 4.3.4 gives conditions for the sequence generated by Algorithm
4.3.2 to converge to an equilibrium point. Theorem 4.3.4 constructively es-
tablishes the existence of an equilibrium point for supermodular games (with
certain regularity conditions), while the existence proof of Theorem 4.2.1 is
not constructive. The hypotheses of Theorem 4.3.4 are stronger than those
of Theorem 4.2.1 (and Theorem 4.3.3) by additionally requiring that S�x� is
a lower semicontinuous correspondence and that each fi�x� is continuous in
x on S (rather than being upper semicontinuous in xi for each x−i). Exam-
ple 4.3.5 and Example 4.3.6 show that these additional assumptions cannot be
dispensed with entirely.
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Theorem 4.3.4. Consider a supermodular game �N;S; �fi x i ∈ N�� for which
the set S of feasible joint strategies is nonempty and compact, S�x� is a lower
semicontinuous correspondence from S into subsets of Rm, and the payoff func-
tion fi�x� is continuous in x on S for each i. The limit point of the increasing
sequence generated by Algorithm 4:3:2 is an equilibrium point. Furthermore, it is
the least equilibrium point.

Proof. Let �xk x k ≥ 0� be the sequence generated by Algorithm 4.3.2. By
part (a) of Theorem 4.3.3, this sequence is increasing in k and converges
to a limit point x′. Pick any y ′ in S�x′�. Since limk→∞ xk = x′ and S�x� is a
lower semicontinuous correspondence, there exist yk in S�xk� for k = 0; 1; : : :
such that limk→∞ yk = y ′. Because xk+1 is in Y �xk� = argmaxy∈S�x� g�y; xk�
by the construction of step (b) of Algorithm 4.3.2 and because yk is in S�xk�,
g�yk; xk� ≤ g�xk+1; xk� for each k. Then by the continuity of fi�x� in x for
each i,

g�y ′; x′� = limk→∞ g�yk; xk� ≤ limk→∞ g�xk+1; xk� = g�x′; x′�:
Because g�y ′; x′� ≤ g�x′; x′� for each y ′ in S�x′�, x′ is a fixed point of Y �x�
and so x′ is an equilibrium point by Lemma 4.2.1.

Let x′ be the limit point of the sequence generated by Algorithm 4.3.2 and
let x′′ be any equilibrium point. Since x0 is the least element of S by step (a)
of Algorithm 4.3.2, x0 ≤ x′′. Now suppose that xk ≤ x′′ for some nonnegative
integer k. Since xk+1 is the least element of Y �xk� by the construction of step
(b) of Algorithm 4.3.2, x′′ is in Y �x′′� by Lemma 4.2.1, and xk ≤ x′′, part (h)
of Lemma 4.2.2 implies that xk+1 ≤ x′′. By induction, xk ≤ x′′ for each k and
so x′ = limk→∞ xk ≤ x′′.
Example 4.3.5. Consider the noncooperative game given in Example 4.3.2.
Algorithm 4.3.2 generates xk = �1− 1/�k/2+ 1�; 1− 1/�k/2+ 1�� for k even
and xk = �1 − 1/��k − 1�/2 + 2�; 1 − 1/��k − 1�/2 + 1�� for k odd. How-
ever, the unique equilibrium point is �1; 2� and limk→∞ xk = �1; 1� 6= �1; 2�,
so the sequence generated by Algorithm 4.3.2 does not approximate an equi-
librium point. Because S2�x−2� is not a lower semicontinuous correspondence
(as shown in Example 4.3.2), S�x� is not a lower semicontinuous correspon-
dence on S. This example satisfies the conditions of Theorem 4.2.1 and Theo-
rem 4.3.3, and it satisfies the conditions of Theorem 4.3.4 except for the lower
semicontinuity of the correspondence S�x�.
Example 4.3.6. Consider the noncooperative game given in Example 4.3.3.
Algorithm 4.3.2 generates xk = �−�1/2�k;−�1/2�k� for each k. However, the
unique equilibrium point is �0; 1� and limk→∞ xk = �0; 0� 6= �0; 1�, so the
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sequence generated by Algorithm 4.3.2 does not converge to an equilibrium
point. This example satisfies the conditions of Theorem 4.2.1 and Theorem
4.3.3, and it satisfies the conditions of Theorem 4.3.4 except for the continuity
of f2�x� (which is continuous in x2 and upper semicontinuous in x, but not
continuous in x1).

If step (a) is modified so that Algorithm 4.3.1 and Algorithm 4.3.2 begin
with the greatest instead of the least element of S and “least” is replaced
by “greatest” in step (b) of these algorithms, then by dual arguments all re-
sults in this section would hold with “increasing” replaced by “decreasing”
and “least” replaced by “greatest” and so each algorithm would generate a
sequence of feasible joint strategies converging downwards to the greatest
equilibrium point.

Both Algorithm 4.3.1 and Algorithm 4.3.2 could be modified so that at
each iteration the solution chosen for the maximization problem may be any
optimal solution (not necessarily the least one) that assures that the sequence
generated is increasing.

If S = ×i∈NSi, then the properties shown in Theorem 4.3.3 and Theorem
4.3.4 for supermodular games with finitely many players also hold for quasisu-
permodular games with infinitely many players. Establishing this extension
involves observing that part (d) and part (h) of Lemma 4.2.2, as used in
Theorem 4.3.3 and Theorem 4.3.4, hold for quasisupermodular games with
infinitely many players if S = ×i∈NSi and making suitable modifications in
the first paragraph of the proof of Theorem 4.3.4.

4.4 Examples of Supermodular Games

This section gives eight examples of supermodular games, so the theory of
Section 4.2 and the properties established for the algorithms in Section 4.3
apply to each of these examples. Subsection 4.4.1 models competitive pricing
for firms producing and marketing substitute products. Subsection 4.4.2 in-
volves non-price decisions for firms producing and marketing complementary
products. Subsection 4.4.3 considers a multimarket oligopoly where multiple
firms are engaged in activities in multiple markets. Subsection 4.4.4 considers
the strategies of countries engaged in an arms race, with each country de-
termining its arms level. Subsection 4.4.5 models firms engaged in a search
for prospective trading partners, where each firm must determine the level
of effort put into its search. Subsection 4.4.6 models optimal consumption of
multiple products by multiple consumers, where each consumer of each prod-
uct benefits when a greater total amount of each product is consumed by all
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consumers. Subsection 4.4.7 models the location of multiple facilities by mul-
tiple firms, where the cost to each firm depends on the distances of its new
facilities from each other, from new facilities of the other firms, and from
already existing facilities. Subsection 4.4.8 is a noncooperative game version
of the minimum cut problem, where each player determines a subset of the
nodes in a cut. Further examples of supermodular games are noted in Fu-
denberg and Tirole [1991], Milgrom and Roberts [1990a, 1991], Milgrom and
Shannon [1994], and Vives [1990].

4.4.1 Pricing Game with Substitute Products

Consider a set N = �1; : : : ; n� of firms (players), where each firm i produces
a single product i and the n products are substitutes for one another in a
sense made more precise below. Each firm i sets the price xi of its product i.
The vector of these n prices is x = �x1; : : : ; xn�. The price vector x must be
contained in a subset S of Rn. The demand for product i depends on the price
vector x according to a known demand function Di�x�. Each firm i produces
Di�x� units of product i to satisfy demand. There is a unit production cost ti
for product i, so the total production cost for product i is tiDi�x�. The revenue
for product i given x is xiDi�x�. Assume that S is a subset of ×i∈N�ti;∞�, so
no feasible price is below the product’s production cost. The net profit for
firm i is the payoff function

fi�x� = �xi − ti�Di�x�:
Given the prices for all firms other than i, firm i chooses xi to maximize
fi�x� over feasible xi. This is an n-player noncooperative game. In the case
for which S = Rn and each Di�x� is an affine function, Levitan and Shubik
[1971] consider a version of the above model and find a closed-form algebraic
expression for an equilibrium point.

Assume that S is a nonempty compact sublattice of Rn and that, for all
distinct firms i′ and i′′, Di′ �x� is increasing in xi′′ and has increasing differences
in �xi′; xi′′ �. By part (b) of Example 2.2.7, the assumption that S is a sublattice
of Rn permits the form of S to reflect upper and lower bounds on each price
as well as upper and lower bounds on the difference between the prices of any
pair of distinct products. The assumptions on the demand functions imply that
fi�yi; x−i� has increasing differences in �yi; x−i� for each i. Then �N;S; �fi x
i ∈ N�� is a supermodular game. The assumption that Di′ �x� increases with
xi′′ for all distinct firms i′ and i′′ states that the demand for any product
increases with the price of any other product, and this is a standard condition
for substitute products. The assumption that Di′ �x� has increasing differences
in �xi′; xi′′ � for all distinct firms i′ and i′′ means that decreasing the price
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of any product results in a greater increase in the demand for that product
for lower levels of the price of any other product; that is, the demand for
any product is more sensitive to its price when any other product is more
competitive by virtue of its lower price. (The discussion of a price decrease
for a product leading to an increase in the demand for that product is only for
purposes of illustration. The present conditions do not preclude the possibility
that demand for a product could increase with its price.) The assumption
of increasing differences would hold if Di�x� is a separable function of x.
Topkis [1979] formulates the above model and observes that the game is a
supermodular game under the present assumptions.

Theorem 4.2.3 implies that the price of each firm in the greatest (least)
equilibrium point decreases as additional firms enter the market. (Establishing
this conclusion based on Theorem 4.2.3 involves including for each firm a
feasible price so large that with this price a firm would not receive any demand
for its product and the demands for the products of the other firms would
be unaffected by the presence of that firm in the market. Furthermore, the
ordering relation on the set of prices should be the dual of the usual partial
ordering ≤ on R1.)

Now assume that S is a subset of ×i∈N�ti;∞� (instead of ×i∈N�ti;∞� as
assumed above) and assume that, for all distinct firms i′ and i′′, Di′ �x� is pos-
itive and log�Di′ �x�� has increasing differences in �xi′; xi′′ � (instead of Di′ �x�
being increasing in xi′′ and having increasing differences in �xi′; xi′′ � as as-
sumed above). When each demand function Di�x� is differentiable in i, the
latter assumption is equivalent to the property that each firm’s price elasticity
of demand is a decreasing function of the prices of the other firms’ products.
(See Example 2.6.11.) Because each firm’s payoff function can, in effect, be
replaced by any strictly increasing function of its payoff function, the payoff
function of each firm i can be taken as

gi�x� = log�fi�x�� = log��xi − ti�Di�x�� = log�xi − ti� + log�Di�x��:

Let t = �t1; : : : ; tn� and denote the dependence of gi�x� on t by gti�x�. The
noncooperative game �N;S; �gti x i ∈ N�� with this transformed payoff func-
tion is a supermodular game for each t by hypothesis, Theorem 2.6.4, and
part (b) of Lemma 2.6.1. Furthermore, each gti�x� has increasing differences
in �xi; t� by part (b) of Lemma 2.6.2 and Theorem 2.6.1. By Theorem 4.2.2,
the greatest (least) equilibrium point for each unit production cost vector t
is increasing with t. Milgrom and Roberts [1990a] use the log transformation
to establish the monotonicity with respect to t of equilibrium points in this
model.
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4.4.2 Production Game with Complementary Products

The model of this subsection extends a version of the decision model of
Example 3.3.2 to a noncooperative game with multiple firms. Consider a set of
firms (players) N = �1; : : : ; n�, where each firm produces multiple products
in a single period. The model aggregates properties of the products produced
by each firm, so that each firm is modeled as producing a single product. The
time period is τ. The price pi of the (aggregated) product of firm i is de-
termined by the market independent of any decisions of the n firms. Firm i

produces ηi products, which are modeled as a single aggregated product ex-
cept for their number denoted as ηi. The quality of the product of firm i is
qi. The level of technology used in the manufacturing process of firm i is θi.
Firm i spends αi on advertising for its product. The product of firm i is ex-
posed to a market of size σi. The strategy of firm i is xi = �ηi; qi; θi; αi; σi�,
which must be selected from a nonempty subset Si of R5. The joint strategy of
all n firms is x = �x1; : : : ; xn�, and the set of feasible joint strategies is ×ni=1Si.
The demand for the product of firm i in period τ is µi�x; τ�. Each firm i pro-
duces µi�x; τ� units of product i in period τ to satisfy demand. The cost of
producing z units of the product of firm i is ci�z; xi; τ� (which depends on the
components ηi, qi, and θi of xi but not on the components αi and σi). The
cost to firm i associated with its technology-related variables and independent
of the level of production is κi�xi; τ� (which depends on the components ηi,
qi, and θi of xi but not on the components αi and σi). In addition to its ad-
vertising cost αi, there is a marketing cost ψi�σi; τ� to firm i for servicing a
market of size σi in time period τ. The payoff function for each firm i is

fi�x; τ� = piµi�x; τ� − ci�µi�x; τ�; xi; τ� − κi�xi; τ� − αi − ψi�σi; τ�:
Suppose that each Si is a sublattice; each µi�x; τ� = µi�xi; x−i; τ� is increas-

ing in x, is supermodular in xi, and has increasing differences in �xi; x−i�; each
ci�z; xi; τ� is concave in z and submodular in �z; xi�; each piz − ci�z; xi; τ�
is increasing in z; and each κi�xi; τ� is submodular in xi. Then �N;S; �fi x
i ∈ N�� is a supermodular game by Lemma 2.6.4 and part (b) of Lemma 2.6.1.

Theorem 4.2.3 can be used to give conditions for the greatest (least) equi-
librium point to increase as additional firms enter the market.

Now consider the time period τ as a parameter. In addition to the as-
sumptions of the first two paragraphs of this subsection, suppose that each
Si is compact; each µi�x; τ� is upper semicontinuous in x, is increasing in τ,
and has increasing differences in �xi; τ�; each ci�z; xi; τ� is lower semicon-
tinuous in �z; xi� and has decreasing differences in ��z; xi�; τ�; each κi�xi; τ�
is lower semicontinuous in xi and has decreasing differences in �xi; τ�; and
each ψi�σi; τ� is lower semicontinuous in σi and has decreasing differences
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in �σi; τ�. By Lemma 2.6.4, Theorem 2.6.2, and Theorem 2.6.1, fi�x; τ� =
fi�xi; x−i; τ� has increasing differences in �xi; τ� for each i. By Theorem 4.2.2,
the greatest (least) equilibrium point for each time period τ exists and is in-
creasing in τ.

4.4.3 Multimarket Oligopoly

Consider a set of firms (players) N = �1; : : : ; n� engaged in activities in each
of m markets j = 1; : : : ;m. The strategy of firm i in market j is a ki;j-vector
xi;j , where xi;j is the vector of activity levels of firm i in market j, ki;j is
a positive integer, and xi;j must be in a nonempty subset Si;j of Rki;j . The
strategy of firm i is xi = �xi;1; : : : ; xi;m�, the joint strategy of all n firms is x =
�xi; : : : ; xn�, and the set of feasible joint strategies is S = ×i∈N�×mj=1Si;j�. The
return to firm i from its activities in market j is a function hi;j�x1;j; : : : ; xn;j�
of the strategies of all n firms in market j. There is a cost gi�xi� to each firm
i depending on the strategies of firm i in all m markets. (The following can
be easily generalized to the case where this cost depends on all components
of the joint strategy x rather than just xi.) The payoff function for each firm
i is

fi�x� =
∑m
j=1 hi;j�x1;j; : : : ; xn;j� − gi�xi�:

The present model generalizes a model of Bulow, Geanakoplos, and Klem-
perer [1985] having two firms (n = 2), two markets (m = 2), one firm being a
monopoly in one market, the firms being a duopoly in the other market, and
each ki;j = 1.

If each Si;j is a sublattice, each hi;j�x1;j; : : : ; xn;j� is supermodular in xi;j ,
each hi;j�x1;j; : : : ; xn;j� has increasing differences in �xi;j; xi′;j� for each i′ 6= i,
and each gi�xi� is submodular in xi, then �N;S; �fi x i ∈ N�� is a supermodular
game. By Theorem 2.6.1, these hypotheses mean that the components of the
strategy of each firm for each market are complementary (with respect to the
return function for that firm in that market), each component of the strategy
of each firm for each market is complementary (with respect to the return
function for that firm in that market) with each component of the strategy of
each other firm for that market, and all components of the strategy of each
firm are complementary (with respect to that firm’s cost function).

Theorem 4.2.3 can be used to give conditions for the activity levels of each
firm in each market in the greatest (least) equilibrium point to increase as
additional firms enter the markets.

Now suppose that each return function and each cost function depend on
a parameter t included in a subset T of Rq, with these functions denoted
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hti;j�x1;j; : : : ; xn;j� and gti�xi�. The payoff function for each firm i takes the
form

f ti �x� =
∑m
j=1 h

t
i;j�x1;j; : : : ; xn;j� − gti�xi�:

In addition to the hypotheses of the first two paragraphs of this subsection,
assume that each Si;j is compact, each hti;j�x1;j; : : : ; xn;j� is upper semicontin-
uous in xi;j , each gti�xi� is lower semicontinuous in xi, each hti;j�x1;j; : : : ; xn;j�
has increasing differences in �xi;j; t�, and each gti�xi� has decreasing differ-
ences in �xi; t�. The latter two additional assumptions mean that each com-
ponent of the strategy of each firm for each market is complementary (with
respect to the return function for that firm in that market) with each com-
ponent of the parameter and each component of the strategy of each firm is
complementary (with respect to that firm’s cost function) with each component
of the parameter. By Theorem 4.2.2, there exists a greatest (least) equilibrium
point for each parameter t such that this equilibrium point increases with t.

4.4.4 Arms Race Game

Consider a set of countries (players) N = �1; : : : ; n� engaged in an arms
race. Each country i chooses its arms level xi from a nonempty subset Si of
R1. The joint strategy of all n countries is x = �x1; : : : ; xn� and the set of fea-
sible joint strategies is S = ×i∈NSi. The payoff function for country i is fi�x�,
where fi�yi; x−i� has increasing differences in �yi; x−i�. This increasing differ-
ences hypothesis means that the (perceived) value of any additional arms to
any country i increases with the arms levels of all other countries; that is, addi-
tional arms are deemed more valuable when the military capabilities of one’s
adversaries are greater. Then �N;S; �fi x i ∈ N�� is a supermodular game. If
each Si is compact and each fi�yi; x−i� is upper semicontinuous in yi, then an
equilibrium point exists by Theorem 4.2.1. Indeed, Theorem 4.2.1 implies that
there is a least equilibrium point, and a tantalizing question involves how to
get the n countries to come to that particular equilibrium point. Theorem 4.3.2
and Theorem 4.3.4 indicate that Algorithm 4.3.1 and Algorithm 4.3.2 provide
mechanisms for converging to the least equilibrium point. The present model
generalizes a model of Milgrom and Roberts [1990a] for the case n = 2 and
the payoff function taking the form fi�x� = gi�xi− x−i�− ci�xi� where g�z� is
concave. (See part (b) of Lemma 2.6.2.) Milgrom and Roberts [1990a, 1994]
analyze a dynamic generalization of that model, where the arms depreciate
and new investments in arms are made over infinitely many time periods.

Theorem 4.2.3 can be used to give conditions for the arms level of each
country in the greatest (least) equilibrium point to increase as additional coun-
tries enter the arms race.
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Now suppose that each payoff function fi�x� depends on a parameter t,
as f ti �x�, where the parameter t is contained in a partially ordered set T . In
addition to the hypotheses of the first paragraph of this subsection, assume
that each f ti �yi; x−i� has increasing differences in �yi; t�; that is, the additional
value of additional arms for any country i is greater for higher values of the
parameter t. By Theorem 4.2.2, the level of arms for each country in the
greatest (least) equilibrium point for each t increases with t.

4.4.5 Trading Partner Search Game

Consider an economy composed of a set of firms (players) N = �1; : : : ; n�,
with each firm engaged in a search for prospective trading partners. The level
of search determined by each firm i is denoted xi, where xi must be selected
from a nonempty subset Si of R1. The joint strategy for all n firms is x =
�x1; : : : ; xn� and the set of feasible joint strategies is S = ×i∈NSi. The cost to
firm i for exerting a level of search xi is ci�xi�. Given a joint strategy x, the
expected return from trade for firm i is gi�x�. The payoff function for each
firm i is

fi�x� = gi�x� − ci�xi�:
If each gi�x� has increasing differences in �xi; x−i�, then �N;S; �fi x i ∈ N��
is a supermodular game. The hypothesis that gi�x� has increasing differences
in �xi; x−i� means that any additional effort exerted by firm i in its search for
trading partners is (expected to be) more profitable for that firm when other
firms exert higher levels of effort in their search for trading partners. The
present search model generalizes a model of Milgrom and Roberts [1990a]
that considers the symmetric payoff function fi�x� = αxi�

∑
k6=i xk� − c�xi� for

each player i.
Theorem 4.2.3 can be used to give conditions for the level of search by

each firm in the greatest (least) equilibrium point to increase as additional
firms enter the economy and become prospective trading partners.

Now suppose, in addition to the assumptions of the first paragraph of this
subsection, that each ci�xi� and gi�x� also depends on a parameter t for t
contained in a partially ordered set T and this dependence is denoted cti �xi�
and gti�x�. The parameterized payoff function for firm i is

f ti �x� = gti�x� − cti �xi�:
Assume also that each Si is compact, each cti �xi� is lower semicontinuous in
xi, each gti�x� is upper semicontinuous in xi, each cti �xi� has decreasing dif-
ferences in �xi; t�, and each gti�x� has increasing differences in �xi; t�. With
respect to both the search cost cti �xi� and the expected return function gti�x�,
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the parameter t is complementary with the search effort xi. The payoff func-
tion fi�x; t� has increasing differences in �xi; t�. By Theorem 4.2.2, the greatest
(least) equilibrium point for each t is increasing in t.

4.4.6 Optimal Consumption Game with Multiple Products

Suppose that there are m products j = 1; : : : ;m and each consumer (player) i
in the set N = �1; : : : ; n� chooses a subset of these m products to consume.
The strategy of consumer i is denoted by a m-vector xi = �xi1; : : : ; xim� such
that xij = 1 if consumer i chooses to consume product j and xij = 0 if consumer
i chooses not to consume product j. Consumer i may only choose certain
combinations of products, so xi is restricted to a subset Si of ×mj=1�0; 1�. The
joint strategy is x = �x1; : : : ; xn� and the set of feasible joint strategies is
S = ×i∈NSi. If consumer i chooses to consume product j, then i consumes a
fixed amount ai;j > 0 of product j. If consumer i consumes product j, then
i incurs a cost that depends on the total amount of product j consumed by
all of the n consumers. That cost is ci;j�

∑n
k=1 ak;jx

k
j �. Consumer i incurs no

cost with respect to product j if i chooses not to consume product j. Define
bi;j�xij; z� = ci;j�z� if xij = 1 and bi;j�xij; z� = 0 if xij = 0. The cost to consumer
i for product j is bi;j�xij;

∑n
k=1 ak;jx

k
j �. In consuming the products indicated

by a strategy xi, consumer i receives a return ri�xi�. The payoff function for
consumer i given joint strategy x in S is

fi�x� = ri�xi� −
∑m
j=1 bi;j

(
xij;

∑n
k=1 ak;jx

k
j

)
:

The present model is from Topkis [1979].
If each Si is a sublattice of Rm, each ci;j�z� is decreasing on �ai;j;∞�, and

each ri�xi� is supermodular on Si, then �N;S; �fi x i ∈ N�� is a supermodular
game. The property that ci;j�z� is decreasing implies that bi;j�xij;

∑n
k=1 ak;jx

k
j �

has decreasing differences in �xij; xi
′
j � on �0; 1� × �0; 1� for all i, j, and i′ 6= i.

The condition that ri�xi� is supermodular indicates that the m products are
complementary from the point of view of (the return function of) consumer i.

The set Si is a sublattice of Rm if Si = ×mj=1�0; 1�. By part (c) of Example
2.2.7, the set Si is also a sublattice if it includes constraints that consumer i can
choose certain products only if i chooses certain other products; the inequality
xij′ − xij′′ ≤ 0 defines a sublattice, and that inequality requires that consumer i
can choose product j′ only if i also chooses product j′′.

Suppose that dj�z� is the cost of producing z units of any product j for
the n consumers, where dj�0� = 0 and dj�z� is concave on �0;∞�. There
are increasing returns to scale in the production of each product j. Suppose
that the cost of producing each product j is allocated to the n consumers in
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proportion to their use of product j. The cost to consumer i as a result of a
decision to consume product j is ci;j�z� = �ai;j/z�dj�z�, where a total of z > 0
units of product j are consumed by the n consumers. The properties that
dj�0� = 0 and that dj�z� is concave on �0;∞� imply that dj�z�/z is decreasing
in z on �0;∞� and therefore ci;j�z� is decreasing in z on �ai;j;∞�.

Theorem 4.2.3 can be used to give conditions such that the consumption
level of each consumer for each product in the greatest (least) equilibrium
point increases as additional consumers enter the market.

4.4.7 Facility Location Game

Consider a facility location problem where each of a set of firms (players)
N = �1; : : : ; n� chooses locations for disjoint collections of facilities. Each
firm i controls the location of mi new facilities. The new facilities of all firms
are denoted j = 1; : : : ;m, where m = ∑n

i=1mi. The set Qi consists of the mi

new facilities located by firm i. Firm i chooses the location xj of each new fa-
cility j in Qi from a set Sj , where xj is a 2-vector and Sj is a subset of R2.
The set of feasible joint strategies is S = ×i∈N�×j∈QiSj�. There are already p
existing facilities denoted k = 1; : : : ; p, and the 2-vector tk indicates the loca-
tion of existing facility k. The function d�z′; z′′� is a measure of the distance
between any two points z′ and z′′ in R2. For each ordered pair of new facil-
ities j′ and j′′ with firm i locating j′ and some firm (which may or may not
be i) locating j′′, there is a cost cj′;j′′d�xj′; xj′′ � to firm i where cj′;j′′ is non-
negative. For each new facility j located by firm i and each existing facility
k, there is a cost bj;kd�xj; tk� to firm i where bj;k is nonnegative. (The coef-
ficient cj′;j′′ may, for example, represent the product of the amount of goods
shipped from new facility j′ to new facility j′′ times the cost per unit shipped
per unit distance between j′ and j′′, with bj;k having a similar interpretation.)
The strategy for each firm i takes the form �xj x j ∈ Qi; xj ∈ Sj�. Each firm i

wants to choose feasible locations for facilities Qi to minimize its total related
costs. That is, each firm i wants to maximize its payoff function

fi�x� = −
∑
j′∈Qi

∑m
j′′=1 cj′;j′′d�xj

′
; xj

′′ � −∑j∈Qi
∑p
k=1 bj;kd�xj; tk�

subject to xj in Sj for all j in Qi where x = �x1; : : : ; xm�. This model is from
Topkis [1979].

If each Sj is a nonempty sublattice of R2 and if d�z′; z′′� is submodular on
R4, then �N;S; �fi x i ∈ N�� is a supermodular game by part (a) and part (b)
of Lemma 2.6.1 and Theorem 2.6.1.

If d�z′; z′′� = �z′1 − z′′1 � + �z′2 − z′′2 � for z′ and z′′ in R2, then d�z′; z′′� is
submodular on R4 as in part (g) of Example 2.6.2. (This distance measure
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would seem appropriate where travel between facilities must be on perpen-
dicular city streets or along perpendicular aisles in a machine shop.) Picard
and Ratliff [1978] and others cited therein consider the facility location prob-
lem corresponding to the case n = 1 with this distance measure and each
Sj = R2, and they give algorithms that solve that problem.

The distance measure d�z′; z′′� = �z′1 − z′′1 �2 + �z′2 − z′′2 �2 is submodular on
R4 as in part (h) of Example 2.6.2. White [1971] considers and solves the
facility location problem corresponding to the case n = 1 with this distance
measure and each Sj = R2. (As in part (h) of Example 2.6.2, the Euclidean
distance measure ��z′1 − z′′1 �2 + �z′2 − z′′2 �2�1/2 is not submodular on R4.)

Let t = �t1; : : : ; tp�, and now treat the vector t of locations of the p existing
facilities as a parameter with the dependence of the payoff function fi�x� for
each player i on the parameter t denoted f ti �x�. In addition to the assumptions
of the first two paragraphs of this subsection, assume that each Sj is compact
and that d�z′; z′′� is lower semicontinuous in �z′; z′′�. Using Theorem 2.6.1,
Theorem 4.2.2 implies that there exists a greatest (least) equilibrium point for
each t in R2p and this greatest (least) equilibrium point increases with t.

4.4.8 Minimum Cut Game

Consider the following minimum cut game, based on an example in Topkis
[1979]. (See Subsection 3.7.1.) There is a directed network with a source s, a
sink t, and a set M of m other nodes. The set M is partitioned into n disjoint
sets of nodes M1;M2; : : : ;Mn, where Mi has mi elements. Thus M = ∪ni=1Mi,
Mi′ ∩Mi′′ = ∅ for all distinct i′ and i′′,

∑n
i=1mi = m, and the network has m+2

nodes. If X is a subset of M , then X ∪ �s� is a cut. There is a directed edge
joining each ordered pair of nodes. There is a set of players N = �1; : : : ; n�.
Each player i chooses a set of nodes Xi (the strategy of player i) from Mi for
the cut �∪ni=1Xi� ∪ �s�. The set of feasible joint strategies is S = 0�M�. Each
player i has a nonnegative real-valued capacity function ci�x′; x′′� defined on
the edge from any node x′ to any node x′′, and the associated cut capacity
function for player i is

gi�X� =
∑
x′∈X∪�s�

∑
x′′∈�M\X�∪�t� ci�x′; x′′�

where X is a subset of M and the corresponding cut is X ∪ �s�. The payoff
function for player i is

fi�X� = −gi�X�;
where the joint strategy X is a subset of M . Player i wants to maximize fi�Xi∪
�∪k6=iXk�� (equivalently, minimize its cut capacity gi�Xi ∪ �∪k6=iXk��) over
subsets Xi of Mi where Xk is a given subset of Mk for each k 6= i. It follows
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directly from Lemma 3.7.1 that fi�Xi ∪ �∪k6=iXk�� is supermodular in Xi for
Xi being a subset of Mi and, by Theorem 2.6.1, has increasing differences in
�Xi′;Xi′′ � for all distinct i′ and i′′, Xi′ being a subset of Mi′ , and Xi′′ being a
subset of Mi′′ . Thus �N;S; �fi x i ∈ N�� is a supermodular game.

Maximizing fi�Xi ∪ �∪k6=iXk�� over subsets Xi of Mi for given ∪k6=iXk is
equivalent to finding a minimum cut in a capacitated network with mi + 2
nodes consisting of a source s′, a sink t ′, and the nodes Mi, where the capacity
function c′i�x′; x′′� is such that c′i�x′; x′′� = ci�x′; x′′� if x′ and x′′ are in Mi,
c′i�s′; x′′� = ci�s; x′′� +

∑
x′∈∪k6=iXk ci�x′; x′′� for x′′ in Mi, c

′
i�x′; t ′� = ci�x′; t� +∑

x′′∈∪k6=i�Mk\Xk� ci�x′; x′′� for x′ in Mi, and c′i�x′; x′′� = 0 otherwise.
An example of the minimum cut game is a noncooperative game version of

the selection problem. (See Subsection 3.7.3.) Consider a game with a set of
firms (players) N = �1; : : : ; n�, where each player i chooses whether or not
to participate in each of the mi activities contained in the set Mi. The sets
Mi for i = 1; : : : ; n are disjoint. Let M = ∪ni=1Mi, so M has m =∑n

i=1mi ele-
ments. The set of all activities M is partitioned into two disjoint sets S and T
with S ∪T =M and S ∩T = ∅. The activities of S are not in themselves prof-
itable, so if player i chooses activity x in Mi ∩ S then i incurs a cost cx ≥ 0.
The activities of T are in themselves profitable, so if player i chooses activity
x in Mi ∩ T then i receives a return rx > 0. Each activity available to a player
is complementary with each activity available to that player or to any other
player. (Such complementarity could arise where an activity of one player may
benefit from the use of transportation facilities, distribution outlets, or prod-
uct inputs that become available as a result of other activities undertaken by
the same player or other players.) The effect of this complementarity between
activities is that each player i incurs an additional nonnegative cost b�x′; x′′�
for all x′ in Mi and x′′ in M if i chooses activity x′ and if no player chooses
activity x′′. This cost structure might induce a player i to choose an unprof-
itable activity x′ from Mi ∩ S in order to reduce the costs b�x′′; x′� associated
with choosing profitable activities x′′ from Mi ∩ T . If player k chooses some
subset Xk of Mk for each k 6= i, then the problem for player i is to minimize

di�X� =
∑
x∈Xi∩S cx −

∑
x∈Xi∩T rx +

∑
x′∈Xi

∑
x′′∈M\X b�x′; x′′�

over all subsets Xi of Mi where X = ∪nk=1Xk. This can be formulated as a
minimum cut game as follows. Construct a network with a source s, a sink
t, and m other nodes corresponding to each of the activities of M . For each
player i define a nonnegative capacity function ci�x′; x′′� on each ordered pair
of nodes �x′; x′′� from among M ∪ �s� ∪ �t� so that ci�s; x� = rx if x is in
Mi ∩ T , ci�x; t� = cx if x is in Mi ∩ S, ci�x′; x′′� = b�x′; x′′� if x′ is in Mi and
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x′′ is in M , and ci�x′; x′′� = 0 otherwise. For each player i, the associated cut
capacity function for each subset X of M is

gi�X� =
∑
x′∈Xi∪�s�

∑
x′′∈�M\X�∪�t� ci�x′; x′′�

=∑x∈�Mi\Xi�∩T rx +
∑
x∈Xi∩S cx +

∑
x′∈Xi

∑
x′′∈M\X b�x′; x′′�

= di�X� +
∑
x∈Mi∩T rx:

The payoff function for firm i in this minimum cut game is

fi�X� = −gi�X� = −di�X� −
∑
x∈Mi∩T rx:

This is a supermodular game because it is a minimum cut game, so a greatest
(least) equilibrium point exists by Theorem 4.2.1. If the costs cx and returns rx
are treated as parameters, then Theorem 4.2.2 implies that the greatest (least)
equilibrium point increases with each rx for x in M ∩ T and decreases with
each cx for x in M ∩ S.



5

Cooperative Games

5.1 Introduction

This chapter considers the role of supermodularity and complementarity in
cooperative games. The results primarily involve convex games, where the
net return to any subset of players acting together (that is, the characteristic
function evaluated for any coalition) is a supermodular function of the set
of players. This introductory section proceeds first by briefly summarizing the
content of the subsequent sections in the chapter and then by providing basic
definitions and notation for the remaining sections.

Section 5.2 presents general properties of convex games. Much of the anal-
ysis is constructive and involves the remarkably simple, effective, and efficient
greedy algorithm. Monotone comparative statics results are established, with
the characteristic function and the set of players treated as parameters. Ad-
dressing issues of computational complexity and bounded rationality, combi-
natorial features of the polyhedral structure of the core are examined.

Section 5.3 gives examples of convex games. These involve a monopoly firm,
monotonic surplus sharing, an aircraft landing fee game, and a trading game.

Section 5.4 presents and analyzes a general class of cooperative games, activ-
ity optimization games with complementarity, where each coalition maximizes
a common return function over the levels of private activities of the mem-
bers of the coalition and over the levels of public activities available to any
coalition. These games offer a more refined model than the general games
considered in previous sections because here optimal decision making by each
coalition is incorporated in the model. Every game in this class is a convex
game. Conditions are given for optimal activity levels, the extreme points of
the core, and the Shapley value to increase with a parameter.

Section 5.5 gives examples of activity optimization games with complemen-
tarity. These are a general welfare game, a game in which firms jointly procure
inputs for their production processes, a game with investment and production
decisions, an activity selection game, and a waste disposal game. The exam-
ples of this section are all convex games as are the examples of Section 5.3,
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but these examples further model the making of optimal decisions by each
possible coalition.

Section 5.6 presents two cooperative game models having an optimal de-
cision problem for each coalition and with a complementarity property, but
where the games are not generally convex games and the core may be empty.
One is a network design game for a network that must handle multicommodity
shipments by multiple users. The other is a max-min cooperative game model
with the characteristic function for each coalition being the value of a cer-
tain noncooperative two-player zero-sum game. Properties of these examples
contrast with properties of an activity optimization game with complementar-
ity developed in Section 5.4, where the formal conditions of the model also
describe an optimal decision problem for each coalition and include comple-
mentarity conditions but with these particular conditions implying that the
game is a convex game.

The remainder of this section gives definitions and notation.
A cooperative game with side payments (abbreviated cooperative game in

this chapter) is a pair (N; f ) consisting of a finite set of players N = �1; : : : ; n�
and a real-valued characteristic function f �S� defined on every subset S of N .
A coalition is an arbitrary subset of players who may operate together as
a single organization, independent of the players not in the coalition. The
characteristic function f �S� is the net return that a coalition S could earn. It
is assumed that f �∅� = 0, so a game without players generates no net profit
or cost. The characteristic function f �S� is superadditive if

f �S′� + f �S′′� ≤ f �S′ ∪ S′′�
for any two disjoint subsets S′ and S′′ of N . It is assumed that the characteristic
function is superadditive, so any two disjoint groups of players can achieve at
least as great a net profit by operating together as by operating separately.
(In subsequent discussions of properties for a characteristic function in this
chapter, recall the equivalence in part (d) of Example 2.2.1 of a function on
0�N� and a function of the indicator vector in Rn, where n = �N�, of sets
in 0�N�.) Given a cooperative game �N; f �, for any subset N ′ of the players
N the cooperative game �N ′; f � involving only the players N ′ and having the
same characteristic function f �S� on subsets of N ′ is a subgame.

If �N; f � is a cooperative game and the characteristic function f �S� is su-
permodular on the subsets 0�N� of N , then �N; f � is a convex game. (The
term “convex” is commonly used in the game theory literature to mean su-
permodular, and hence the term “convex game.” This monograph follows the
literature in using the term “convex game” because it offers no ambiguity, but
to avoid confusion the term “convex” is used herein only with its usual and
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rather different meaning for real-valued functions on Rn.) By Theorem 2.6.1
and Corollary 2.6.1, �N; f � is a convex game if and only if the marginal value
of any player i to any coalition S not including i (that is, f �S ∪ �i�� − f �S�)
increases with S, so the incentive for a player to join a coalition increases
with the membership of the coalition. If the characteristic function f �S� is
supermodular and f �∅� = 0, then f �S� is superadditive.

In a cooperative game �N; f �, each player i may receive a payoff yi. A vector
y = �y1; : : : ; yn� composed of a prospective payoff yi for each player i in N is a
payoff vector. A payoff vector y is acceptable if

∑
i∈S yi ≥ f �S� for each subset

S of the players N; that is, if the payoff vector provides a total payoff to each
subset of players that is at least as great as the net return that the members
of that subset could earn by forming a coalition and operating independently
of the other players. A payoff vector y is feasible if

∑
i∈N yi = f �N�; that is, if

the total payoff to all players equals what the coalition of all players N could
earn. The core of a cooperative game �N; f � is the set

�y x y ∈ Rn;∑i∈N yi = f �N�; and
∑
i∈S yi ≥ f �S� for each S ⊆ N�

of all payoff vectors that are both acceptable and feasible. Given a payoff
vector in the core, the coalition of all players N could form and distribute its
entire earnings as payoffs to its members in such a way that no subset of the
players would find it preferable to break off from the coalition N and form
its own coalition. Sharkey [1982c] emphasizes the role of the core in the study
of natural monopoly and related issues. The core of an arbitrary cooperative
game need not be nonempty. The core of a cooperative game �N; f � is large
if for each acceptable payoff vector y ′′ there exists a payoff vector y ′ in the
core with y ′ ≤ y ′′. If one wants a payoff vector in the core and if there is a
given vector y ′′ such that the payoff to each player i cannot exceed y ′′i , then
the desired payoff vector does not exist if y ′′ is not acceptable and the desired
payoff vector exists for any acceptable y ′′ if and only if the core is large. The
cooperative game �N; f � has a totally large core if each subgame (that is,
�N ′; f � for each subset N ′ of N) has a large core.

It is sometimes natural to consider a cooperative cost game, which is a pair
�N; c� consisting of a finite set of players N = �1; : : : ; n� and a real-valued
cost function c�S� defined on every subset S of N . The cost function c�S� is
the net cost that a coalition S would have. It is assumed that c�∅� = 0. A co-
operative cost game �N; c� can be transformed into an equivalent cooperative
game �N;−c�, so only cooperative games and not cooperative cost games are
considered explicitly in this chapter. See Subsection 5.3.1 and Subsection 5.3.3
for examples of cooperative cost games.
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Given a set M = �1; : : : ;m�, a polymatroid rank function is a function
g�S� on the collection 0�M� of all subsets of M such that g�∅� = 0 and g�S�
is increasing and submodular on 0�M�. For a set M = �1; : : : ;m� and a
polymatroid rank function g�S� on the subsets 0�M� of M , a polymatroid is
a set of the form

�y x y ∈ Rm; y ≥ 0;
∑
i∈S yi ≤ g�S� for each S ⊆M� (5.1.1)

and the base of the polymatroid is the set

�y x y ∈ Rm; y ≥ 0;
∑
i∈S yi ≤ g�S� for each S ⊆M;∑i∈M yi = g�M��:

There is a close relationship between (the bases of) polymatroids and the
cores of convex games, as Shapley [1971] notes.

Consider any cooperative game �N; f �. A permutation π of the set of play-
ers N = �1; : : : ; n� is a function π�j� from �1; : : : ; n� onto N . Let 5 be the
collection of all n! permutations of N . For a permutation π of the players
N , let S�π; j� = �π�1�; : : : ; π�j�� for j = 0; 1; : : : ; n. For a permutation π of
the players N , the greedy algorithm generates the payoff vector y�π� defined
by y�π�π�j� = f �S�π; j�� − f �S�π; j − 1�� for j = 1; : : : ; n. For a given per-
mutation π, the greedy algorithm gives to player π�j� a payoff equal to the
marginal value of that player when added to a coalition consisting of the play-
ers S�π; j − 1�. Shapley [1971] introduces this greedy algorithm for the core
of a convex game, and Edmonds [1970] introduces a similar greedy algorithm
for a polymatroid.

For a cooperative game �N; f �, Shapley [1953] shows that there exists a
unique payoff vector, the Shapley value, satisfying the axiomatic properties
of symmetry (that is, the payoff vector is not affected by permutations of the
players), efficiency (that is, the sum of the payoffs to all players is f �N� and
the payoff is 0 to each player i with f �S� = f �S ∪ �i�� for every subset S of
N \�i�), and aggregation (that is, the sum of the payoff vectors for cooperative
games �N; f1� and �N; f2� equals the payoff vector for the cooperative game
�N; f1 + f2�). The Shapley value assigns a payoff∑

S⊆N\�i���S�!�n− �S� − 1�!/n!��f �S ∪ �i�� − f �S��
to each player i. The Shapley value gives a payoff to player i that is the average
over all coalitions S not containing i of the marginal value (f �S ∪ �i�� −
f �S�) of player i when added to coalition S. Equivalently, the Shapley value
equals �1/n!�∑π∈5 y�π�, which assigns to each player i the average received
by player i from all n! payoff vectors y�π�. For an arbitrary cooperative game,
the Shapley value is feasible but need not be acceptable and hence need not
be in the core.



COOPERATI VE GAMES 211

This chapter emphasizes the core and the Shapley value because of the
importance of these solution concepts and because of the clear role of su-
permodularity and complementarity in their analysis. For a broader view of
cooperative games, see Ichiishi [1993], Moulin [1988], and Shubik [1981].

5.2 Convex Games

This section studies general properties of convex games. Subsection 5.2.1 ex-
amines the core of a convex game, with the greedy algorithm and its extremal
properties being key to the analysis. Subsection 5.2.2 develops parametric
properties of cooperative games with respect to changes in the characteris-
tic function and the set of players. Subsection 5.2.3 considers the polyhedral
structure of the core of a convex game, with a focus on issues of computational
complexity and bounded rationality.

5.2.1 The Core and the Greedy Algorithm

Theorem 5.2.1, from Shapley [1971], shows that for a convex game each payoff
vector generated by the greedy algorithm is in the core and consequently the
Shapley value is also in the core.

Theorem 5.2.1. Suppose that �N; f � is a convex game.
(a) For each permutation π of the set of players N , the payoff vector y�π� gen-
erated by the greedy algorithm is in the core.
(b) The core is nonempty.
(c) The Shapley value is in the core.

Proof. Pick any permutation π of N , and let y�π� be the corresponding payoff
vector generated by the greedy algorithm. Then

∑
i∈N y�π�i =

∑n
j=1 y�π�π�j�

=∑n
j=1�f �S�π; j�� − f �S�π; j − 1���

= f �S�π; n�� − f �S�π; 0��
= f �N� − f �∅�
= f �N�:

Let S′ be any nonempty subset of the players N , let j′′ be the largest j with
π�j� in S′, and let j′ be the smallest j with π�j� in S′. With the inequality
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below following from the supermodularity of the characteristic function f �S�,∑
i∈S′ y�π�i =

∑
�jx1≤j≤n;π�j�∈S′� y�π�π�j�

=∑�jx1≤j≤n;π�j�∈S′��f �S�π; j�� − f �S�π; j − 1���
≥ ∑�jx1≤j≤n;π�j�∈S′��f �S′ ∩ S�π; j�� − f �S′ ∩ S�π; j − 1���
= f �S′ ∩ S�π; j′′�� − f �S′ ∩ S�π; j′ − 1��
= f �S′� − f �∅�
= f �S′�:

Thus y�π� is in the core, and the proof of part (a) is complete.
Part (b) is immediate from part (a).
Let y ′i =

∑
S⊆N\�i���S�!�n− �S� − 1�!/n!��f �S ∪ �i�� − f �S�� be the payoff to

player i according to the Shapley value, and y ′ = �y ′1; : : : ; y ′n�. Letting y�π� be
the payoff vector generated by the greedy algorithm with the permutation π
of the players, observe that

y ′i =
∑
S⊆N\�i���S�!�n− �S� − 1�!/n!��f �S ∪ �i�� − f �S�� =∑π∈5�1/n!�y�π�i

for each i. For any subset S′ of N ,∑
i∈S′ y

′
i =

∑
i∈S′

∑
S⊆N\�i���S�!�n− �S� − 1�!/n!��f �S ∪ �i�� − f �S��

=∑i∈S′
∑
π∈5�1/n!�y�π�i

= �1/n!�∑π∈5
∑
i∈S′ y�π�i

≥ �1/n!�∑π∈5 f �S′�
= f �S′�

with the inequality following because y�π� is in the core by part (a). Also,∑
i∈N y

′
i =

∑
i∈N

∑
S⊆N\�i���S�!�n− �S� − 1�!/n!��f �S ∪ �i�� − f �S��

=∑i∈N
∑
π∈5�1/n!�y�π�i

= �1/n!�∑π∈5
∑
i∈N y�π�i

= �1/n!�∑π∈5 f �N�
= f �N�

with the penultimate equality following because y�π� is in the core by part
(a). Therefore, the Shapley value is in the core and part (c) holds.

Lemma 5.2.1 shows that each payoff vector generated by the greedy al-
gorithm has certain extremal properties. For a payoff vector generated by
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the greedy algorithm with a permutation π, the n players are ordered so
that this particular payoff vector favors their respective interests in the order
π�n�; π�n− 1�; : : : ; π�1�. Theorem 5.2.2 further develops extremal properties
of payoff vectors generated by the greedy algorithm. Part (a) of Lemma 5.2.1
is noted in Shapley [1971].

Lemma 5.2.1. Suppose that �N; f � is a convex game, π is any permutation of
the players N , and y�π� is the payoff vector generated by the greedy algorithm
with the permutation π. Then
(a)

∑
i∈S�π;j� y�π�i = f �S�π; j�� for j = 1; : : : ; n;

(b) y�π� simultaneously maximizes
∑
i∈N\S�π;j� yi for j = 1; : : : ; n over all payoff

vectors y in the core; and
(c) y�π� lexicographically maximizes �yπ�n�; yπ�n−1�; : : : ; yπ�1�� over all payoff
vectors y in the core.

Proof. Pick any integer j with 1 ≤ j ≤ n. Then

∑
i∈S�π;j� y�π�i =

∑j
k=1 y�π�π�k�

=∑j
k=1�f �S�π;k�� − f �S�π;k− 1���

= f �S�π; j�� − f �S�π; 0��
= f �S�π; j�� − f �∅�
= f �S�π; j��;

establishing part (a).
Let y ′ be any vector in the core, and pick any integer j with 1 ≤ j ≤ n. Then

∑
i∈N\S�π;j� y�π�i =

∑
i∈N y�π�i −

∑
i∈S�π;j� y�π�i

= f �N� − f �S�π; j��
≥ ∑i∈N y

′
i −

∑
i∈S�π;j� y

′
i

=∑i∈N\S�π;j� y
′
i ;

where the second equality follows from part (a) of Theorem 5.2.1 and from
part (a) and the inequality follows from part (a) of Theorem 5.2.1 and because
y ′ is in the core. Thus, part (b) holds.

Pick any payoff vector y ′ in the core with y ′ 6= y�π�. Let the integer j′

be such that y ′π�j� = y�π�π�j� for j = j′ + 1; : : : ; n and y ′π�j′� 6= y�π�π�j′�. To
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complete the proof of part (c), it suffices to show that y�π�π�j′� > y ′π�j′� This
holds because y ′π�j′� 6= y�π�π�j′� and

y�π�π�j′� − y ′π�j′� =
∑n
j=j′ y�π�π�j� −

∑n
j=j′ y

′
π�j�

=∑i∈N\S�π;j′−1� y�π�i −
∑
i∈N\S�π;j′−1� y

′
i

=∑i∈N y�π�i −
∑
i∈S�π;j′−1� y�π�i −

∑
i∈N y

′
i +

∑
i∈S�π;j′−1� y

′
i

=∑i∈S�π;j′−1� y
′
i −

∑
i∈S�π;j′−1� y�π�i

=∑i∈S�π;j′−1� y
′
i − f �S�π; j′ − 1��

≥ 0;

where the fourth equality follows because y�π� and y ′ are in the core (using
part (a) of Theorem 5.2.1), the fifth equality follows from part (a), and the
inequality follows because y ′ is in the core.

By Lemma 5.2.2, from Shapley [1971], strict supermodularity of the char-
acteristic function is a necessary and sufficient condition for the greedy algo-
rithm to generate distinct payoff vectors with the n! distinct permutations of
the players in a convex game.

Lemma 5.2.2. For a convex game �N; f �, the characteristic function f �S� is strictly
supermodular on 0�N� if and only if the n! payoff vectors generated by the greedy
algorithm with the n! different permutations of the players N are distinct.

Proof. Suppose that f �S� is strictly supermodular. Pick any two distinct permu-
tations π ′ and π ′′ of N . Let the positive integer j′ be such that π ′�j′� 6= π ′′�j′�
and π ′�j� = π ′′�j� for j = 1; : : : ; j′ −1. Let the positive integer j′′ be such that
π ′�j′� = π ′′�j′′�, so j′ < j′′ and S�π ′; j′ − 1� = S�π ′′; j′ − 1� ⊂ S�π ′′; j′′ − 1�.
With the strict inequality following from the strict supermodularity of f �S�,

y�π ′�π ′�j′� = f �S�π ′; j′�� − f �S�π ′; j′ − 1��
< f �S�π ′′; j′′�� − f �S�π ′′; j′′ − 1��
= y�π ′′�π ′′�j′′�
= y�π ′′�π ′�j′�

and so y�π ′� 6= y�π ′′�.
Now suppose that the payoff vectors generated by the greedy algorithm

with the different permutations of N are distinct. Pick any subset S′ of N with
�S′� ≤ n − 2, and pick distinct i′ and i′′ in N \ S′. Let π ′ be any permutation
of N with �π ′�1�; : : : ; π ′��S′��� = S′, π ′��S′� + 1� = i′, π ′��S′� + 2� = i′′, and
�π ′��S′� + 3�; : : : ; π ′��N��� = N \ �S′ ∪ �i′; i′′��. Let π ′′ be the permutation of
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N with π ′′��S′� + 1� = i′′, π ′′��S′� + 2� = i′, and π ′′�j� = π ′�j� for each j with
j 6= �S′� + 1 and j 6= �S′� + 2. Because π ′ and π ′′ are distinct, y�π ′� 6= y�π ′′�.
Therefore,

�f �S′ ∪ �i′; i′′�� − f �S′ ∪ �i′′��� − �f �S′ ∪ �i′�� − f �S′��
= �f �S�π ′′; �S′� + 2�� − f �S�π ′′; �S′� + 1���
− �f �S�π ′; �S′� + 1�� − f �S�π ′; �S′����
= y�π ′′�π ′′��S′ �+2� − y�π ′�π ′��S′ �+1�

= y�π ′′�i′ − y�π ′�i′
6= 0:

(5.2.1)

Because �N; f � is a convex game, f �S� is supermodular and so f �S� has in-
creasing differences by Theorem 2.6.1. Then f �S� has strictly increasing dif-
ferences by (5.2.1), and so f �S� is strictly supermodular by Corollary 2.6.1.

Suppose that for a cooperative game �N; f � there is a hierarchy of m groups
of players ordered in terms of their power to choose a payoff vector y from
the core. The kth most powerful group has a linear objective function r�k� · y
for y in the core, where r�k� is an n-vector for k = 1; : : : ;m. Because of the hi-
erarchy, the most powerful group requires that any payoff vector chosen from
the core maximizes r�1� · y over the core; the second most powerful group then
requires that any payoff vector chosen maximizes r�2� · y over those vectors in
the core that maximize r�1� · y over the core; and so on. The problem of the m
groups is to lexicographically maximize �r�1� · y; : : : ; r�m� · y� over payoff vec-
tors y in the core; that is, to determine a payoff vector y ′ in the core such that
�r�1� · y; : : : ; r�m� · y� ≤lex �r�1� · y ′; : : : ; r�m� · y ′� for each payoff vector y in the
core. If m = 1, this reduces to maximizing a linear function over the core. Ed-
monds [1970] shows that one can maximize an arbitrary linear function over
a polymatroid by implementing the greedy algorithm with a suitable permu-
tation. Similarly, one can maximize an arbitrary linear function over the core
of a convex game by implementing the greedy algorithm with a suitable per-
mutation. Indeed, Theorem 5.2.2, from Topkis [1987], shows that for a convex
game the greedy algorithm implemented with a suitable permutation of the
players generates the lexicographic maximum of an m-vector of linear func-
tions over the core. One can demonstrate a similar result for polymatroids.
The solution given in Theorem 5.2.2 for lexicographic maximization over the
core of a convex game underscores the greedy algorithm’s property of choos-
ing a payoff vector that favors certain groups of players. For i = 1; : : : ; n, let
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ri = �r�1�i ; r�2�i ; : : : ; r�m�i �. In implementing Theorem 5.2.2, observe that, using
properties of the lexicographic ordering relation, it is straightforward to find
a permutation π of the players with rπ�1� ≤lex rπ�2� ≤lex : : : ≤lex rπ�n�.

Theorem 5.2.2. If �N; f � is a convex game, r�k� = �r�k�1 ; : : : ; r
�k�
n � is in Rn for

k = 1; : : : ;m, ri = �r�1�i ; : : : ; r�m�i � for i = 1; : : : ; n, and π is a permutation of
the players such that rπ�1� ≤lex rπ�2� ≤lex : : : ≤lex rπ�n�, then the payoff vector
y�π� lexicographically maximizes �r�1� · y; : : : ; r�m� · y� over all payoff vectors y
in the core.

Proof. Pick any payoff vector y ′ in the core. For j = 2; : : : ; n,
∑j−1
h=1 y

′
π�h� ≥

f �S�π; j − 1�� = ∑j−1
h=1 y�π�π�h� because y ′ is in the core and by part (a)

of Lemma 5.2.1. Because y ′ is in the core by assumption and by part (a)
of Theorem 5.2.1,

∑n
j=1 y

′
π�j� = f �N� = ∑n

j=1 y�π�π�j� and so
∑n
h=j y

′
π�h� ≤∑n

h=j y�π�π�h� for j = 2; : : : ; n. Therefore,

�r�1� · y ′; : : : ; r�m� · y ′�
=∑n

j=1 r
π�j�y ′π�j�

= rπ�1�(∑n
j=1 y

′
π�j�� +

∑n
j=2�rπ�j� − rπ�j−1�)(∑n

h=j y
′
π�h�

)
≤lex rπ�1�

(∑n
j=1 y�π�π�j�

)+∑n
j=2�rπ�j� − rπ�j−1��(∑n

h=j y�π�π�h�
)

=∑n
j=1 r

π�j�y�π�π�j�
= �r�1� · y�π�; : : : ; r�m� · y�π��:

Theorem 5.2.3, from Ichiishi [1981], shows as a converse to part (a) of The-
orem 5.2.1 that if every vector generated by the greedy algorithm for some
cooperative game is in the core then that game must be a convex game. Simi-
larly, Dunstan and Welsh [1973] show that, for a set of the form (5.1.1), g�S�
must be submodular if the greedy algorithm with a suitable permutation gen-
erates the maximum of an arbitrary linear function over that set.

Theorem 5.2.3. If �N; f � is a cooperative game and the payoff vector generated
by the greedy algorithm for each permutation of the players is in the core, then
the cooperative game �N; f � is a convex game.

Proof. Let S′ and S′′ be any subsets of N . Construct the permutation π of N so
that �π�1�; : : : ; π��S′ ∩S′′��� = S′ ∩S′′, �π��S′ ∩S′′�+1�; : : : ; π��S′��� = S′ \S′′,
�π��S′� + 1�; : : : ; π��S′ ∪ S′′��� = S′′ \ S′, and �π��S′ ∪ S′′� + 1�; : : : ; π�n�� =
N \ �S′ ∪S′′�. Let y�π� be the payoff vector generated by the greedy algorithm
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with the permutation π. Because the payoff vector y�π� is in the core by
hypothesis,

f �S′′� ≤ ∑i∈S′′ y�π�i
=∑i∈S′∩S′′ y�π�i +

∑
i∈S′′\S′ y�π�i

=∑�S′∩S′′ �j=1 �f �S�π; j�� − f �S�π; j − 1���

+∑�S′∪S′′ �j=�S′ �+1�f �S�π; j�� − f �S�π; j − 1���
= f �S�π; �S′ ∩ S′′��� − f �S�π; 0�� + f �S�π; �S′ ∪ S′′��� − f �S�π; �S′���
= f �S′ ∩ S′′� − f �∅� + f �S′ ∪ S′′� − f �S′�
= f �S′ ∩ S′′� + f �S′ ∪ S′′� − f �S′�:

Thus f �S� is supermodular and �N; f � is a convex game.

Part (a) of Theorem 5.2.4, from Shapley [1971], shows that for a convex
game the set of payoff vectors generated by the greedy algorithm using all
permutations of the players is the set of all extreme points of the core. Ed-
monds [1970] establishes a similar result for polymatroids. Therefore, a convex
game with n players has no more than n! extreme points and, by Lemma 5.2.2,
has exactly n! extreme points if and only if the characteristic function is strictly
supermodular. A convex combination of a nonempty finite collection of vec-
tors in Rn is a linear combination of those vectors where the coefficients in
the linear combination are nonnegative and sum to 1.

Theorem 5.2.4. Consider a convex game.
(a) A payoff vector is an extreme point of the core if and only if it is generated
by the greedy algorithm with some permutation of the players.
(b) A payoff vector is in the core if and only if it is a convex combination of �at
most n+ 1� payoff vectors generated by the greedy algorithm with some permuta-
tion of the players.

Proof. Let �N; f � be a convex game.
Pick any permutation π of the players. Suppose that y�π� is not an ex-

treme point of the core, so there exist distinct y ′ and y ′′ in the core and
α with 0 < α < 1 such that y�π� = αy ′ + �1 − α�y ′′. Let the integer j′

be such that y ′π�j′� 6= y ′′π�j′� and y ′π�j� = y ′′π�j� for j = 1; : : : ; j′ − 1. With-
out loss of generality, say y ′π�j′� < y ′′π�j′�. Thus y ′π�j′� < y�π�π�j′� < y ′′π�j′� and
y ′π�j� = y�π�π�j� = y ′′π�j� for j = 1; : : : ; j′ − 1. By part (a) of Lemma 5.2.1,
f �S�π; j′�� = ∑i∈S�π;j′� y�π�i >

∑
i∈S�π;j′� y

′
i , which contradicts y ′ being in the

core. Therefore, y�π� is an extreme point of the core.
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Now pick any extreme point y ′ of the core. Suppose that y ′ is not generated
by the greedy algorithm for any permutation of N . Because y�π� is in the
core for each permutation π of N by part (a) of Theorem 5.2.1 and y ′ is
an extreme point distinct from all y�π�, y ′ is not a convex combination of
�y�π� x π ∈ 5�. Therefore, there exists a vector r in Rn with r · y�π� < r · y ′
for each permutation π of N (Rockafellar [1970]). But this contradicts the
result of Theorem 5.2.2 that some vector generated by the greedy algorithm
maximizes r · y over all y in the core. Therefore, y ′ is generated by the greedy
algorithm for some permutation of N , concluding the proof of part (a).

Any vector in a compact convex subset of Rn is a convex combination of
at most n+ 1 extreme points of the set (Rockafellar [1970]). Part (b) follows
from this property together with part (a).

For a cooperative game �N; f �, a function g�S� defined on all subsets S of
N with g�∅� = g�N� = 0, and a real ε, define fg;ε�S� = f �S� + εg�S� for each
subset S of N . The core of the cooperative game �N; fg;ε� is the g-ε-core of
�N; f �. Natural examples for g�S� include g�S� = 1 and g�S� = �S� for each
subset S of N with 1 ≤ �S� ≤ n − 1. If ε ≥ 0 and g�S� ≥ 0 for each subset
S of N , then a vector in the g-ε-core gives to each coalition S a payoff that
exceeds its lower bound from core payoffs, f �S�, by at least εg�S�. (In a convex
game, f �S� is the greatest lower bound on the payoff to a coalition S from
core payoffs by part (a) of Theorem 5.2.1 and part (a) of Lemma 5.2.1.) In
order to mitigate the extremal properties of payoff vectors generated by the
greedy algorithm as expressed in Lemma 5.2.1 and Theorem 5.2.2, it might
sometimes be preferable to seek a vector in the g-ε-core of a convex game
rather than use the greedy algorithm to generate an extreme point of the
core. For a convex game �N; f � and a given g�S�, Theorem 5.2.5, from Topkis
[1987], shows how to compute the largest ε for which �N; fg;ε� is a convex
game. For ε no greater than that number, the greedy algorithm applied to
the convex game �N; fg;ε� using all permutations π of the players N generates
all extreme points of the g-ε-core of �N; f � by part (a) of Theorem 5.2.4. If
ε is strictly greater than the bound given in Theorem 5.2.5, then �N; fg;ε� is
not a convex game and so Theorem 5.2.3 implies that the g-ε-core of �N; f �
does not contain every vector generated by applying the greedy algorithm to
�N; fg;ε�. In the statement of Theorem 5.2.5, observe the convention that the
minimum of an empty collection of real numbers is taken to be +∞.

Theorem 5.2.5. Suppose that �N; f � is a convex game, g�S� is supermodular
on every collection of subsets of N that is closed under union and intersection
and that includes neither ∅ nor N , g�∅� = g�N� = 0, and ε ≥ 0. Let ε1 be
the minimum of −�f ��i′; i′′�� + f �∅�− f ��i′�� − f ��i′′���/�g��i′; i′′�� + g�∅�−
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g��i′��−g��i′′��� over all distinct players i′ and i′′ in N with g��i′; i′′��+g�∅�−
g��i′��−g��i′′�� < 0, and let ε2 be the minimum of −�f �N�+ f �N \ �i′; i′′��−
f �N \ �i′′�� − f �N \ �i′���/�g�N� + g�N \ �i′; i′′�� − g�N \ �i′′�� − g�N \ �i′���
over all distinct players i′ and i′′ in N with g�N�+g�N \�i′; i′′��−g�N \�i′′��−
g�N \ �i′�� < 0. Then fg;ε�S� is supermodular if and only if ε ≤ min�ε1; ε2�.

Proof. Pick any distinct i′ and i′′ in N and any subset S′ of N \ �i′; i′′�. By
Theorem 2.6.1 and Corollary 2.6.1, fg;ε�S� is supermodular if and only if

fg;ε�S′ ∪ �i′; i′′�� + fg;ε�S′� − fg;ε�S′ ∪ �i′�� − fg;ε�S′ ∪ �i′′�� ≥ 0:

If 1 ≤ �S′� ≤ n− 3, then

fg;ε�S′ ∪ �i′; i′′�� + fg;ε�S′� − fg;ε�S′ ∪ �i′�� − fg;ε�S′ ∪ �i′′��
= f �S′ ∪ �i′; i′′�� + f �S′� − f �S′ ∪ �i′�� − f �S′ ∪ �i′′��
+ ε�g�S′ ∪ �i′; i′′�� + g�S′� − g�S′ ∪ �i′�� − g�S′ ∪ �i′′���
≥ 0

by hypotheses. If �S′� = 0, then S′ = ∅ and

fg;ε�S′ ∪ �i′; i′′�� + fg;ε�S′� − fg;ε�S′ ∪ �i′�� − fg;ε�S′ ∪ �i′′��
= f ��i′; i′′�� + f �∅� − f ��i′�� − f ��i′′��
+ ε�g��i′; i′′�� + g�∅� − g��i′�� − g��i′′���
≥ 0

for all distinct i′ and i′′ in N if and only if

ε ≤ min�−�f ��i′; i′′�� + f �∅� − f ��i′�� − f ��i′′���/
�g��i′; i′′�� + g�∅� − g��i′�� − g��i′′��� x
i′ ∈ N; i′′ ∈ N; i′ 6= i′′; g��i′; i′′�� + g�∅� − g��i′�� − g��i′′�� < 0�:

If �S′� = n− 2 and �i′; i′′� = N \ S′, then

fg;ε�S′ ∪ �i′; i′′�� + fg;ε�S′� − fg;ε�S′ ∪ �i′�� − fg;ε�S′ ∪ �i′′��
= f �N� + f �N \ �i′; i′′�� − f �N \ �i′′�� − f �N \ �i′��
+ ε�g�N� + g�N \ �i′; i′′�� − g�N \ �i′′�� − g�N \ �i′���
≥ 0
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for all distinct i′ and i′′ in N if and only if

ε ≤ min�−�f �N� + f �N \ �i′; i′′�� − f �N \ �i′′�� − f �N \ �i′���/
�g�N� + g�N \ �i′; i′′�� − g�N \ �i′′�� − g�N \ �i′��� x
i′ ∈ N; i′′ ∈ N; i′ 6= i′′; g�N� + g�N \ �i′; i′′��
− g�N \ �i′′�� − g�N \ �i′�� < 0�:

Sharkey [1982a] shows that the core of a convex game is large. Moulin
[1990] sharpens this implication and provides a converse by characterizing
convex games as those cooperative games with a totally large core. Theorem
5.2.6 states this equivalence.

Theorem 5.2.6. A cooperative game is a convex game if and only if it has a
totally large core.

Proof. Because each subgame of a convex game is a convex game, to establish
necessity it suffices to show that a convex game has a large core. Suppose
that �N; f � is a convex game. Let y ′′ be any acceptable payoff vector. For
each subset S of N , define g�S� = max�S′ xS⊆S′⊆N��f �S′� −

∑
i∈S′ y

′′
i �. Because

�f �S� −∑i∈S y
′′
i � is supermodular in S on 0�N� by Theorem 2.6.4 and part

(b) of Lemma 2.6.1, g�S� is supermodular by Theorem 2.7.6. Because y ′′ is an
acceptable payoff vector for the cooperative game �N; f �, g�S� ≤ 0 for each
subset S of N and g�∅� = 0. Furthermore, g�S� is decreasing in S. By part (b)
of Theorem 5.2.1, the convex game �N;g� has a nonempty core. Pick any y ′

in the core of �N;g�. For each i′ in N ,
∑
i∈N\�i′� y

′
i ≥ g�N \ �i′�� ≥ g�N� =∑

i∈N y
′
i and so y ′i′ ≤ 0. Let y ′′′ = y ′′ + y ′ ≤ y ′′. For any subset S of N ,∑

i∈S y
′′′
i =

∑
i∈S y

′′
i +

∑
i∈S y

′
i ≥

∑
i∈S y

′′
i + g�S�

≥ ∑i∈S y
′′
i + f �S� −

∑
i∈S y

′′
i = f �S�:

Also, ∑
i∈N y

′′′
i =

∑
i∈N y

′′
i +

∑
i∈N y

′
i =

∑
i∈N y

′′
i + g�N�

=∑i∈N y
′′
i + f �N� −

∑
i∈N y

′′
i = f �N�:

Therefore, y ′′′ is in the core of �N; f � and so �N; f � has a large core.
Now suppose that �N; f � has a totally large core. Let S′ and S′′ be any

subsets of N . Because �N; f � has a totally large core, there exists �y ′′i x i ∈
S′ ∩ S′′� in the core of the subgame �S′ ∩ S′′; f �. Define the elements of �y ′′i x
i ∈ �S′ ∪ S′′� \ �S′ ∩ S′′�� to be large enough so that �y ′′i x i ∈ S′ ∪ S′′� is
acceptable for the subgame �S′ ∪ S′′; f �. Because �N; f � has a totally large
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core, there exists �y ′i x i ∈ S′ ∪ S′′� in the core of the subgame �S′ ∪ S′′; f � with
y ′i ≤ y ′′i for each i in S′ ∪ S′′. Then,

f �S′� + f �S′′� ≤ ∑i∈S′ y
′
i +

∑
i∈S′′ y

′
i

=∑i∈S′∪S′′ y
′
i +

∑
i∈S′∩S′′ y

′
i

≤ ∑i∈S′∪S′′ y
′
i +

∑
i∈S′∩S′′ y

′′
i

= f �S′ ∪ S′′� + f �S′ ∩ S′′�:

Therefore, �N; f � is a convex game.

5.2.2 Games with a Parameter

Suppose that T is a partially ordered set and �N; f t� is a cooperative game for
each t in T , where the characteristic function f t�S� depends on the parameter
t. This collection of cooperative games �N; f t� for t in T has a complemen-
tary parameter t if f t�S� has increasing differences in �S; t� on 0�N� × T ;
that is, if f t�S′′� − f t�S′� is increasing in t on T for all subsets S′ and S′′ of
N with S′ being a subset of S′′. The vector generated by the greedy algorithm
given a permutation π of the players N and a parameter t in T is denoted
yt�π�. With a complementary parameter, the marginal value f t�S∪�i��−f t�S�
from adding any given player i to any given coalition S is increasing with the
parameter t.

Theorem 5.2.7, from Topkis [1987], shows that the payoff vector generated
by the greedy algorithm given any permutation of the players for a collec-
tion of cooperative games with a complementary parameter is increasing with
the parameter. As a consequence, the Shapley value for each of a collection
of cooperative games with a complementary parameter increases with the pa-
rameter. Another consequence is that any convex combination (with given
coefficients) of the extreme points of a collection of convex games with a
complementary parameter increases with the parameter.

Theorem 5.2.7. Suppose that T is a partially ordered set, �N; f t� is a cooperative
game for each t in T , and t is a complementary parameter.
(a) The payoff vector yt�π� generated by the greedy algorithm is an increasing
function of t on T for each permutation π of the players N .
(b) The Shapley value is an increasing function of t on T .
(c) If, in addition, �N; f t� is a convex game for each t in T , then

∑
π∈5 α�π�yt�π�

is a linear function from �α = �α�π� x π ∈ 5� x α�π� ≥ 0 for each π ∈ 5,∑
π∈5 α�π� = 1� onto the core of the convex game �N; f t� for each t in T and∑
π∈5 α�π�yt�π� is an increasing function of t on T for each α ≥ 0.
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Proof. Pick any permutation π of N and any t ′ and t ′′ in T with t ′ � t ′′. For
j = 1; : : : ; n,

yt
′ �π�π�j� = f t ′ �S�π; j�� − f t ′ �S�π; j − 1��

≤ f t ′′ �S�π; j�� − f t ′′ �S�π; j − 1�� = yt ′′ �π�π�j�
because f t�S� has increasing differences in �S; t�. Hence, part (a) holds.

Because the collection of cooperative games �N; f t� has a complementar-
ity parameter t for t in T , f t�S ∪ �i�� − f t�S� is increasing in t for each i

in N and each subset S of N \ �i�. Each component of the Shapley value,∑
S⊆N\�i���S�!�n− �S� − 1�!/n!��f t�S ∪ �i�� − f t�S��, is therefore increasing in

t and part (b) holds.
The first statement of part (c) follows from part (b) of Theorem 5.2.4. Part

(a) then implies the second statement of part (c).

Consider any parameterized collection of convex games �N; f t� with the
parameter t in a partially ordered set T and with t being a complementary
parameter. Pick any parameter t ′ in T and any payoff vector yt

′
in the core

of the convex game �N; f t ′ �. By part (b) of Theorem 5.2.4, there exist α�π� ≥
0 for each permutation π of the players N such that

∑
π∈5 α�π� = 1 and

yt
′ = ∑

π∈5 α�π�yt ′ �π�. For each t in T , let yt = ∑
π∈5 α�π�yt�π�. By part

(b) of Theorem 5.2.4, yt is in the core of �N; f t� for each t in T . By part (c)
of Theorem 5.2.7, yt is increasing in t on T . Therefore, if t ′ � t ′′ (t ′′ � t ′),
then yt

′′
is in the core of �N; f t ′′ � and yt

′ � yt ′′ (yt
′′ � yt ′). Ichiishi [1990]

characterizes pairs of cooperative games such that any payoff vector in the
core of one cooperative game has an upper (or a lower) bound in the core of
the other cooperative game.

A cooperative game �N; f � has a population monotonic allocation scheme
if there exist yN

′
i for each subset N ′ of the players N and each i in N ′ such

that
∑
i∈N ′ y

N ′
i = f �N ′� and such that yN

′
i ≤ yN

′′
i for all subsets of players

N ′ and N ′′ with N ′ being a subset of N ′′ and for each player i in N ′. The
payoff vector �yN ′i x i ∈ N ′� is in the core of the subgame �N ′; f � for each
subset N ′ of N . A population monotonic allocation scheme gives a payoff
vector in the core of each subgame �N ′; f � such that each component of the
payoff vector for the subgame �N ′; f � increases with N ′; that is, the payoff to
each player for each subgame in which the player participates increases with
the set of players participating in the subgame. Part (a) of Theorem 5.2.8,
given in Sprumont [1990] and attributed to T. Ichiishi, shows that the vectors
generated by the greedy algorithm with any given permutation of the players
yield a population monotonic allocation scheme for any convex game. Part (b)
of Theorem 5.2.8, from Rosenthal [1990], shows that the Shapley value is a
population monotonic allocation scheme for any convex game.
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Theorem 5.2.8. Suppose that �N; f � is a convex game.
(a) If π is any permutation of the players N and y�π�N ′π�j� = f �S�π; j� ∩N ′� −
f �S�π; j − 1� ∩N ′� for each subset N ′ of the players N and each player π�j� in
N ′ for j = 1; : : : ; n, then y�π�N ′π�j� is a population monotonic allocation scheme.
(b) The Shapley value for the subgame �N ′; f �, with N ′ being an arbitrary subset
of N , is a population monotonic allocation scheme.

Proof. Pick any permutation π of N . By part (a) of Lemma 5.2.1,
∑
i∈N ′ y�π�N

′
i

= f �N ′� for each subset N ′ of N . By the supermodularity of the characteristic
function, y�π�N ′i is increasing in N ′ for subsets N ′ of N with i in N ′. Therefore,
y�π�N ′π�j� is a population monotonic allocation scheme and part (a) holds.

Pick any distinct subsets N ′ and N ′′ of the players N with N ′ being a subset
of N ′′. Let 5′ be the collection of all �N ′�! permutations of N ′ and let 5′′

be the collection of all �N ′′�! permutations of N ′′. For any permutation π ′

of N ′, let y�π ′�N ′ be the payoff vector generated by the greedy algorithm
with permutation π ′ for the convex game �N ′; f �. For any permutation π ′′ of
N ′′, let y�π ′′�N ′′ be the payoff vector generated by the greedy algorithm with
permutation π ′′ for the convex game �N ′′; f �. Let yN

′
be the Shapley value

for the convex game �N ′; f � and let yN
′′

be the Shapley value for the convex
game �N ′′; f �. For any permutation π ′ of N ′, there are exactly �N ′′�!/�N ′�!
corresponding permutations π ′′ with the property that the players of N ′ appear
in the same order in π ′�1�; : : : ; π ′��N ′�� and in π ′′�1�; : : : ; π ′′��N ′′��. For any
permutation π ′ of N ′, any of these �N ′′�!/�N ′�! corresponding permutations
π ′′ of N ′′, and any player i in N ′, part (a) implies that y�π ′�N ′i ≤ y�π ′′�N

′′
i .

Then

yN
′

i = �1/�N ′�!�
∑
π ′∈5′ y�π ′�N

′
i ≤ �1/�N ′′�!�

∑
π ′′∈5′′ y�π ′′�N

′′
i = yN

′′
i

for each i in N ′, and part (b) holds.

5.2.3 Structure of the Core

Notwithstanding the many strong properties known for the core of a convex
game, the issue of bounded rationality (that is, the hypothesis that a real deci-
sion maker has limited computational resources available) may be significant
because of the large number of linear inequality constraints, 2n for a coop-
erative game with n players, that define the core. As an illustration, consider
the problem of a decision maker who has the responsibility of proposing a
payoff vector to the players in a cooperative game. Suppose that the decision
maker has found a possible payoff vector whose components sum to the re-
turn f �N� attainable by the coalition N of all players (so the payoff vector is
feasible) and that has properties making it desirable to the decision maker if
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only it were acceptable to all the players. The decision maker must determine
if the vector is a member of the core, because otherwise some strict subset of
the players would choose to form a coalition and operate independently rather
than accept the payoffs. A direct approach would involve checking each of the
2n inequalities defining the core. Yet if there are only 40 players, the number
of inequalities exceeds 1012. Even though the direct approach to determining
whether or not the payoff vector is in the core is simple and straightforward,
its computational complexity could preclude making this determination in a
practical time frame. Deng and Papadimitriou [1994] study the computational
complexity of problems related to standard solution concepts for cooperative
games with side payments, and, using a version of the trading game consid-
ered in Subsection 5.3.4, they find that certain problems involving the core
can be handled efficiently when the trading game is a convex game but that
these problems are generally intractable when the trading game need not be
a convex game.

There are three classes of problems related to the core where computa-
tion complexity could be an issue. The first involves the selection of a certain
payoff vector in the core. The second issue involves the validation that a par-
ticular payoff vector is or is not in the core (or in a specified subset of the
core). The third involves the determination of whether or not a particular pay-
off vector is in the core. (The complexity of validating membership may be
simpler than the complexity of determining membership, because validation
may rely on particulars not available for the determination of membership
as discussed below.) These complexity issues sharpen the traditional focus
(Sharkey [1982c]) on the existence of a nonempty core as an indicator of
stability.

One measure of computational efficiency, that the complexity is strongly
polynomial, is that the time required to solve any instance of the problem
is bounded above by a function that is polynomial in the dimension n of
the problem and does not otherwise depend on any other parameter of the
problem. A weaker measure of computational efficiency, that the complexity
is polynomial, is that the time required to solve any instance of the problem is
bounded above by a function that is polynomial in the size of the specification
of the data input into a problem. The time required to solve an arbitrary
instance of a particular class of problems of “size” no greater than k is O(g(k))
for some nonnegative function g�k� of k if there exists a positive constant γ
not depending on the problem such that the solution time for all such instances
is bounded above by γg�k�. See Garey and Johnson [1979] and Papadimitriou
[1994] for a detailed and extensive discussion of computational complexity.
Assume throughout this subsection that each evaluation of the characteristic
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function and each arithmetic operation can be done in time bounded above
by a constant.

Selecting an arbitrary member of the core of a convex game (or an arbitrary
extreme point of the core) can be accomplished by picking any permutation
π of the players N and generating y�π� by the greedy algorithm with the per-
mutation π. The complexity of implementing the greedy algorithm is O�n�.
The resulting payoff vector y�π� is a member of the core by part (a) of Theo-
rem 5.2.1, and, indeed, is an extreme point of the core by part (a) of Theorem
5.2.4. Furthermore, one can use the greedy algorithm as in Theorem 5.2.2 to
find a payoff vector in the core of a convex game that lexicographically max-
imizes a vector of m linear functions over all payoff vectors in the core. For
this latter problem, the total complexity is dominated by the O�mn log2�n��
complexity of lexicographically ordering the m-vectors of coefficients of the n
variables in order to yield the appropriate permutation with which to imple-
ment the O�n� greedy algorithm.

The natural way to examine the complexity of validating core membership
is to first consider validating that a payoff vector is an extreme point of the
core and then to consider validating that a payoff vector is a member of the
core. By part (a) of Theorem 5.2.4, one can validate that a payoff vector y ′ is
an extreme point of the core of a convex game by providing a permutation π
of the players and then demonstrating that the payoff vector y ′ is generated
by the greedy algorithm with the permutation π; that is, that y ′ = y�π�. The
complexity of this validation is O�n�. (Note that the complexity of finding this
permutation π is not included in the complexity of validating core member-
ship.) Alternatively, if a payoff vector y ′ is not an extreme point of the core,
then this can be validated by providing a strict subset S′ of the players N with
f �S′� =∑i∈S′ y

′
i and demonstrating in time O�n� that f �S′ ∪�i′�� 6=∑i∈S′∪�i′� y

′
i

for each i′ in N \ S′. (See Algorithm 5.2.1, Theorem 5.2.11, and the second
paragraph of the proof of Theorem 5.2.11.) By part (b) of Theorem 5.2.4, one
can validate that a payoff vector y ′ is in the core by providing permutations
π1; : : : ; πn+1 of the players N and nonnegative real numbers α1; : : : ; αn+1

with
∑n+1
j=1 αj = 1 and then demonstrating that y ′ = ∑n+1

j=1 αjy�πj�. (Recall
that y�πj� is the extreme point of the core generated by the greedy algo-
rithm with permutation πj .) The complexity of this validation is O�n2�, which
includes generating each of the n + 1 extreme points y�πj� with the greedy
algorithm and the other arithmetic operations. Alternatively, if a payoff vec-
tor y ′ is not in the core, then this can be validated either by observing that∑
i∈N y

′
i 6= f �N� or by providing a subset S′ of the players for which the cor-

responding core constraint is violated and then demonstrating in time O�n�
that f �S′� >∑

i∈S′ y
′
i .
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Before proceeding to consider the problem of determining membership in
the core of a convex game, some further clarification of distinctions between
the problems of validating membership and of determining membership are
in order. The complexity of validation stems from the intrinsic difficulty of
presenting a proof confirming that a particular payoff vector is or is not a
member of the core (or has or does not have some other specified property,
like being a member of the set of extreme points of the core). However, the
complexity of the validation problem does not take into account the complex-
ity of identifying information given as an input for the proof. The complexity
of validating that a particular payoff vector is an extreme point of the core of
a convex game is O�n�, as noted above. But this validation takes as input a
particular permutation of the players, and it is seen below that the complex-
ity of determining membership in the set of extreme points of the core of a
convex game and the complexity of computing the permutation input for the
corresponding validation problem is O�n2� by Algorithm 5.2.1 and Theorem
5.2.11. Likewise, it is noted above that the complexity of validating that a par-
ticular payoff vector is in the core of a convex game is O�n2�, while discussion
below reveals that much less can be said about the complexity of the corre-
sponding problem of determining membership. Here, the validation takes as
input n + 1 particular permutations of the players and n + 1 particular real
numbers, while the corresponding problem of determining membership starts
from scratch and may well proceed by computing these permutations and real
numbers.

A fundamental problem is that of determining in a computationally effi-
cient manner whether or not a given payoff vector is in the core of a convex
game. (The same membership problem exists for polymatroids.) There are
four special cases for which efficient combinatorial algorithms (that is, algo-
rithms that are strongly polynomial) are known for determining membership
in the core of a convex game or in a polymatroid. One is an algorithm of
Topkis [1983] for determining membership in the core of an activity selection
game, as described in Subsection 5.5.4. (Deng and Papadimitriou [1994] give
a version of this efficient algorithm for determining membership in a trading
game, as discussed in Subsection 5.3.4, which is a special case of an activity
selection game.) The second is an algorithm of Cunningham [1984] for deter-
mining membership in a matroid polyhedron, where a matroid polyhedron is
a polymatroid for which each component of each extreme point is 0 or 1. The
others involve two network synthesis games studied by Tamir [1991].

Given a convex game �N; f � and a payoff vector y ′ with f �N� =∑i∈N y
′
i , let

g�S� = f �S� −∑i∈S y
′
i for each subset S of N . By Theorem 2.6.4 and part (b)

of Lemma 2.6.1, g�S� is supermodular. If S′ maximizes g�S� over all subsets
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S of N , then g�S′� ≤ 0 implies that y ′ is in the core of �N; f � and g�S′� > 0
implies that f �S′� > ∑

i∈S′ y
′
i and y ′ is not in the core of �N; f �. Hence, any

method for maximizing a supermodular function over all subsets of a given
finite set N can be used to determine whether a particular payoff vector is in
the core of a convex game with the set of players N . Grötschel, Lovász, and
Schrijver [1981] give an ellipsoid method that can maximize a supermodular
function g�S� over all subsets S of a finite set N in polynomial time and hence
can be used to determine in polynomial time whether or not a given payoff
vector is in the core of a convex game. A strongly polynomial method for
solving these problems is not known.

The present subsection develops combinatorial structural properties of the
core of a convex game and is motivated, in part, by the goal of providing
insights that may shed some light on the unresolved issue of efficiently deter-
mining whether or not a given payoff vector is in the core of a convex game.
The progression of results looks into properties of a single extreme point of
the core of a convex game (Theorem 5.2.9, Theorem 5.2.10, Algorithm 5.2.1,
and Theorem 5.2.11), then explores properties of two adjacent extreme points
of the core of a convex game (Theorem 5.2.12), and finally considers proper-
ties of some or all paths that are strictly increasing (as defined below) with
respect to a given linear objective function on the core of a convex game
(Theorem 5.2.13.).

Definitions in this paragraph are with respect to a convex game �N; f �. For
a payoff vector y, a subset S of the players N is y-tight if

∑
i∈S yi = f �S�.

If y is in the core of �N; f �, then the y-tight sets are those that maximize
the supermodular function f �S� − ∑i∈S yi over all subsets S of N and so,
by Theorem 2.7.1, the collection of y-tight sets is a sublattice of 0�N�; that
is, the union and the intersection of any two y-tight sets are also y-tight.
(Conversely, as in Bixby, Cunningham and Topkis [1985] and Monma and
Topkis [1982], for any finite set N and any sublattice 9 of 0�N� that includes
∅ and N , there is a supermodular function f �S� on 0�N� with f �∅� = 0
and a payoff vector y in the core of �N; f � such that the collection of all y-
tight sets is 9. To confirm this, construct the characteristic function f �S� as
f �S� = max��Z� x Z ∈ 9;Z ⊆ S� and let each component of the payoff vector
y be 1 so f �S� is supermodular by Theorem 2.7.6, y is in the core of �N; f �,
and the collection of y-tight sets in �N; f � is 9. See Theorem 3.7.7.) For each
payoff vector y and each player i in N , let B�y; i� be the intersection of all
y-tight sets containing i; that is,

B�y; i� = ∩�S x S ⊆ N; i ∈ S;∑i∈S yi = f �S��:
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(As a convention, define the intersection and the union of an empty collec-
tion of sets to be the empty set.) If B�y; i� is nonempty, then i is in B�y; i�. If
y is in the core, then B�y; i� is nonempty for each i in N . If y is in the core
of �N; f �, then B�y; i� is y-tight for each i in N because the intersection of
y-tight sets is y-tight. For any payoff vector y, define the binary relation �y on
pairs of elements of N such that i′ �y i′′ for i′ and i′′ in N if B�y; i′� is a sub-
set of B�y; i′′�; observe that when B�y; i′� is nonempty, as is the case for y in
the core of �N; f �, B�y; i′� is a subset of B�y; i′′� if and only if i′ is in B�y; i′′�.
For any payoff vector y and any i in N , let C�y; i� be those elements of N
that are covered by i with respect to �y ; that is, i′ is in C�y; i� if and only if i′

is in B�y; i� and there is no i′′ in B�y; i� \ �i� with i′ in B�y; i′′� \ �i′′�. If the set
of players N is a partially ordered set with an ordering relation �, then a per-
mutation π of N is compatible with the ordering relation � if π�j′� ≺ π�j′′�
for j′ and j′′ with 1 ≤ j′ ≤ n and 1 ≤ j′′ ≤ n implies that j′ < j′′. (If N is
a partially ordered set with the ordering relation �, then a permutation π

compatible with � can be constructed as follows. Let π�1� be a minimal el-
ement of N with respect to �. Given π�1�; : : : ; π�j − 1� for any integer j
with 2 ≤ j ≤ n, let π�j� be a minimal element of N \ �π�1�; : : : ; π�j − 1��
with respect to �.) If π is a permutation of the players N and i′ and i′′

are distinct players in N , let τ�π; i′; i′′� denote the permutation of N that is
identical to π except that the positions of i′ and i′′ in the permutation are
exchanged. If π is a permutation of the players N , y = y�π� is generated by
the greedy algorithm with the permutation π, j is an integer with 2 ≤ j ≤ n,
π�j−1� = i′, and π�j� = i′′, then the payoff vector y�τ�π; i′; i′′�� generated by
the greedy algorithm with the permutation τ�π; i′; i′′� is identical to y except
that y�τ�π; i′; i′′��i′ = yi′ + f �S�π; j − 2� ∪ �i′; i′′�� − f �S�π; j − 2� ∪ �i′′�� −
f �S�π; j − 2� ∪ �i′�� + f �S�π; j − 2�� and y�τ�π; i′; i′′��i′′ = yi′′ −
f �S�π; j − 2� ∪ �i′; i′′�� + f �S�π; j − 2� ∪ �i′�� + f �S�π; j − 2� ∪ �i′′�� −
f �S�π; j − 2��.

Theorem 5.2.9, from Bixby, Cunningham, and Topkis [1985], characterizes
the extreme points of the core of a convex game as those payoff vectors y in
the core for which the set of players is a partially ordered set with the ordering
relation �y , characterizes those permutations with which the greedy algorithm
generates a given extreme point of the core, and shows that the ordering
relation for each extreme point yields a chain if and only if the characteristic
function is strictly supermodular.

Theorem 5.2.9. Suppose that �N; f � is a convex game.
(a) If y is an extreme point of the core, then the set of players N is a partially
ordered set with the ordering relation �y .
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(b) If y is in the core and the set of players N is a partially ordered set with the
ordering relation �y , then y is an extreme point of the core.
(c) If y is an extreme point of the core and the permutation π of the players N
is compatible with �y , then the greedy algorithm generates y with permutation π;
that is, y = y�π�.
(d) If y is an extreme point of the core and the permutation π of the players
N is such that the greedy algorithm generates y with permutation π �that is,
y = y�π��; then the permutation π is compatible with �y .
(e) If f �S� is strictly supermodular and y is an extreme point of the core, then
the set of players N is a chain with the ordering relation �y .
(f) If the set of players N is a chain with the ordering relation �y for each extreme
point y of the core, then f �S� is strictly supermodular.

Proof. Suppose that y is an extreme point of the core of �N; f �. The binary
relation �y is reflexive because B�y; i� ⊆ B�y; i� and hence i �y i for each
i in N . The binary relation �y is transitive because if i′, i′′, and i′′′ in N are
such that i′ �y i′′ and i′′ �y i′′′, then B�y; i′� ⊆ B�y; i′′� and B�y; i′′� ⊆ B�y; i′′′�,
implying that B�y; i′� ⊆ B�y; i′′′� and hence i′ �y i′′′. Let i′ and i′′ be any two
distinct elements of N . Suppose that i′ �y i′′ and i′′ �y i′. Then each y-tight set
containing i′ also contains i′′ and each y-tight set containing i′′ also contains i′.
Therefore, there exists ε > 0 such that y + εui′ − εui′′ and y − εui′ + εui′′ are
in the core of �N; f �. But this contradicts y being an extreme point of the
core because y = �1/2��y + εui′ − εui′′ � + �1/2��y − εui′ + εui′′ �. Hence, the
binary relation �y is antisymmetric. Consequently, N is a partial ordered set
and part (a) holds.

Now suppose that y is in the core and N is a partially ordered set with
the ordering relation �y . Let π be any permutation of N that is compatible
with �y . Then B�y; π�j�� is a nonempty subset of S�π; j� for j = 1; : : : ; n.
Therefore ∪kj=1B�y; π�j�� = S�π;k� for k = 0; : : : ; n. Because B�y; i� is a y-
tight set for each i and the union of y-tight sets is y-tight, S�π; j� is a y-tight
set for j = 1; : : : ; n. Then for j = 1; : : : ; n,

yπ�j� =
∑
i∈S�π;j� yi −

∑
i∈S�π;j−1� yi = f �S�π; j�� − f �S�π; j − 1��:

Thus y = y�π� and y is generated by the greedy algorithm with permutation
π. By part (a) of Theorem 5.2.4, y is an extreme point of the core and part
(b) holds.

Suppose that y is an extreme point of the core and the permutation π is
compatible with �y . By part (a), N is a partially ordered set with the ordering
relation �y . The proof of part (b) shows that y = y�π� and y is generated by
the greedy algorithm with permutation π, so part (c) holds.
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Suppose that y is an extreme point of the core and the greedy algorithm
generates y with permutation π. For j = 1; : : : ; n, S�π; j−1� is y-tight by part
(a) of Lemma 5.2.1, S�π; j − 1� includes �yπ�1�; : : : ; yπ�j−1��, and S�π; j − 1�
does not include yπ�j�. If j′ and j′′ are integers with 1 ≤ j′ < j′′ ≤ n, then
π�j′′� is not in B�y; π�j′�� and so π is compatible with �y and part (d) holds.

Suppose that f �S� is strictly supermodular. Let y be any extreme point of
the core. By part (c), the greedy algorithm generates y with any permutation
compatible with �y . By Lemma 5.2.2, there is exactly one permutation with
which the greedy algorithm generates y. Therefore, there is only one permu-
tation compatible with �y . Hence, N is a chain with the ordering relation �y ,
and part (e) holds.

Finally, suppose that N is a chain with the ordering relation for each
extreme point of the core. Then for each extreme point y of the core there
is only one permutation of N compatible with �y and by part (d) there is
only one permutation with which the greedy algorithm generates y. Then
f �S� is strictly supermodular by Lemma 5.2.2, and part (f) holds.

If �N; f � is a convex game, y is an extreme point of the core, and i′ and
i′′ are players in N with i′ in C�y; i′′�, then part (c) of Theorem 5.2.9 implies
that there exists a permutation π of N such that S�π; �B�y; i′′��� = B�y; i′′�,
π��B�y; i′′��� = i′′, π��B�y; i′′�� − 1� = i′, and the greedy algorithm generates y
with the permutation π. If �N; f � is a convex game and y ′ and y ′′ are extreme
points of the core that differ in exactly two components i′ and i′′, then, by part
(c) of Theorem 5.2.9, i′ is in C�y ′; i′′� if and only if there exists a permutation π
of N such that the greedy algorithm generates y ′ with the permutation π and
i′ appears directly before i′′ in π; furthermore, if such a permutation π exists,
then y ′i′ < y ′′i′ , y

′′ is generated by the greedy algorithm with the permutation
τ�π; i′; i′′�, and i′′ is in C�y ′′; i′�.

Theorem 5.2.10, from Bixby, Cunningham, and Topkis [1985], characterizes
those extreme points of the core of a convex game that maximize a given linear
function over the core (or, equivalently, characterizes those linear functions
that are maximized over the core by a given extreme point) in terms of the
ordering relation associated with each extreme point.

Theorem 5.2.10. If �N; f � is a convex game, y ′ is an extreme point of the core,
and r is in Rn, then y ′ maximizes r · y over all y in the core of �N; f � if and only
if ri′ ≤ ri′′ for all i′ and i′′ in N with i′ �y ′ i′′.
Proof. Suppose that ri′ ≤ ri′′ for all i′ and i′′ in N with i′ �y ′ i′′. Then there
exists a permutation π of N that is compatible with �y ′ and for which rπ�j� is
increasing in j for j = 1; : : : ; n. By part (c) of Theorem 5.2.9, y ′ = y�π�. By
Theorem 5.2.2, y ′ maximizes r · y over y in the core.
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Now suppose that y ′ maximizes r · y over y in the core. Suppose also that
there exist i′ and i′′ in N with i′ �y ′ i′′ and ri′ > ri′′ . Then there exist k′ and
k′′ in N with k′ in C�y ′; k′′� and rk′ > rk′′ , and so there is a permutation
π of N such that the greedy algorithm generates y ′ with the permutation
π and k′ directly precedes k′′ in π. By part (d) of Theorem 5.2.9, the payoff
vector y�τ�π;k′; k′′�� generated by the greedy algorithm with the permutation
τ�π;k′; k′′� is distinct from y ′. Therefore, y�τ�π;k′; k′′�� and y ′ differ only in
components k′ and k′′ with y�τ�π;k′; k′′��k′ = y ′k′ + ε and y�τ�π;k′; k′′��k′′ =
y ′k′′ − ε for some ε > 0. This together with rk′ > rk′′ contradicts the optimality
of y ′, and so ri′ ≤ ri′′ for all i′ and i′′ in N with i′ �y ′ i′′.

Algorithm 5.2.1 determines whether or not a given payoff vector y is an
extreme point of the core of a convex game �N; f �. If so, Algorithm 5.2.1
also gives a permutation π with which the greedy algorithm generates y and
the sets B�y; i� for each player i that define the ordering relation �y on N .
The algorithm proceeds to myopically construct the permutation π element by
element, if possible. Given π�1�; : : : ; π�j−1� for any integer j with 1 ≤ j ≤ n,
the algorithm selects π�j� as any element of N \�π�1�; : : : ; π�j−1�� such that
�π�1�; : : : ; π�j�� is y-tight. If Algorithm 5.2.1 is successful in constructing a
permutation π = �π�1�; : : : ; π�n�� of N , then the greedy algorithm generates
y with the permutation π and y is an extreme point of the core. Otherwise,
y is not an extreme point of the core. Algorithm 5.2.1 can be implemented
so that it runs in time O�n2�. Theorem 5.2.11 establishes the validity of the
output of Algorithm 5.2.1. Algorithm 5.2.1 and Theorem 5.2.11 are from Bixby,
Cunningham, and Topkis [1985].

Algorithm 5.2.1. Given a convex game �N; f � and a payoff vector y, proceed
as follows to determine whether y is an extreme point of the core, and, if so,
to construct the sets B�y; i� for each player i in N and the permutation π.
(a) Set j = 0 and D = ∅.
(b) Set j = j + 1. If there is any i′ in N \ D with f �D ∪ �i′�� = ∑i∈D∪�i′� yi,
then pick any such i′, set D = D∪�i′�, set π�j� = i′, and continue to step (c).
Otherwise, stop.
(c) Set Bj = D and set k = j − 1.
(d) If f �Bj \ �π�k��� =

∑
i∈Bj\�π�k�� yi, set Bj = Bj \ �π�k��. Set k = k− 1. If

k = 0, then go to step (b) and continue. Otherwise, repeat this step.

Theorem 5.2.11. Suppose that a convex game �N; f � and a payoff vector y are
given. Algorithm 5:2:1 terminates in some iteration of step (b). If D 6= N at
termination, then y is not an extreme point of the core. If D = N at termination,
then y is an extreme point of the core, B�y; π�j�� = Bj for j = 1; : : : ; n, and y
is generated by the greedy algorithm with the permutation π.
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Proof. There is at most one iteration of step (a). There are at most n iterations
of step (b), at most n iterations of step (c), and at most n�n− 1�/2 iterations
of step (d). Therefore, Algorithm 5.2.1 must terminate at some iteration of
step (b).

Suppose that D 6= N at termination and that y is an extreme point of the
core. By part (a) of Theorem 5.2.9, N is a partially ordered set with the
ordering relation �y . Let i′ be a minimal element of N \D relative to �y . By
the choice of i′, B�y; i′� is a subset of D∪�i′� and so D∪�i′� = D∪B�y; i′�. The
set D is y-tight by the construction of step (b), and B�y; i′� is y-tight because
it is the intersection of y-tight sets. Therefore, D ∪ �i′� is y-tight because it is
the union of y-tight sets. But D∪�i′� being y-tight contradicts the supposition
that Algorithm 5.2.1 terminates in step (b) with i′ not in D. Therefore, D 6= N
at termination implies that y is not an extreme point of the core.

Now suppose that D = N at termination. By the construction of step (b),
the set D is y-tight after each iteration of step (b) and so �π�1�; : : : ; π�j��
is y-tight for j = 0; : : : ; n. This implies that y is generated by the greedy
algorithm with permutation π, so y is an extreme point of the core by part
(a) of Theorem 5.2.4. By the constructions of step (b) and step (d), Bj is y-
tight for j = 1; : : : ; n. Because π�j� is in the y-tight set Bj , B�y; π�j�� is a
subset of Bj for each j. Suppose that B�y; π�j′�� 6= Bj′ for some j′. Let k′

be such that π�k′� is a maximal element of Bj′ \ B�y; π�j′�� relative to �y .
Then π�k′� is a maximal element of Bj′ relative to �y . Let B′j′ be the set
Bj′ at the beginning of the iteration of step (d) for j = j′ where Algorithm
5.2.1 considers whether to remove π�k′� from Bj′ by determining whether
Bj′ \ �π�k′�� is y-tight. (Distinguishing this B′j′ from the final Bj′ is needed
because the set Bj′ may change through the iterations of step (d) given j = j′.)
By step (d) of Algorithm 5.2.1, Bj′ is a subset of B′j′ and B′j′ \ Bj′ is a subset
of �π�1�; : : : ; π�k′ − 1��. By part (d) of Theorem 5.2.9, π�k′� is a maximal
element of �B′j′ \ Bj′ � ∪ �π�k′�� relative to �y and so π�k′� is a maximal
element of B′j′ = Bj′ ∪ �B′j′ \Bj′ � relative to �y . Because B′j′ is y-tight, B�y; i� is
a subset of B′j′ for each i in B′j′ and so ∪i∈B′

j′ \�π�k′��B�y; i� contains B′j′ \�π�k′��
and is a subset of B′j′ . Because π�k′� is a maximal element of B′j′ relative to
�y , B′j′ \ �π�k′�� = ∪i∈B′j′ \�π�k′��B�y; i� and so B′j′ \ �π�k′�� is the union of
y-tight sets and hence is y-tight. But this would imply that π�k′� would be
removed from Bj′ in step (d), which is a contradiction, so B�y; π�j�� = Bj for
each j.

A subset of Rn that is the set of solutions of a finite system of linear inequal-
ities is a polyhedron. Two distinct extreme points x′ and x′′ of a polyhedron
P are adjacent if each point on the line segment joining x′ and x′′ is not con-
tained in any line segment between two points of P that are not on the line
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segment joining x′ and x′′. Equivalently, two distinct extreme points x′ and x′′

of a polyhedron P in Rn are adjacent if the collection of vectors of coefficients
of those linear inequalities determining P that hold as equalities for both x′

and x′′ has rank n− 1.
Theorem 5.2.12, from Topkis [1984a], characterizes the adjacency relation

among extreme points of the core of a convex game by showing that two
extreme points are adjacent if and only if the extreme points differ in exactly
two components and one of these components covers the other with respect
to the ordering relation associated with one of the extreme points.

Theorem 5.2.12. If y ′ and y ′′ are extreme points of the core of a convex game
�N; f �, then y ′ and y ′′ are adjacent if and only if they differ in exactly two com-
ponents, say i′ and i′′, and i′ is in C�y ′; i′′�. If this is the case, then y ′′i′ = y ′i′ + ε
and y ′′i′′ = y ′i′′ − ε where ε = f �B�y ′; i′′�� − f �B�y ′; i′′� \ �i′�� − y ′i′ > 0.

Proof. Suppose that y ′ and y ′′ differ in exactly two components, i′ and i′′,
where i′ is in C�y ′; i′′�. Let j′ = �B�y ′; i′′��. By part (c) of Theorem 5.2.9,
there exists a permutation π such that the greedy algorithm generates y ′

with the permutation π, S�π; j′� = B�y ′; i′′�, π�j′� = i′′, and π�j′ − 1� =
i′. Observe that τ�π; i′; i′′��j′� = i′ and τ�π; i′; i′′��j′ − 1� = i′′. The pay-
off vector y�τ�π; i′; i′′�� generated by the greedy algorithm with permutation
τ�π; i′; i′′� has y�τ�π; i′; i′′��i = y ′i for each i with i 6= i′ and i 6= i′′. Fur-
thermore, y�τ�π; i′; i′′�� 6= y ′ by part (d) of Theorem 5.2.9 because i′ is in
C�y ′; i′′�. Thus, y ′′ is generated by the greedy algorithm with the permutation
τ�π; i′; i′′�. The n− 1 sets S�π; j� for j in �1; : : : ; n� \ �j′ − 1� are y ′-tight and
y ′′-tight, so y ′ and y ′′ are adjacent. Because the greedy algorithm generates y ′

with permutation π and generates y ′′ with permutation τ�π; i′; i′′�,
y ′i′′ − y ′′i′′ = y ′′i′ − y ′i′

= f �S�τ�π; i′; i′′�; j′�� − f �S�τ�π; i′; i′′�; j′ − 1�� − y ′i′
= f �S�π; j′�� − f �S�π; j′� \ �i′�� − y ′i′
= f �B�y ′; i′′�� − f �B�y ′; i′′� \ �i′�� − y ′i′
> 0:

Now suppose that y ′ and y ′′ are adjacent. If for each pair i′ and i′′ of distinct
elements in N there exists a set that is both y ′-tight and y ′′-tight and contains
exactly one of i′ and i′′, then the inequalities that are both y ′-tight and y ′′-
tight would have a unique solution, which is a contradiction. Thus there exist
distinct elements i′ and i′′ of N such that each set that is both y ′-tight and
y ′′-tight either contains both i′ and i′′ or contains neither i′ nor i′′. For any real
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ε, define the payoff vector yε to be identical to y ′ in all components except
yεi′ = y ′i′ + ε and yεi′′ = y ′i′′ − ε. Then each set that is both y ′-tight and y ′′-tight
is also yε-tight for each real ε. Because y ′ and y ′′ are adjacent, the collection
of vectors of coefficients of those linear inequalities determining the core of
�N; f � that correspond to sets that are both y ′-tight and y ′′-tight has rank n−1.
Then the set of vectors y such that all sets that are both y ′-tight and y ′′-tight
are also y-tight must be a line and this line must consist of the vectors yε for
each real ε. Hence y ′ and y ′′ differ in exactly two components, i′ and i′′. Either
y ′i′ < y ′′i′ or y ′i′′ < y ′′i′′ . Without loss of generality, suppose that y ′i′ < y ′′i′ . Then
y ′i′′ > y

′′
i′′ . Because B�y ′; i′′� being y ′-tight and y ′′ in the core imply∑

i∈B�y ′;i′′� y
′
i = f �B�y ′; i′′�� ≤

∑
i∈B�y ′;i′′� y

′′
i ;

it follows that i′ is in B�y ′; i′′� and B�y ′; i′′� is y ′′-tight. Similarly,∑
i∈B�y ′′;i′� y

′′
i = f �B�y ′′; i′�� ≤

∑
i∈B�y ′′;i′� y

′
i

implies that i′′ is in B�y ′′; i′� and B�y ′′; i′� is y ′-tight. Hence, B�y ′; i′′� =
B�y ′′; i′�. Suppose that i′ is not in C�y ′; i′′�, so there exists i′′′ in N \ �i′; i′′�
with i′ in B�y ′; i′′′� and i′′′ in B�y ′; i′′� = B�y ′′; i′�. For any real ε, define the
payoff vector zε to be identical to y ′ in all components except zεi′ = y ′i′ + ε
and zεi′′′ = y ′i′′′ − ε. Then i′ in B�y ′; i′′′� and i′′′ in B�y ′′; i′� imply that each set
that is both y ′-tight and y ′′-tight must either contain both i′ and i′′′ or con-
tain neither i′ nor i′′′, so each such set is also zε-tight for each real ε. This is
a contradiction. Therefore, i′ is in C�y ′; i′′�.

By Theorem 5.2.12, each extreme point adjacent to a given extreme point
of the core of a convex game �N; f � corresponds to a distinct pair of distinct
elements from N and so an extreme point of the core of �N; f � can have no
more that n�n− 1�/2 adjacent extreme points. If �N; f � is a convex game and
f �S� is strictly supermodular, then N is a chain with the ordering relation of
any extreme point of the core by part (e) of Theorem 5.2.9 and so for any
extreme point of the core there are exactly n− 1 ordered pairs of elements of
N with the first of the pair covering the second of the pair with respect to the
ordering relation of the extreme point and Theorem 5.2.12 implies that each
extreme point of the core has exactly n− 1 adjacent extreme points.

Suppose that �N; f � is a convex game, y ′ is an extreme point of the core, π ′

is a permutation of the players N such that y ′ is generated by the greedy algo-
rithm with permutation π ′, and i′ and i′′ are players in N such that i′ appears
directly before i′′ in the permutation π ′. Let y ′′ be the extreme point of the
core that is generated by the greedy algorithm with permutation τ�π; i′; i′′�.
Either i′ is in C�y ′; i′′� or i′ is not in B�y ′; i′′�. If i′ is in C�y ′; i′′�, then y ′′ 6= y ′



COOPERATI VE GAMES 235

by part (d) of Theorem 5.2.9 and y ′ and y ′′ are adjacent extreme points by
Theorem 5.2.12. If i′ is not in B�y ′; i′′�, then y ′′ = y ′ by part (c) of Theo-
rem 5.2.9. Thus, if one begins with an extreme point of the core and some
permutation with which the greedy algorithm generates that extreme point,
if one obtains a new permutation by exchanging two successive elements in
the initial permutation, and if the greedy algorithm generates a new extreme
point of the core with the new permutation, then the new extreme point is ei-
ther adjacent to the original extreme point or identical to the original extreme
point.

Let P be a polyhedron in Rn. If x1; : : : ; xm are extreme points of P with xk

adjacent to xk+1 for k = 1; : : : ;m−1, then these m extreme points are a path
from x1 to xm and the path length is m− 1. The distance D�x′; x′′� between
two extreme points x′ and x′′ of P is the minimum path length over all paths
from x′ to x′′. The diameter of P is the maximum of the distance D�x′; x′′�
over all pairs of extreme points x′ and x′′ of P . If r is in Rn, x1; : : : ; xm is a
path in P , and r ·xk ≤ r ·xk+1 (r ·xk < r ·xk+1) for k = 1; : : : ;m− 1, then the
path is r-increasing (strictly r-increasing). If the components of r are distinct,
then any r-increasing path on the core of a convex game is strictly r-increasing
by Theorem 5.2.12.

Theorem 5.2.13, from Topkis [1992], gives a uniform upper bound on the
length of any strictly r-increasing path on the core of a convex game when the
characteristic function is integer-valued and increasing, establishes the exis-
tence of (almost) strictly r-increasing paths considerably better than the upper
bound, gives improved results where the characteristic function is strictly su-
permodular, and provides a bound on the diameter of the core of a convex
game with this bound attained when the characteristic function is strictly su-
permodular. These bounds are considerably stronger than bounds that are
known or conjectured to hold on general polyhedra (Klee and Kleinschmidt
[1987]; Klee and Minty [1972]). (In connection with the statement of part (b)
of Theorem 5.2.13, note that there may not generally exist a strictly r-increasing
path from an arbitrary extreme point to an arbitrary extreme point that max-
imizes r · y over y in the core. However, if the components of r are distinct,
then there is a unique extreme point that maximizes r ·y over all y in the core,
and the statement of part (b) of Theorem 5.2.13 simplifies in this case.)

Theorem 5.2.13. Suppose that �N; f � is a convex game and r is in Rn.
(a) If f �S� is integer-valued for each subset S of N and is increasing in S, then
any strictly r-increasing path on the core has length no greater that �n− 1�f �N�.
(b) If y ′ and y ′′ are extreme points of the core and y ′′ maximizes r · y over all y
in the core, then there exists an r-increasing path from y ′ to y ′′ on the core such
that the path length is no greater than n�n − 1�/2 and the segment of the path
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from y ′ to the first extreme point on the path that maximizes r · y over all y in
the core is strictly r-increasing.
(c) If f �S� is strictly supermodular, then each strictly r-increasing path on the
core has length no greater than n�n− 1�/2. Furthermore, if the components of r
are distinct, y ′ minimizes r · y over all y in the core, and y ′′ maximizes r · y over
all y in the core, then each strictly r-increasing path from y ′ to y ′′ on the core has
length equal to n�n− 1�/2.
(d) The diameter of the core is no greater than n�n− 1�/2. Furthermore, if f �S�
is strictly supermodular, then the diameter of the core equals n�n− 1�/2.

Proof. First, suppose that f �S� is integer-valued for each subset S of N and
is increasing in S. Let q1; : : : ; qk be the distinct values of �ri x i ∈ N� for
some integer k with 1 ≤ k ≤ n, where these values are ordered so that q1 <

q2 < : : : < qk. Define r ′ in Rn such that r ′i = j if ri = qj . By the adjacency
characterization of Theorem 5.2.12, a path is strictly r-increasing on the core if
and only if it is strictly r ′-increasing on the core. If y ′ and y ′′ are extreme points
of the core with r ′ · y ′ < r ′ · y ′′, then r ′ · y ′ +1 ≤ r ′ · y ′′ because each component
of y ′ and y ′′ is an integer by part (a) of Theorem 5.2.4 and each component
of r ′ is an integer. Therefore, the length of a strictly r ′-increasing path on the
core cannot exceed the difference between the maximum of r ′ · y over all y
in the core and the minimum of r ′ · y over all y in the core. The maximum
of r ′ · y over all y in the core is no greater than kf �N�, and the minimum of
r ′ · y over all y in the core is no less than f �N�. Then the length of a strictly
r ′-increasing path on the core cannot exceed kf �N� − f �N� ≤ �n − 1�f �N�,
and part (a) holds.

Now, suppose that y ′ and y ′′ are extreme points of the core and y ′′ max-
imizes r · y over all y in the core. By part (a) of Theorem 5.2.4, there exist
permutations π ′ and π ′′ of N such that y ′ is generated by the greedy algo-
rithm with the permutation π ′ and y ′′ is generated by the greedy algorithm
with the permutation π ′′. In particular, pick π ′′ so that rπ ′′�j� ≤ rπ ′′�j+1� for
j = 1; : : : ; n − 1. (Pick π ′′ to minimize ��j x 1 ≤ j ≤ n − 1; rπ�j� > rπ�j+1���
over all permutations π with which the greedy algorithm generates y ′′. If
rπ ′′�j′� > rπ ′′�j′+1� for some j′ with π ′′�j′� not in B�y ′′; π ′′�j′ + 1��, then the
greedy algorithm generates y ′′ with the permutation τ�π ′′; π ′′�j′�; π ′′�j′ + 1��
by part (c) of Theorem 5.2.9, which contradicts the choice of π ′′. If rπ ′′�j′� >
rπ ′′�j′+1� for some j′ with π ′′�j′� in B�y ′′; π ′′�j′ + 1��, then y�τ�π ′′; π ′′�j′�;
π ′′�j′ + 1��� 6= y ′′ by part (d) of Theorem 5.2.9 and rπ ′′�j′� > rπ ′′�j′+1� implies
that r · y ′′ < r · y�τ�π ′′; π ′′�j′�; π ′′�j′ + 1���, which contradicts the choice of
y ′′. Thus rπ ′′�j� ≤ rπ ′′�j+1� for j = 1; : : : ; n − 1.) Set y1 = y ′ and π1 = π ′.
Given any positive integer k with a corresponding extreme point yk and a
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permutation πk of N satisfying yk = y�πk�, if there exist elements i′ and
i′′ of N with i′ directly preceding i′′ in πk and with ri′ > ri′′ then pick any
such i′ and i′′, let πk+1 = τ�πk; i′; i′′�, let yk+1 = y�πk+1�, reset k to k + 1,
and continue this process of generating new extreme points and permuta-
tions. At each iteration k of this process, either yk+1 = yk (if i′ is not in
B�yk; i′′�) or yk+1 and yk are adjacent (if i′ is in B�yk; i′′�) by Theorem 5.2.12
and r · yk < r · yk+1 by Theorem 5.2.12 and ri′ > ri′′ . The preceding process
must eventually terminate because there are finitely many extreme points and
���j′; j′′� x 1 ≤ j′ < j′′ ≤ n; rπk�j′� > rπk�j′′��� decreases by 1 at each iteration k.
If k = k′ at termination, then y1; : : : ; yk

′
with consecutive repetitions deleted

is a strictly r-increasing path from y ′ to yk
′
. By construction, rπk′ �j� ≤ rπk′ �j+1�

for j = 1; : : : ; n− 1 and so yk
′

maximizes r · y over all y in the core by Theo-
rem 5.2.2. Now given any integer k ≥ k′ with a corresponding extreme point
yk and a permutation πk of N satisfying yk = y�πk�, if there exist elements i′

and i′′ of N with i′ directly preceding i′′ in πk and with i′′ preceding i′ in π ′′

then pick any such i′ and i′′, let πk+1 = τ�πk; i′; i′′�, let yk+1 = y�πk+1�, reset
k to k + 1, and continue this process of generating new extreme points and
permutations. At each iteration k ≥ k′ of this process, i′ and i′′ are such that
ri′ = ri′′ (because rπ ′′�j� ≤ rπ ′′�j+1� and rπk′ �j� ≤ rπk′ �j+1� for j = 1; : : : ; n − 1),
either yk+1 = yk (if i′ is not in B�yk; i′′�) or yk+1 and yk are adjacent (if i′ is
in B�yk; i′′�) by Theorem 5.2.12, and r · yk = r · yk+1 by Theorem 5.2.12 and
ri′ = ri′′ . The preceding process must eventually terminate because at each it-
eration the number of pairs from N that appear in a different order in πk

and in π ′′ is reduced by one. If k = k′′ at termination, then yk
′′ = y ′′ and

y1; : : : ; yk
′′

with consecutive repetitions deleted has path length no greater
than n�n − 1�/2 (because a given pair i′ and i′′ of elements from N can be
exchanged in at most one iteration k). Hence, part (b) holds. This also estab-
lishes the first statement of part (d) because for any two extreme points y ′ and
y ′′ one can pick r in Rn such that y ′′ maximizes r · y over all y in the core (first
letting π be a permutation with y ′′ = y�π�, which exists by part (a) of Theo-
rem 5.2.4, and then picking r with rπ�1� ≤ : : : ≤ rπ�n� and applying Theorem
5.2.2) and so part (b) implies that D�y ′; y ′′� ≤ n�n− 1�/2.

Suppose that f �S� is strictly supermodular. Let y1; : : : ; yk
′

be any strictly
r-increasing path on the core. By Lemma 5.2.2 and part (a) of Theorem 5.2.4,
there is a unique permutation πk of N for k = 1; : : : ; k′ such that the greedy
algorithm generates yk with the permutation πk; that is, y�πk� = yk. For k =
1; : : : ; k′ − 1, r · yk < r · yk+1 and the adjacency characterization of Theorem
5.2.12 imply that there exist elements i�k�′ and i�k�′′ in N such that i�k�′
appears directly before i�k�′′ in πk, i�k�′′ appears directly before i�k�′ in πk+1,
the other n − 2 components of πk and πk+1 are identical, and ri�k�′′ < ri�k�′ .
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Then there is a unique pair of elements in N corresponding to each k for
k = 1; : : : ; k′ − 1 and so the length of the path is no greater than n�n− 1�/2.
Now suppose that, in addition, the components of r are distinct, y1 minimizes
r · y over all y in the core, and yk

′
maximizes r · y over all y in the core. By

Theorem 5.2.2, rπ1�1� > rπ1�2� > : : : > rπ1�n� and rπk′ �1� < rπk′ �2� < : : : < rπk′ �n�.
Then for each pair of distinct elements in N , there must be some k with
1 ≤ k ≤ k′ −1 such that the permutations πk and πk+1 differ by the exchange
of the positions of the elements of this pair and the path length k′ − 1 is at
least n�n− 1�/2. Hence, part (c) holds.

Finally, suppose again that f �S� is strictly supermodular. Let π ′ be any
permutation of the players N and let the permutation π ′′ be such that π ′′�j� =
π ′�n− j+1� for j = 1; : : : ; n. Then D�y�π ′�; y�π ′′�� = n�n−1�/2 by Theorem
5.2.12 and part (e) of Theorem 5.2.9, and the second statement of part (d)
holds.

5.3 Examples of Convex Games

This section presents four examples of convex games, so the theory of Section
5.2 applies to each of these examples. Subsection 5.3.1 models the (equivalent)
cooperative cost game of a monopoly firm producing multiple products that
are consumed by multiple consumers. Subsection 5.3.2 considers the mono-
tonic surplus sharing problem for a set of agents whose return from acting
cooperatively exceeds the sum of their individual returns when each agent
acts independently. Subsection 5.3.3 models the (equivalent) cooperative cost
game involving assigning aircraft landing fees to the flights using an airport,
where different flights require runways of differing minimum cost. Subsection
5.3.4 examines a trading game among a set of countries, where various sub-
sets of the countries receive a joint return if the entire subset is enabled to
engage in mutual trade by being included in the same trading block.

5.3.1 Monopoly Firm

Consider a firm that produces a nonnegative amount of each of m prod-
ucts j = 1; : : : ;m, where x is the m-vector of production for the m products
and c�x� is the firm’s cost function for a production vector x. Suppose that
the firm is a monopoly and its monopoly production level is x′. There are n
consumers of the firm’s output, with the set of all consumers (players) being
N = �1; : : : ; n�. Given that market prices for the products would yield a to-
tal demand equal to the monopoly production level x′, the consumption of
each consumer i is the nonnegative m-vector x�i� and

∑
i∈N x�i� = x′. The firm
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sets prices for its products so that ri is the revenue from the output x�i� de-
manded by each consumer i. The firm wants to determine the n-vector r of
revenues from the n consumers, given the monopoly production level x′, so
that total revenue equals total cost (that is,

∑
i∈N ri = c�x′�) and no compet-

ing firm serving any subset of consumers could produce the demands of those
consumers for less than the total revenue obtained from those consumers by
the firm (that is,

∑
i∈S ri ≤ c�

∑
i∈S x�i�� for each subset S of the consumers N).

Let f �S� = −c�∑i∈S x�i�� for each subset S of N . Then the firm wants −r to
be in the core of the cooperative game �N; f �. Part (a) of Theorem 5.3.1, from
Panzar and Willig [1977], shows that �N; f � is a convex game if the products
consumed at a positive level by any two distinct consumers are distinct and
if the production cost function exhibits weak cost complementarity. Part (b)
of Theorem 5.3.1 shows that �N; f � is a convex game if the production cost
function exhibits cost complementarity. Sharkey and Telser [1978] implicitly
use the latter result in showing that cost complementarity implies that c�x�
is supportable, by basing a crucial construction on the greedy algorithm. (See
Lemma 2.6.3.)

Theorem 5.3.1. Consider the cooperative game �N; f � of the monopoly firm.
(a) If x�i

′� ∧ x�i′′� = 0 for each pair of distinct consumers i′ and i′′ and if the
production cost function c�x� exhibits weak cost complementarity, then the coop-
erative game �N; f � is a convex game.
(b) If the production cost function c�x� exhibits cost complementarity, then the
cooperative game �N; f � is a convex game.

Proof. Suppose that x�i
′� ∧x�i′′� = 0 for all distinct i′ and i′′ in N and that c�x�

exhibits weak cost complementarity. Pick any subsets S′ and S′′ of N . Note
that �∑i∈S′ x�i�� ∨ �

∑
i∈S′′ x�i�� =

∑
i∈S′∪S′′ x�i� and �∑i∈S′ x�i�� ∧ �

∑
i∈S′′ x�i�� =∑

i∈S′∩S′′ x�i�. Then

f �S′ ∪ S′′� − f �S′� = −c(∑i∈S′ x�i� +
∑
i∈S′′\S′ x�i�

)+c(∑i∈S′ x�i�
)

≥ −c(∑i∈S′∩S′′ x�i� +
∑
i∈S′′\S′ x�i�

)+ c(∑i∈S′∩S′′ x�i�
)

= f �S′′� − f �S′ ∩ S′′�;

where the inequality follows from weak cost complementarity (or, equivalently,
the submodularity of c�x�). Therefore, �N; f � is a convex game, and part (a)
holds.

The proof of part (b) is the same as that of part (a) except that the as-
sumption that x�i

′� ∧ x�i′′� = 0 for all distinct i′ and i′′ in N is dropped and the
inequality follows from cost complementarity.
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5.3.2 Monotonic Surplus Sharing

A set N = �1; : : : ; n� of agents (players) can operate either with the n

agents acting independently or with the n agents acting cooperatively. If the
agents act independently, then each agent i receives a return ri. If the agents
act cooperatively, then the n agents together receive a return q. Assume
that q >

∑
i∈N ri, so the n agents acting cooperatively receive a joint surplus

q −∑i∈N ri > 0 compared with what they would receive jointly if they act in-
dependently. When the agents act cooperatively, the surplus sharing problem
involves determining a distribution yi to each agent i such that the sum of
the distributions to all the agents equals the return to the n agents acting co-
operatively (that is,

∑
i∈N yi = q) and each agent receives a distribution of at

least what that agent would receive from acting independently (that is, yi ≥ ri
for each i in N).

For each subset S of N , let f �S� =∑i∈S ri if S 6= N and f �N� = q. The func-
tion f �S� is supermodular if and only if q ≥∑i∈N ri, so �N; f � is a convex game
because it is here assumed that q >

∑
i∈N ri. Furthermore, y is a solution for

the surplus sharing problem if and only if y is in the core of the convex game
�N; f �. Therefore, an analysis of solutions for the surplus sharing problem can
be based on consideration of the core of the convex game �N; f �. For any per-
mutation π of the agents N , the payoff vector y�π� generated by the greedy
algorithm for the convex game �N; f � has y�π�i = ri for each i in N \ �π�n��
and y�π�π�n� = q−

∑
i∈N\�π�n�� ri. The payoff vectors y�π� are identical for all

�n− 1�! permutations π with the same agent as π�n�. The n distinct y�π� are
the extreme points of the core of �N; f � by part (a) of Theorem 5.2.4, and
so they are the extreme points of the set of solutions for the surplus sharing
problem. The Shapley value y ′ for the convex game �N; f � assigns a distribu-
tion ��n− 1�/n�ri + �1/n��q−

∑
k∈N\�i� rk� = ri + �1/n��q−

∑
k∈N rk� to each

agent i, which gives to each agent i the amount ri that the agent would receive
acting independently plus an equal share of the surplus q−∑k∈N rk.

Now suppose that the surplus sharing problem depends on a parameter t
contained in a partially ordered set T , so that the returns ri and q depend on
the parameter t with this dependence denoted as rti and qt . The monotonic
surplus sharing problem involves determining solutions yt to the surplus shar-
ing problem for each parameter t in T such that yt is increasing in t. Moulin
[1989] models and characterizes solutions to versions of the monotonic surplus
sharing problem, but the hypotheses therein are rather different from those
assumed here. For each parameter t, let f t�S� be the supermodular function
on subsets S of N as defined in the preceding paragraph corresponding to the
surplus sharing problem with parameter t. The set of solutions for the surplus
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sharing problem with parameter t is the core of the convex game �N; f t�. As-
sume that rti and qt −∑k∈N\�i� r

t
k are increasing in t for each agent i in N .

(These are the conditions for t to be a complementary parameter for the col-
lection of convex games �N; f t�.) Then each of the n distinct extreme points
of the core of �N; f t� (in particular, each extreme point given t generated by
the greedy algorithm with a permutation π having π�n� = i for given i in N)
and the Shapley value of �N; f t� are increasing in t and these are solutions
for the monotonic surplus sharing problem. Indeed, any consistent method, as
follows, for surplus sharing among the agents is a solution for the monotonic
surplus sharing problem. Pick any αi ≥ 0 for each i in N with

∑
i∈N αi = 1.

Let the distribution to each agent i for the surplus sharing problem with pa-
rameter t be rti +αi�qt −

∑
k∈N r

t
k� = �1−αi�rti +αi�qt −

∑
k∈N\�i� r

t
k�, so each

agent i receives the return that the agent would receive from acting indepen-
dently plus a fraction αi of the surplus. This is a solution for the monotonic
surplus sharing problem, with the distinct extreme points of the core and the
Shapley value being special cases. (See Theorem 5.2.7.)

5.3.3 Aircraft Landing Fee Game

Consider the problem of allocating runway construction costs to the flights
using an airport. The present model, the observation that the cooperative
game is a convex game, and the special form of the Shapley value given below
are from Littlechild and Owen [1973] and Littlechild and Thompson [1977].
The set of flights (players) that might use the airport is N = �1; : : : ; n�. If
flight i uses the airport, then a net operating profit (revenue minus operating
cost) ri is generated. Flight i requires a runway that would cost ci to construct.
The cost ci increases with the length of the runway required for flight i. Length
is the only salient property of the runway for flights that may use it. If i′ and
i′′ are flights with ci′ ≤ ci′′ , then flight i′′ requires a runway at least as long
as the runway required for flight i′ and flight i′ could use a runway built to
accommodate flight i′′. The cost g�S� of a runway built to accommodate a set
of flights S is thus equal to

g�S� = maxi∈S ci;

the cost to build a runway to accommodate the flight in S with the longest
runway requirement. By part (f) of Example 2.6.2, g�S� is submodular on
subsets S of all potential flights N . The net profit resulting from constructing
and using a runway for a set of flights S is∑

i∈S ri −maxi∈S ci:
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Suppose that the airport administration wants to charge an aircraft landing
fee zi to the carrier for each flight i that uses the airport. The airport admin-
istration must choose these airport landing fees z = �z1; : : : ; zn� to satisfy two
kinds of constraints. The first constraint is that the total aircraft landing fees
charged for building a runway to accommodate the set N of all flights equals
the cost of building that runway; that is,∑

i∈N zi = g�N�:

The second constraint is that for any subset S of flights it is not less expensive
for the carriers operating the flights in S to build a separate airport to accom-
modate the flights S than it would be for the carriers to pay the landing fees
for the flights S; that is,∑

i∈S zi ≤ g�S� for each subset S of N .

A vector z of aircraft landing fees satisfies the airport administration’s con-
straints if and only if −z is in the core of the convex game �N;−g�.

By part (a) of Theorem 5.2.4, a vector z of aircraft landing fees corresponds
to (the negative of) an extreme point of the core of �N;−g� if and only if
there is some permutation π of the flights N such that zπ�j� = g�S�π; j�� −
g�S�π; j − 1�� = maxi∈S�π;j� ci − maxi∈S�π;j−1� ci for j = 1; : : : ; n. The aircraft
landing fee for flight π�j� is the additional cost to construct a runway to
also accommodate the flight π�j� given that the runway must accommodate
the set of flights S�π; j − 1�; that is, the difference between the cost of con-
structing a runway to accommodate the flights S�π; j − 1� and the cost of
constructing a runway to accommodate the flights S�π; j − 1� ∪ �π�j�� =
S�π; j�.

The aircraft landing fee corresponding to the Shapley value of the con-
vex game �N;−g� would charge for each flight i the average of g�S�π; j�� −
g�S�π; j−1�� taken over all n! permutations π of N and evaluated at that j for
which π�j� = i. Assume that ci > 0 for i = 1; : : : ; n and define maxi∈∅ ci = 0.
Let h1; : : : ; hm be the distinct values among �c1; : : : ; cn�, and suppose that
the elements of h1; : : : ; hm are ordered so that 0 < h1 < h2 < : : : < hm. De-
fine h0 = 0. Partition the set N of flights into disjoint subsets N1; : : : ;Nm,
where Nk = �i x i ∈ N; ci = hk� for k = 1; : : : ;m. For a subset S of the flights
N and k = 1; : : : ;m, define gk�S� = hk − hk−1 if S ∩ �∪mp=kNp� is nonempty
and gk�S� = 0 if S ∩ �∪mp=kNp� is empty. Let y ′i;k be the payoff to flight i ac-
cording to the (negative of the) Shapley value in the convex game �N;−gk�.
Evidently, y ′i;k = 0 for each flight i in ∪k−1

p=1Np. The value of y ′i;k is the same
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for each flight i in ∪mp=kNp by symmetry and
∑
i∈N y

′
i;k = gk�N� = hk − hk−1,

so

y ′i;k = �hk − hk−1�/� ∪mp=k Np� for each i in ∪mp=kNp.

Observe that g�S� =∑m
k=1 gk�S� for each subset S of the flights N , and so the

Shapley value for the convex game �N;−g� is the sum of the Shapley values for
the convex games �N;−gk� for k = 1; : : : ;m. Therefore, the aircraft landing
fee to flight i in N corresponding to the Shapley value for the convex game
�N;−g� is ∑k′

k=1�hk − hk−1�/� ∪mp=k Np�
where k′ is such that i is in Nk′ (that is, hk′ = ci). These aircraft landing fees
allocate the cost h1 of the shortest possible runway requirement equally among
all flights in N and for each k = 2; : : : ;m the incremental cost hk − hk−1 of
expanding the runway length from that required by flights in Nk−1 to that
required by flights in Nk is allocated equally among flights in ∪mp=kNp (which
would require a runway at least as long as that costing hk).

5.3.4 Trading Game

The trading game and its properties considered in this subsection are from
Deng and Papadimitriou [1994]. Rosenthal [1988] considers a closely related
convex game. Suppose that there is a set of countries (players) N = �1; : : : ; n�,
and certain subsets of the countries can benefit from mutual trade. There are
m nonempty subsets Q1; : : : ;Qm of N such that the countries in each subset
Qk would receive a joint return rk ≥ 0 if the countries in Qk could engage in
mutual trade. Subsets of the countries N may form a trading block (coalition),
so that any subsets of the countries in the trading block may engage in mutual
trade but countries in the trading block may not trade with countries not in
the trading block. The total return to a trading block S is

f �S� =∑�kxQk⊆S� rk:
By inspection, as with part (i) of Example 2.6.2, f �S� is supermodular in S
and so �N; f � is a convex game.

For each permutation π of the countries N , the payoff

y�π�π�j� = f �S�π; j�� − f �S�π; j − 1�� =∑�kxπ�j�∈Qk;Qk⊆S�π;j�� rk
to country π�j� is the sum of all the returns rk to those subsets Qk of coun-
tries for which the country π�j� is the last country from Qk to appear in the
sequence π�1�; : : : ; π�n�; that is those subsets Qk that include π�j� and are
contained in S�π; j�.
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If country i is in Qk, then i is the last country from Qk to appear in the
sequence π�1�; : : : ; π�n� for a fraction 1/�Qk� of the n! permutations π of N
and so the Shapley value y ′ takes the form

y ′i =
∑
�kxi∈Qk� rk/�Qk�

for each country i.
The present model for trading games from Deng and Papadimitriou [1994]

is a special case of activity selection games as developed by Topkis [1983] and
considered in Subsection 5.5.4. (In an activity selection game, each coalition
solves an optimization problem to select from among various activities avail-
able to it.) Deng and Papadimitriou [1994] study the problem, discussed in
Subsection 5.2.3 for general convex games, of determining whether a particu-
lar payoff vector is in the core of a trading game. They construct a capacitated
network such that the solution of a minimum cut problem in this network gives
the answer to the membership problem in the trading game. That construc-
tion is a special case of a construction given by Topkis [1983] and presented
in Subsection 5.5.4 for determining membership in an activity selection game
through the solution of a corresponding minimum cut problem. (See Theorem
5.5.1.)

5.4 Activity Optimization Games

This section formulates and analyzes a general class of cooperative games, ac-
tivity optimization games with complementarity. This is a class of cooperative
games for which the model captures optimal decision making by each coali-
tion of players. Each such cooperative game is a convex game, and a variety
of monotone comparative statics results hold. The model and results of this
section are based on Topkis [1987], except for the generalization specified in
the following paragraph.

There is a set N = �1; : : : ; n� of players. For each player i in N , there are
mi ≥ 0 private activities for which player i chooses activity levels. Let x�i� be
the mi-vector of activity levels for the private activities of player i. There are
m0 ≥ 0 public activities such that any coalition can operate these activities
and choose their activity levels. Let x�0� be the m0-vector of activity levels
for the public activities. The private activities of players not in a coalition
are unavailable to that coalition and cannot operate at a positive level for
the coalition. A coalition decides the levels of its members’ private activities
and the levels of the public activities by choosing these levels to maximize
its return function. Let m = ∑n

i=0mi. The m-vector x = �x�0�; x�1�; : : : ; x�n��
gives the levels of all private and public activities. The m-vector of activity
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levels that any coalition chooses must be contained in a specified set L of
feasible activity levels, where L is a subset of Rm, the 0 vector is in L, and 0 is
a lower bound for L. (Recall that 0 denotes a vector of 0’s with the dimension
being clear from context.) If coalition S chooses a vector x of activity levels,
then x�i� = 0 for each player i not in S. Let X�S� be the set of all vectors of
activity levels that are feasible for coalition S, so X�S� = �x x x ∈ L;x�i� =
0 for each i in N \S�. Because the 0 vector of activity levels is feasible for any
coalition, each X�S� is nonempty. A coalition S that chooses a feasible vector
x of activity levels from X�S� receives a return g�x; S�, where g�x; S� is a
real-valued function that is bounded above for subsets S of N and x in X�S�.
(This extends the model from that considered in Topkis [1987], which requires
g�x; S� to be separable in x and S as g�x; S� = g1�x� + g2�S�.) Assume that a
net return of 0 results from all activities operating at 0 level with no players
in a coalition and that a positive net return cannot be realized by using only
the public activities, so g�0; ∅� = 0 and supx∈X�∅� g�x; ∅� = 0. Each coalition
seeks to maximize its return by choosing an optimal feasible vector of activity
levels. The supremum of all net returns that a coalition S could realize is the
characteristic function f �S�. Thus for each subset S of N ,

f �S� = supx∈X�S� g�x; S�: (5.4.1)

The above assumptions imply that each f �S� is finite and f �∅� = 0. The coop-
erative game �N; f � is an activity optimization game. Denote an activity opti-
mization game by the triple �N;g;L�. An activity optimization game �N;g;L�
is playable if L is compact and g�x; S� is upper semicontinuous in x on X�S�
for each subset S of N . For a playable activity selection game, the supremum
in (5.4.1) is attained and there exists an optimal vector of activity levels for
each coalition.

An activity optimization game with complementarity is an activity optimiza-
tion game �N;g;L� for which L is a sublattice of Rm and g�x; S� is supermod-
ular in �x; S� on the sublattice ��x; S� x S ⊆ N;x ∈ X�S�� of L × 0�N�. For
an activity optimization game with complementarity, all activities are comple-
mentary, the players are complementary in any interactions other than those
resulting from their choices of activity levels, and each activity that is not a
private activity of a particular player is complementary with the presence of
that player in a coalition. Also, X�S� is increasing in S for subsets S of N by
part (b) of Example 2.4.1.

Theorem 5.4.1 shows that an activity optimization game with complemen-
tarity is a convex game; that is, the complementarities noted in the preceding
paragraph lead to complementarity among the players.
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Theorem 5.4.1. An activity optimization game with complementarity is a convex
game.

Proof. Let �N;g;L� be an activity optimization game with complementarity.
Then g�x; S� is supermodular in �x; S� on the sublattice ��x; S� x S ⊆ N;x ∈
X�S��, and f �S� is supermodular in S by (5.4.1) and Theorem 2.7.6.

Theorem 5.4.2 demonstrates that optimal activity levels increase as a func-
tion of coalition membership in an activity optimization game with comple-
mentarity.

Theorem 5.4.2. If �N;g;L� is an activity optimization game with complementar-
ity, then the set argmaxx∈X�S� g�x; S� of optimal activity levels for a given subset S
of the players N is increasing in S. If, in addition, the activity optimization game
is playable, then there exists a greatest (least) vector of optimal activity levels for
each subset S of the players and this greatest �least� vector of optimal activity
levels is increasing in S.

Proof. The first statement of this result follows from Theorem 2.8.2. The sec-
ond statement follows from part (a) of Theorem 2.8.3.

Suppose that �N;g;L� is a playable activity optimization game with
complementarity, so the corresponding cooperative game �N; f � is a con-
vex game by Theorem 5.4.1. In order to implement the greedy algo-
rithm with a permutation π of the players N , it is necessary to compute
f �S�π; 1��; f �S�π; 2��; : : : ; f �S�π; n��. This involves solving the optimiza-
tion problem (5.4.1) n times, once each for the coalition S being S�π; 1�,
S�π; 2�, : : : ; S�π; n�. Suppose that one computes f �S�π; 1��, f �S�π; 2��,
: : : ; f �S�π; n�� in this same order. The result of Theorem 5.4.2 that op-
timal activity levels are an increasing function of the membership of the
coalition indicates how one may reduce the domains of some of these n op-
timization problems. When it is time to compute f �S�π; j�� for some j with
1 < j ≤ n, one has already computed f �S�π; j − 1�� and that computation
ought to provide some x′ in argmaxx∈S�π;j−1� g�x; S�π; j − 1��. Theorem 5.4.2
implies that argmaxx∈S�π;j� g�x; S�π; j�� ∩ �x′;∞� is nonempty. Thus one can
compute f �S�π; j�� by maximizing g�x; S�π; j�� over X�S�π; j�� ∩ �x′;∞� in-
stead of over all of X�S�π; j��, with a potential for decreasing the required
computational effort due to a smaller feasible region for the maximization.

Suppose that T is a partially ordered set and �N;gt; L� is an activity opti-
mization game for each t in T with the function gt�x; S� depending on the
parameter t. Then t is a complementary parameter if gt�x; S� has increas-
ing differences in ��x; S�; t� on ��x; S� x S ⊆ N;x ∈ X�S�� × T ; that is, if
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the activity levels x and the parameter t are complements in the sense that
(with respect to the return gt�x; S�) higher activity levels are relatively more
desirable for a higher parameter and if the coalition and the parameter are
complements in the sense that (with respect to the return gt�x; S�) a larger
coalition is relatively more desirable for a higher parameter. The characteris-
tic function of the activity optimization game �N;gt; L� is denoted f t�S� for
each parameter t in T .

Theorem 5.4.3 shows that optimal activity levels increase with the parameter
for a collection of activity optimization games with complementarity having a
complementary parameter.

Theorem 5.4.3. If T is a partially ordered set, �N;gt; L� is an activity optimiza-
tion game with complementarity for each t in T , and t is a complementary
parameter, then the set argmaxx∈X�S� g

t�x; S� of optimal activity levels for a given
subset S of the players and for a given parameter t is increasing in t. If, in addi-
tion, the activity optimization game is playable, then there exists a greatest �least�
vector of optimal activity levels for each subset S of the players and each
parameter t and this greatest (least) vector of optimal activity levels is increasing
in t.

Proof. The first statement of this result follows from Theorem 2.8.1. The sec-
ond statement follows from part (a) of Theorem 2.8.3.

For a collection of activity optimization games with complementarity hav-
ing a complementary parameter, Theorem 5.4.4 shows that the parameter is
a complementary parameter for the corresponding collection of cooperative
games in characteristic function form.

Theorem 5.4.4. If T is a partially ordered set, �N;gt; L� is an activity optimiza-
tion game with complementarity for each t in T , and t is a complementary
parameter, then t is a complementary parameter for the cooperative game
�N; f t�.

Proof. Pick any t ′ and t ′′ in T with t ′ � t ′′. By the present hypotheses and
Theorem 2.6.2, gt�x; S� is supermodular in �x; S; t� on the lattice ��x; S; t� x
S ⊆ N;x ∈ X�S�; t ∈ �t ′; t ′′��. By Theorem 2.7.6, f t�S� = supx∈X�S� g

t�x; S� is
supermodular in �S; t� on 0�N�×�t ′; t ′′�. By Theorem 2.6.1, f t�S� has increas-
ing differences in �S; t� on 0�N� × �t ′; t ′′�. Therefore, t is a complementary
parameter for the cooperative game �N; f t�.

Theorem 5.4.4 and Theorem 5.2.7 imply the following.
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Corollary 5.4.1. If T is a partially ordered set, �N;gt; L� is an activity opti-
mization game with complementarity for each t in T , and t is a complementary
parameter, then the payoff vector generated by the greedy algorithm for each per-
mutation of the players is an increasing function of t on T and the Shapley value
is an increasing function of t on T .

If �N;gt; L� is an activity optimization game for each t in a lattice T , and
gt�X;S� is supermodular in t on T for each subset S of N and each x in X�S�,
then t is a supermodular parameter. Theorem 5.4.5 gives conditions for a
parameterized collection of activity optimization games to have a characteristic
function that is a supermodular function of the parameter.

Theorem 5.4.5. Suppose that �N;gt; L� is an activity optimization game with
complementarity for each t in a set T and that t is a complementary parameter
and supermodular parameter. Then f t�S� is supermodular in t on T for each
subset S of N .

Proof. Pick any subset S of N . By Theorem 2.6.2, gt�x; S� is supermodular in
�x; t� on X�S� × T . By (5.4.1) and Theorem 2.7.6, f t�S� = supx∈X�S� g

t�x; S�
is supermodular in t on T .

5.5 Examples of Activity Optimization Games

This section gives examples of activity optimization games with complementar-
ity, so the results of Section 5.4 apply for each of these examples. Furthermore,
each of these examples of activity optimization games with complementarity
is a convex game by Theorem 5.4.1, and so the results of Section 5.2 ap-
ply to each example. The significant distinction between these examples and
the examples of convex games given in Section 5.3 is that these examples in-
corporate modeling of optimal decision making by each coalition of players.
Subsection 5.5.1 considers a general welfare game in which players consume
public goods and private goods and determine the consumption levels of the
public goods and the private goods. Subsection 5.5.2 considers a collection of
firms that may engage in common procurement of inputs for their respective
production processes. Subsection 5.5.3 considers firms that may jointly invest
in shared production facilities for their respective production processes. Sub-
section 5.5.4 considers an activity selection game, generalizing the selection
problem of Subsection 3.7.3 to the context of a cooperative game. Subsection
5.5.5 considers a waste disposal game, where firms involved in production on
the shore of a common lake must determine the level of polluting waste that
they dump in the water.
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5.5.1 General Welfare Game

The following general welfare game extends a model studied by Sharkey
[1982b] to additionally include public goods and so incorporate features of
a cooperative game model of Moulin [1990] concerned with the cost-sharing
of public goods. There is a set N = �1; : : : ; n� of consumers (players), with
each consumer consuming k0 public goods and k private goods. The k0-vector
x�0� of public goods and the k-vector x�i� of private goods consumed by con-
sumer i must be contained, respectively, in subsets L0 of Rk0 and Li of Rk.
The 0 vector is in L0 and in Li, x�0� ≥ 0 for each x�0� in L0, and x�i� ≥ 0
for each x�i� in Li. Any coalition that forms determines the levels of the pub-
lic goods and produces jointly the consumption vectors of private goods for
its members. The cost of a k0-vector z ≥ 0 of public goods available to each
member of a coalition is c�z�, where c�z� ≥ 0 = c�0� for each z. The cost
of producing a k-vector w ≥ 0 of private goods is b�w�, where b�0� = 0.
The utility to consumer i of a k0-vector x�0� of public goods and a k-vector
x�i� of private goods is ri�x�0�; x�i��, where ri�x�0�; 0� = 0 for each x�0�. Let
x = �x�0�; x�1�; : : : ; x�n�� be the vector composed of the vector of public goods
and the consumption vectors of the n consumers, let L = ×i∈N∪�0�Li be the
set of all feasible vectors of public goods and individual consumption for the
set N of all consumers, and let X�S� = �x x x ∈ L;x�i� = 0 for each i ∈ N \S�
be the set of all feasible vectors composed of a vector of public goods and in-
dividual consumption for each subset S of N . For x in L and any subset S
of N , let

g�x; S� =∑i∈N ri�x�0�; x�i�� −
∑
i∈N\S ri�0; 0� − c�x�0�� − b�

∑
i∈N x�i��:

Assume that g�x; S� is bounded above on L× 0�N�. For each subset S of N ,
the characteristic function is

f �S� = sup
{∑

i∈S ri�x�0�; x�i�� − c�x�0�� − b
(∑

i∈S x�i�
) x

x�i� ∈ Li for each i ∈ S ∪ �0�}
= sup

{∑
i∈N ri�x�0�; x�i�� −

∑
i∈N\S ri�0; 0� − c�x�0�� − b�

∑
i∈N x�i�� x

x ∈ L;x�i� = 0 for each i ∈ N \ S}
= supx∈X�S� g�x; S�:

Then �N;L; g� is an activity optimization game. Suppose also that each Li
is compact, c�z� and b�w� are lower semicontinuous, and each ri�x�0�; x�i�� is
upper semicontinuous, so the activity optimization game is playable.



250 C HAPTER 5

Suppose that, in addition, L0 is a sublattice of Rk0 , Li is a sublattice of Rk

for each i in N , c�z� is submodular (equivalently, c�z� exhibits weak cost com-
plementarity), b�w� is concave in each individual component and is submodu-
lar (equivalently, b�w� exhibits cost complementarity), and each ri�x�0�; x�i�� is
supermodular. Then this is an activity optimization game with complementar-
ity. By part (b) of Example 2.2.7, the restriction of x�i� to a sublattice of Rk for
i in N permits bounds on the difference between the consumption of any pri-
vate good and a nonnegative scalar times the consumption of any other private
good. Likewise for the restriction of the public goods vector x�0� to a sublat-
tice of Rk0 . The marginal cost of producing each private good is a decreasing
function of the existing levels of production of each private good. There are
economies of scope for public and private goods as well as increasing returns
to scale in production of private goods. The supermodularity of ri�x�0�; x�i��
implies by Theorem 2.6.1 that the public and private goods are complemen-
tary in the sense that the marginal utility to any consumer of any one good is
an increasing function of the consumption level of each of the other goods. By
Theorem 5.4.1, this is a convex game as Sharkey [1982b] shows for the case
with no public goods (k0 = 0). By Theorem 5.4.2, there exist optimal levels
of public goods and private goods for each coalition S that are an increasing
function of S.

Now suppose that, in addition, each public goods cost function c�z�,
each private goods production cost function b�w�, and each utility function
ri�x�0�; x�i�� depend on a parameter t contained in a partially ordered set T ,
and denote this dependence by ct�z�, bt�w�, and rti �x�0�; x�i��. Assume that
ct�z� has decreasing differences in �z; t�, bt�w� has decreasing differences
in �w; t�, rti �x�0�; x�i�� has increasing differences in ��x�0�; x�i��; t� for each i,
and rti �0; 0� is increasing in t for each i, so t is a complementary parameter.
Theorem 5.4.3 implies that optimal levels of the public goods and the private
goods for each coalition are an increasing function of the parameter. Corol-
lary 5.4.1 (together with part (a) of Theorem 5.2.4) implies that the extreme
points of the core and the Shapley value are increasing functions of the pa-
rameter. Assume also that T is a lattice, ct�z� is submodular in t for each z,
bt�w� is submodular in t for each w, rti �x�0�; x�i�� is supermodular in t for all i
and �x�0�; x�i��, and rti �0; 0� does not depend on t for each i, so the parameter
t is a supermodular parameter. By Theorem 5.4.5, the characteristic function
for each coalition is a supermodular function of the parameter.

5.5.2 Production Game with Common Procurement of Inputs

Consider a set N = �1; : : : ; n� of firms (players), each of which produces a
single product. The n production processes of the various firms use k inputs
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denoted j = 1; : : : ; k. The production of each unit of the product of firm
i requires aij ≥ 0 units of input j. The production level xi of firm i must
be contained in a subset Li of �0;∞�, where 0 is in Li. The production of
xi by firm i results in a return ri�xi�, before taking into account the cost of
inputs. If a coalition forms, its members make joint purchases of inputs. The
cost of z units of input j is cj�z�, where cj�0� = 0. Let x = �x1; : : : ; xn�
be the vector of production levels for the n firms, let L = ×i∈NLi be the set
of feasible production levels for the n firms N , and let X�S� = �x x x ∈ L;
xi = 0 for each i ∈ N \ S� be the set of feasible production levels for a subset
S of the firms N . For a feasible joint production vector x in L and any sub-
set S of the firms, let

g�x; S� =∑i∈N ri�xi� −
∑
i∈N\S ri�0� −

∑k
j=1 cj�

∑
i∈N aijxi�:

Assume that g�x; S� is bounded above on L× 0�N�. Then the characteristic
function for any subset S of N is

f �S� = sup
{∑

i∈S ri�xi� −
∑k
j=1 cj

(∑
i∈S aijxi

) x xi ∈ Li for each i ∈ S}
= sup

{∑
i∈N ri�xi� −

∑
i∈N\S ri�0� −

∑k
j=1 cj

(∑
i∈N aijxi

) x
x ∈ L;xi = 0 for each i ∈ N \ S}

= supx∈X�S� g�x; S�:
Then �N;L; g� is an activity optimization game. Suppose also that each Li is
compact, each ri�xi� is upper semicontinuous, and each cj�z� is lower semi-
continuous, so the activity optimization game is playable.

Suppose that, in addition, each input procurement cost function cj�z� is
concave. A coalition undertaking common procurement can then take advan-
tage of the decreasing marginal cost of each input. The resulting cost savings
due to common procurement encourage coalition formation. This is an
activity optimization game with complementarity by Theorem 2.6.4, part (a)
of Lemma 2.6.2, and part (b) of Lemma 2.6.1. By Theorem 5.4.1, this is a
convex game. By Theorem 5.4.2, optimal production levels for the firms in
any coalition S are an increasing function of S.

Now suppose that, in addition, each return function ri�xi� and each input
procurement cost function cj�z� depends on a parameter t contained in a par-
tially ordered set T , and denote this dependence by rti �xi� and ctj�z�. Assume
that rti �xi� has increasing differences in �xi; t� for each i, ctj�z� has decreasing
differences in �z; t� for each j, and rti �0� is increasing in t for each i, so t is
a complementary parameter. Theorem 5.4.3 implies that optimal production
levels for each coalition are an increasing function of the parameter. Corol-
lary 5.4.1 (together with part (a) of Theorem 5.2.4) implies that the extreme



252 C HAPTER 5

points of the core and the Shapley value are increasing functions of the pa-
rameter. Assume also that T is a lattice, rti �xi� is supermodular in t for all i
and xi, c

t
j�z� is submodular in t for all j and z, and rti �0� does not depend on t

for each i, so the parameter t is a supermodular parameter. By Theorem 5.4.5,
the characteristic function for each coalition is a supermodular function of the
parameter. The conditions for a supermodular parameter would hold if T is a
sublattice of Rn+k, each return function rti �xi� depends on t only through the
component ti of t, and each input procurement cost function ctj�z� depends
on t only through the component tn+j .

5.5.3 Investment and Production Game

Consider a set N = �1; : : : ; n� of firms (players), each of which produces
an identical product. The production level xi of each firm i must be contained
in a subset Li of �0;∞�, where 0 is in Li. Any coalition that forms chooses an
amount x0 to invest in shared production facilities. The investment x0 must be
contained in a subset L0 of �0;∞�, where 0 is in L0. The shared production
facilities are available for use in the production processes of each firm in the
coalition. The production of xi by firm i results in a return ri�xi� before taking
into account the amount invested in shared production facilities or the cost
of production. If firm i is a member of a coalition that invests an amount
x0 in shared production facilities and if firm i produces xi, then there is a
nonnegative production cost ci�xi; x0� for firm i, where ci�0; x0� = 0 for each
x0 in L0. Let x = �x0; x1; : : : ; xn� be the vector composed of the amount
invested in shared production facilities and the production levels of all firms
in N , let L = ×i∈N∪�0�Li be the set of feasible values for x given a coalition
consisting of all firms N , and let X�S� = �x x x ∈ L;xi = 0 for each i ∈ N \S�
be the set of feasible values for x given a coalition consisting of any subset S
of the firms. For x in L and any subset S of N , let

g�x; S� =∑i∈N ri�xi� −
∑
i∈N\S ri�0� −

∑
i∈N ci�xi; x0� − x0:

Assume that g�x; S� is bounded above on L× 0�N�. For any subset S of N ,
the characteristic function is

f �S� = sup
{∑

i∈S ri�xi� −
∑
i∈S ci�xi; x0� − x0 x xi ∈ Li for each i ∈ S ∪ �0�}

= sup
{∑

i∈N ri�xi� −
∑
i∈N\S ri�0� −

∑
i∈N ci�xi; x0� − x0 x

x ∈ L;xi = 0 for each i ∈ N \ S}
= supx∈X�S� g�x; S�:
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Then �N;L; g� is an activity optimization game. Suppose also that each Li
is compact, each ri�xi� is upper semicontinuous, and each ci�xi; x0� is lower
semicontinuous, so the activity optimization game is playable.

Suppose that, in addition, ci�xi; x0� is submodular in �xi; x0� on Li × L0

for each firm i, so this is an activity optimization game with complementarity.
The marginal cost of production for each firm decreases with the investment
in shared production facilities by Theorem 2.6.1. By Theorem 5.4.1, this is a
convex game. By Theorem 5.4.2, optimal investment and production levels for
each coalition S are an increasing function of S.

Now suppose that, in addition, each return function ri�xi� and each produc-
tion cost function ci�xi; x0� depends on a parameter t contained in a partially
ordered set T , and denote this dependence by rti �xi� and cti �xi; x0�. Assume
that rti �xi� has increasing differences in �xi; t� for each i, cti �xi; x0� has de-
creasing differences in ��xi; x0�; t� for each i, and rti �0� is increasing in t for
each i, so t is a complementary parameter. Theorem 5.4.3 implies that op-
timal investment and production levels for each coalition are an increasing
function of the parameter. Corollary 5.4.1 (together with part (a) of Theorem
5.2.4) implies that the extreme points of the core and the Shapley value are
increasing functions of the parameter. Assume also that T is a lattice, rti �xi�
is supermodular in t for all i and xi, c

t
I�xi; x0� is submodular in t for all i and

�xi; x0�, and rti �0� does not depend on t for each i, so t is a supermodular pa-
rameter. By Theorem 5.4.5, the characteristic function for each coalition is a
supermodular function of the parameter.

5.5.4 Activity Selection Game

This subsection considers a version of the selection problem, extended to
the context of a cooperative game. (See Subsection 3.7.3.) The results stated
in this subsection are developed in Topkis [1983], which emphasizes the use of
associated minimum cut problems to carry out optimization in the cooperative
game and to analyze qualitative properties of the cooperative game and its so-
lutions. The present analysis based on properties of an activity optimization
game with complementarity is from Topkis [1987]. (The trading game model
of Deng and Papadimitriou [1994] considered in Subsection 5.3.4 is a special
case of an activity selection game.)

Consider a set N = �1; : : : ; n� of firms (players), where each firm i has
available a finite set Ai of private activities from which to select. There is a
finite set A0 of public activities that are available to any coalition. The sets Ai

for i in N ∪ �0� are disjoint. A coalition can select activities that are private
activities of its members or that are public activities, but it cannot select a
private activity of a firm not in the coalition. The decision problem for a



254 C HAPTER 5

coalition S involves selecting from ∪i∈S∪�0�Ai a subset of activities in which to
engage. Let mi = �Ai� for i in N ∪ �0� and m = ∑n

i=0mi. Let L be the set
of all m-vectors of 0’s and 1’s, with each component of L corresponding to
a distinct element of ∪i∈N∪�0�Ai. There is a one-to-one relationship between
vectors x in L and selections of activities, where xj = 1 if and only if activity j
is selected. Each of the m activities can be viewed as operating either at level
0 or at level 1, where an activity operates at level 0 if it is not selected or at
level 1 if it is selected. The set of feasible activity levels for a coalition S is
X�S� = �x x x ∈ L;xj = 0 for each j ∈ Ai with i ∈ N \ S�. A coalition that
selects any activity j receives a return rj , where rj may be positive, negative,
or zero. For any distinct activities j′ and j′′, a coalition incurs a nonnegative
cost bj′;j′′ if it selects j′ but not j′′. These costs can induce a coalition to
select activities with negative returns. For a vector of activity levels x in L, the
resulting profit is

g�x� =∑j∈∪i∈N∪�0�Ai
rjxj −

∑
j′∈∪i∈N∪�0�Ai

∑
j′′∈∪i∈N∪�0�Ai

bj′;j′′xj′ �1− xj′′ �:
(If a particular coalition S forms, the profit g�x� from the vector of activity
levels x does not depend on S. However, the set X�S� of feasible activity
levels for S does depend on S.) Assume that g�x� ≤ 0 for each x in X�∅�, so
the empty coalition (having available only the public activities in A0) cannot
earn a positive profit. By Corollary 2.6.1, g�x� is supermodular on L, and the
various activities are complementary. For any subset S of N , the characteristic
function is

f �S� = max�∑j∈∪i∈N∪�0�Ai
rjxj −

∑
j′∈∪i∈N∪�0�Ai

∑
j′′∈∪i∈N∪�0�Ai

bj′;j′′xj′ �1− xj′′ � x
x ∈ L;xj = 0 for each j ∈ ∪i∈N\SAi�

= maxx∈X�S� g�x�:
Then �N;L; g� is a playable activity optimization game with complementarity.
Each coalition solves a selection problem, and the optimal selection of activi-
ties and the value of the characteristic function for each coalition can be found
by solving an associated minimum cut problem as in Lemma 3.7.5. Therefore,
applying the greedy algorithm involves solving n minimum cut problems.

By Theorem 5.4.1, this is a convex game. By Theorem 5.4.2, optimal se-
lections of public activities and private activities for each coalition S are an
increasing function of S.

Now suppose that each return rj depends on a parameter t contained in a
partially ordered set T , and denote this dependence by rtj . Assume that rtj is
increasing in t for each j, so t is a complementary parameter. Theorem 5.4.3
implies that optimal selections of public activities and private activities for
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each coalition are an increasing function of the parameter. (See also Theorem
3.7.6.) Corollary 5.4.1 (together with part (a) of Theorem 5.2.4) implies that
the extreme points of the core and the Shapley value are increasing functions
of the parameter. Assume also that T is a lattice and rtj is supermodular in t for
each j, so t is a supermodular parameter. By Theorem 5.4.5, the characteristic
function for each coalition is a supermodular function of the parameter. One
case of t being a supermodular parameter would be if T is a sublattice of Rm

and each rtj depends only on tj . (See also Theorem 3.7.5.) In particular, if t
is the m-vector �rj x j ∈ ∪i∈N∪�0�Ai� of returns for all m activities, then t is a
complementary parameter and a supermodular parameter and the preceding
conclusions based on Theorem 5.4.3, Corollary 5.4.1, and Theorem 5.4.5 hold.

Now suppose that an activity selection game is given. Consider the mem-
bership problem, discussed in Subsection 5.2.3 for general convex games, to
determine whether a particular payoff vector is in the core. A capacitated net-
work is constructed such that the solution of a minimum cut problem deter-
mines the solution for the membership problem. If the payoff vector is not in
the core, then a minimum cut indicates an inequality describing the core such
that the payoff vector fails to satisfy that inequality. Theorem 5.5.1 confirms
these properties. This appears to give a significant computational improve-
ment over applying the ellipsoid method of Grötschel, Lovász, and Schrijver
[1981] to this particular convex game.

Let y ′ be a feasible payoff vector, so
∑
i∈N y

′
i = f �N�. Determining whether

y ′ is in the core is equivalent to determining whether y ′ is acceptable; that is,
whether

∑
i∈S y

′
i ≥ f �S� for each subset S of the firms N . Construct a network

with n +m + 2 nodes consisting of a source node s, a sink node t, a node i
corresponding to each firm i in N , a node j corresponding to each activity j in
∪i∈N∪�0�Ai, and a directed edge joining each ordered pair of nodes. For each
i in N with y ′i < 0, there is a capacity −y ′i on the edge from node s to node
i. For each i in N with y ′i > 0, there is a capacity y ′i on the edge from node i
to node t. For each j in ∪i∈N∪�0�Ai with rj > 0, there is a capacity rj on the
edge from node s to node j. For each j in ∪i∈N∪�0�Ai with rj < 0, there is
a capacity −rj on the edge from node j to node t. For all distinct j′ and j′′

in ∪i∈N∪�0�Ai, there is a capacity bj′;j′′ on the edge from node j′ to node j′′.
For all i in N and j in Ai, there is a capacity M on the edge from node j to
node i where M >

∑
�jxj∈∪i∈N∪�0�Ai;rj>0� rj . Each other edge has capacity 0. For

a payoff vector y, a subset S of N , and a subset X of ∪i∈N∪�0�Ai, let

h�y; S;X� = −∑i∈S yi +
∑
j∈X rj −

∑
j′∈X

∑
j′′∈�∪i∈N∪�0�Ai�\X bj′;j′′

− �X ∩ �∪i∈N\SAi��M:
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Theorem 5.5.1. Suppose that S′∪X ′∪�s� is a minimum cut in the above network
with feasible payoff vector y ′, where S′ is a subset of N and X ′ is a subset
of ∪i∈N∪�0�Ai. If h�y ′; S′;X ′� = 0, then the payoff vector y ′ is in the core. If
h�y ′; S′;X ′� > 0, then

∑
i∈S′ y

′
i < f �S′� and the payoff vector y ′ is not in the

core.

Proof. For any subset S of N ,

f �S� = maxX⊆∪i∈S∪�0�Ai

(∑
j∈X rj −

∑
j′∈X

∑
j′′∈�∪i∈N∪�0�Ai�\X bj′;j′′

)
= maxX⊆∪i∈N∪�0�Ai

(∑
j∈X rj −

∑
j′∈X

∑
j′′∈�∪i∈N∪�0�Ai�\X bj′;j′′

− �X ∩ �∪i∈N\SAi��M
)

=∑i∈S y
′
i +maxX⊆∪i∈N∪�0�Ai

h�y ′; S;X�
and so

∑
i∈S y

′
i ≥ f �S� if and only if 0 ≥ h�y ′; S;X� for each subset X of

∪i∈N∪�0�Ai. Hence, y ′ is in the core if and only if 0 ≥ h�y ′; S;X� for each
subset S of N and each subset X of ∪i∈N∪�0�Ai.

For any subset S of N and any subset X of ∪i∈N∪�0�Ai, the capacity of the
cut S ∪X ∪ �s� in the above network is

−∑�ixi∈N\S;y ′i<0� y
′
i +

∑
�ixi∈S;y ′i>0� y

′
i +

∑
�jxj∈�∪i∈N∪�0�Ai�\X;rj>0� rj −

∑
�jxj∈X;rj<0� rj

+∑j′∈X
∑
j′′∈�∪i∈N∪�0�Ai�\X bj′;j′′ + �X ∩ �∪i∈N\SAi��M

= −∑�ixi∈N;y ′i<0� y
′
i +

∑
�jxj∈∪i∈N∪�0�Ai;rj>0� rj − h�y ′; S;X�:

Therefore, S′ ∪ X ′ ∪ �s� is a minimum cut in the above network if and only
if �S′;X ′� maximizes h�y ′; S;X� over all subsets S of N and all subsets X
of ∪i∈N∪�0�Ai, and y ′ is in the core if and only if 0 ≥ h�y ′; S′;X ′� where
S′ ∪ X ′ ∪ �s� is a minimum cut. Because h�y ′; ∅; ∅� = 0, h�y ′; S′;X ′� =
maxS⊆N;X⊆∪i∈N∪�0�Ai

h�y ′; S;X� ≥ 0. Then y ′ is in the core if h�y ′; S′;X ′� = 0,
and y ′ is not in the core if h�y ′; S′;X ′� > 0. Furthermore, if h�y ′; S′;X ′� > 0,
then

f �S′� =∑i∈S′ y
′
i +maxX⊆∪i∈N∪�0�Ai

h�y ′; S′;X�
=∑i∈S′ y

′
i + h�y ′; S′;X ′� >

∑
i∈S y

′
i :

5.5.5 Waste Disposal Game

Consider a set N = �1; : : : ; n� of firms (players), each of which is involved
in production on the shore of a common lake. Each firm i generates wi units of
waste for disposal. Each firm i can determine an amount xi of its waste to treat
(either by hauling this amount of waste away from the lake or by cleaning it
satisfactorily and then dumping it into the lake) so that these xi units of waste
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do not pollute the lake, and the remaining wi − xi units of waste from firm i

are dumped untreated into the lake and are a source of pollution in the lake.
The waste treatment level xi of each firm i must be contained in Li = �0; wi�.
There is a cost bi�xi� to firm i for treating xi units of its waste, where bi�0� = 0.
There is a cost ci�z� to each firm i to purify the water that it uses from the
lake for its production processes if there are z total units of untreated waste
dumped into the lake by the various firms. Each firm i receives a net return ri
from its operations, not including the cost of treating its waste and the cost of
purifying water that it uses from the lake. Any coalition that forms optimizes
the amounts of waste treated for all members of the coalition and assumes
that no waste is treated by any firm not in the coalition. The present model is a
generalization of a model of Shapley and Shubik [1969], which further assumes
that each waste treatment cost function bi�xi� and each water purification cost
function ci�z� is linear in its argument and that certain inequalities involving
the slopes of these cost functions hold. Shapley and Shubik [1969] note that
their model is a convex game. Let x = �x1; : : : ; xn� be the vector composed
of the amounts of waste treated by each of the firms in N , let L = ×i∈NLi be
the set of feasible values for x given a coalition consisting of all firms N , and
let X�S� = �x x x ∈ L;xi = 0 for each i ∈ N \ S� be the set of feasible values
for x given a coalition consisting of any subset S of the firms N . For x in L
and any subset S of N , let

g�x; S� =∑i∈S ri −
∑
i∈N bi�xi� +

∑
i∈N\S bi�0� −

∑
i∈S ci

(∑
i∈N wi −

∑
i∈N xi

)
:

Assume that g�x; S� is bounded above on L× 0�N�. For any subset S of N ,
the characteristic function is

f �S� = sup
{∑

i∈S ri −
∑
i∈S bi�xi� −

∑
i∈S ci

(∑
i∈N wi −

∑
i∈S xi

) x
xi ∈ Li for each i ∈ S}

= sup�∑i∈S ri −
∑
i∈N bi�xi� +

∑
i∈N\S bi�0�

−∑i∈S ci�
∑
i∈N wi −

∑
i∈N xi� x

x ∈ L;xi = 0 for each i ∈ N \ S�
= supx∈X�S� g�x; S�:

Then �N;L; g� is an activity optimization game. Suppose also that each bi�xi�
and each ci�z� is lower semicontinuous, so the activity optimization game is
playable.

Suppose that, in addition, ci�z� is increasing and concave in z for each firm
i, so this is an activity optimization game with complementarity by part (a) of
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Lemma 2.6.2, Theorem 2.6.4, Theorem 2.6.2, and part (b) of Lemma 2.6.1.
By Theorem 5.4.1, this is a convex game. By Theorem 5.4.2, optimal waste
treatment levels of all firms in any coalition S are an increasing function of S.

Now suppose that each return ri, each waste treatment cost function bi�xi�,
and each water purification cost function ci�z� depends on a parameter t con-
tained in a partially ordered set T , and denote this dependence by rti , b

t
i�xi�,

and cti �z�. Assume that rti is increasing in t for each i, bti�xi� has decreasing
differences in �t; xi� for each i, bti�0� is decreasing in t for each i, cti �z� is de-
creasing in t for all i and z, and cti �z� has increasing differences in �t; z� for
each i, so t is a complementary parameter. Theorem 5.4.3 implies that opti-
mal waste treatment levels for each member of a coalition are an increasing
function of the parameter. Corollary 5.4.1 (together with part (a) of Theorem
5.2.4) implies that the extreme points of the core and the Shapley value are
increasing functions of the parameter. Assume also that T is a lattice, rti is su-
permodular in t for each i, bti�xi� is submodular in t for all i and xi, b

t
i�0� does

not depend on t for each i, and cti �z� is submodular in t for all i and z, so t is
a supermodular parameter. By Theorem 5.4.5, the characteristic function for
each coalition is a supermodular function of the parameter.

5.6 Games with Complementarities That Are Not
Convex Games

An important feature of activity optimization games with complementarity
developed in Section 5.4 is that they offer a rich and natural model for eco-
nomic interaction and decision making by players, where a condition involving
complementarity causes the cooperative game to be a convex game and thus
have the properties discussed in Section 5.2. In contrast, Subsection 5.6.1 and
Subsection 5.6.2 present other cooperative game models that incorporate an
optimal decision problem for each coalition and have a complementarity prop-
erty, but do not satisfy the formal conditions of an activity optimization game
with complementarity. Examples show that these cooperative games need not
be a convex game and the core may be empty. Subsection 5.6.1 considers a
cooperative game model for the design of a network to accommodate multi-
commodity shipments by multiple users. Subsection 5.6.2 considers a version
of a max-min cooperative game model of Von Neumann and Morgenstern
[1944].

5.6.1 Network Design Game

The cooperative game model of this subsection involves the design of a net-
work to accommodate multicommodity flows for multiple cooperating users.
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Each coalition optimizes the design of a network under conditions implying
a kind of increasing returns to scale. Yet Example 5.6.1 shows that this co-
operative game need not be a convex game and the core may be empty. An
earlier version of this example is given in Topkis [1980], and Sharkey [1982c]
presents an example derived from it.

There is a set N = �1; : : : ; n� of players. The players use a network con-
sisting of a finite set of nodes and a set E of directed edges, with each such
edge being between some ordered pair of the nodes. Each player i is inter-
ested in shipping hi > 0 units of a distinct commodity i between a specified
ordered pair of nodes, with this ordered pair of nodes depending on i, using
edges from E. Carrying out this shipment results in a return ri for player i.

Initially, each edge of E has 0 capacity for accommodating shipments of the
players’ commodities. There is an investment cost cj�x� for installing x units
of capacity on edge j of E. For each edge j, the capacity cost function cj�x�
is concave and increasing in x on �0;∞� and cj�0� = 0.

Any subset S of the players may form a coalition. That coalition could
construct capacities on the various edges of E to create a capacitated network
in which it is possible to simultaneously satisfy the requirements of each player
in S. Of all such feasible networks, coalition S chooses one of minimum cost.

The network design problem for each coalition S is a multicommodity net-
work flow problem in an uncapacitated network with concave and increasing
costs on each edge. Therefore there exists an optimal solution that is an ex-
treme point flow, so for each player i in S all hi units of that player’s shipment
travel on the same path.

Let Pi be the collection of all paths that can be used to ship player i’s
commodity between the ordered pair of nodes for player i. Assume that each
Pi is nonempty. For each edge j in E, let Qj be the collection of all paths that
are composed of edges from E and that include edge j.

The problem for coalition S is to pick a path pi in Pi for each player i in
the coalition S to minimize

∑
j∈E cj�

∑
�ixi∈S;pi∈Qj� hi�. For each subset S of the

players, let

C�S� = min�pixpi∈Pi for each i∈S�
∑
j∈E cj�

∑
�ixi∈S;pi∈Qj� hi�

so the characteristic function is

f �S� =∑i∈S ri − C�S�:
The model exhibits a kind of increasing returns to scale because the con-

cavity of the capacity cost on each edge implies a decreasing marginal cost
of capacity. One might conjecture that this property would carry over to the
characteristic function so the marginal value of a player to a coalition would
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be an increasing function of the set of players initially in that coalition and so
the cooperative game would be a convex game. Example 5.6.1 shows that this
conjecture need not be true. Indeed, the core of this cooperative game may
be empty.

Example 5.6.1. Consider a network with nodes 1; : : : ; 7 and the set of edges
E consisting of directed edges joining each of the following pairs of nodes in
each direction: �1; 2�, �2; 3�, �3; 4�, �4; 5�, �5; 6�, �6; 1�, �2; 7�, �4; 7�, �6; 7�.
There is a set N = �1; 2; 3� of players and the node pairs corresponding to
the shipments of each of the 3 players are �1; 7�, �3; 7�, and �5; 7� with hi = 1
for each player i. For some real α with 0 < α < 1, cj�x� = xα for each edge j
in E.

For this example, one can determine the optimal multicommodity network
flows by inspection. In particular,

C�∅� = 0;

C��1�� = C��2�� = C��3�� = 2;

C��1; 2�� = C��1; 3�� = C��2; 3�� = 2 + 2α;

and

C��1; 2; 3�� = 4+ 2α:

Thus

f ��1; 2; 3�� + f ��1�� − f ��1; 2�� − f ��1; 3��
= C��1; 2�� + C��1; 3�� − C��1; 2; 3�� − C��1��
= 2α − 2

< 0:

Hence f �S� is not supermodular, and the cooperative game is not a convex
game.

Suppose that there exists a vector y in the core. Then

y1 + y2 ≥ f ��1; 2�� = r1 + r2 − C��1; 2�� = r1 + r2 − 2 − 2α;

y1 + y3 ≥ f ��1; 3�� = r1 + r3 − C��1; 3�� = r1 + r3 − 2 − 2α;

and

y2 + y3 ≥ f ��2; 3�� = r2 + r3 − C��2; 3�� = r2 + r3 − 2 − 2α:

Adding the above three inequalities,

2�y1 + y2 + y3� ≥ 2�r1 + r2 + r3� − 3�2 + 2α�
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so

y1 + y2 + y3 ≥ r1 + r2 + r3 − �3/2��2 + 2α�:
But this contradicts

y1 + y2 + y3 = f ��1; 2; 3��
= r1 + r2 + r3 − C��1; 2; 3��
= r1 + r2 + r3 − 4− 2α

< r1 + r2 + r3 − �3/2��2 + 2α�;
so the core is empty.

One extension of the network design game described above Example 5.6.1
would permit a restriction of the path pi for each player i to an arbitrary
specified subset P ′i of Pi. Then the characteristic function would be

f ′�S� =∑i∈S ri − C ′�S�
where

C ′�S� = min�pixpi∈P ′i for each i∈S�
∑
j∈E cj�

∑
�ixi∈S;pi∈Qj� hi�:

In the special case where each P ′i consists of a single path p′i,

f �S� =∑i∈S ri −
∑
j∈E cj�

∑
�ixi∈S;p′i∈Qj� hi�

is supermodular as a result of the concavity of each cj�x�, part (a) of Lemma
2.6.2, Theorem 2.6.4, and part (b) of Lemma 2.6.1. Thus the cooperative game
is a convex game.

5.6.2 Max-Min Game

Following is a version of a model of Von Neumann and Morgenstern [1944]
that determines the characteristic function for each coalition as the value of
a certain two-player noncooperative game. There is a set N = �1; : : : ; n� of
players. Each player i chooses a strategy xi from a finite set Xi, and the
joint strategy is x = �x1; : : : ; xn�. The net return to player i from a joint
strategy x is gi�x�. It is assumed that the noncooperative game is zero-sum, so∑
i∈N gi�x� = 0 for each feasible joint strategy x. The characteristic function

f �S� for a coalition S of the players is equal to the value of the following
zero-sum two-player noncooperative game. There are two players, denoted I
and II, with player I corresponding to the set of players S in the original
noncooperative game and player II corresponding to the set of players N \ S
in the original noncooperative game. The strategies of player I consist of the
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strategies xi for each player i in S, and the strategies of player II consist of the
strategies xi for each player i in N \S. The strategies of player I and player II
thus take the form �xi x i ∈ S� and �xi x i ∈ N \ S�, respectively. Any strategy
for player I and any strategy for player II combine into a joint strategy x for
the original noncooperative game and result in a return

∑
i∈S gi�x� to player

I and a return
∑
i∈N\S gi�x� = −

∑
i∈S gi�x� to player II. The noncooperative

game takes the form of a max-min problem where, for each strategy of player
I, player II minimizes the return to player I over all strategies of player II,
and player I maximizes that quantity over all strategies of player I.

Von Neumann and Morgenstern [1944] show that the characteristic function
f �S� is superadditive. However, Example 5.6.2 shows that this model does
not appear to generally lead to a supermodular characteristic function even
in a case where each player’s payoff function is exceptionally well-behaved.
Furthermore, the core may be empty.

Example 5.6.2. Let N = �1; 2; 3�, X1 = �0; 1�, X2 = X3 = �0�, g1�x� = 0,
g2�x� = x1, and g3�x� = −x1. Here, each gi�x� and each −gi�x� is concave,
convex, supermodular, and submodular on R3. But f ��1�� = 0, f ��1; 2�� = 1,
f ��1; 3�� = 0, and f ��1; 2; 3�� = 0, so f ��1; 2; 3�� + f ��1�� − f ��1; 2�� −
f ��1; 3�� = −1 < 0. Hence f �S� is not supermodular and the cooperative
game is not a convex game.

Suppose that there exists a vector y in the core. Then

y1 + y2 ≥ f ��1; 2�� = 1;

y1 + y3 ≥ f ��1; 3�� = 0;

and

y2 + y3 ≥ f ��2; 3�� = 0:

Adding the above three inequalities, 2�y1 + y2 + y3� ≥ 1. But this contradicts
y1 + y2 + y3 = f ��1; 2; 3�� = 0. Thus, the core is empty.

The characteristic function in Example 5.6.2 would be the same if X1 =
X2 = X3 = �0; 1�, so it is not crucial to the example that the set of strategies
be finite or nonconvex. Furthermore, this example would be unaffected if the
strategies of the players were permitted to be mixed strategies rather than
pure strategies.
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